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SPECTRAL GALERKIN METHOD FOR STOCHASTIC SPACE-TIME
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATION

Zineb Arab

ABSTRACT. This work is devoted to deal with a stochastic space-time fractional
integro-differential equation in the Hilbert space L?(0,1), by studing its spatial
approximation. Precisely, we use the spectral Galerkin method to prove that the
spatial approximation converges strongly (i.e. in the space LP(Q, L?(0,1))), by
imposing only a regularity condition on the initial value.

1. INTRODUCTION

Recently, a considerable interest in the theoretical study of the stochastic frac-
tional integral or integro-differential equations (see [8,/11,12,(14-16,20] and the
references therein), due to the fact that such class of equations have been used
frequently as a mathematical models of many physical phenomena as the anoma-
lous diffusions of memory processes with random effects. In general, it is not easy
to solve these kind of equations analytically, for this the numerical study plays
an important role by providing a numerical approximations of the analytic so-
lutions with respect to time, to space or to both simultaneously. The main task
of the numerical study for stochastic partial differential equations is to elaborate
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schemes, generally based on the deterministic numerical mathods, such as the
spectral Galerkin mathod.

To the best of our knowledge, there is no work in the literatures until now
is concerned with the numerical study of these kind of equations, although the
importance of such study. Moreover, we can find a few new papers have dealt
with the numerical approximations of the fractional stochastic partial differential
equations, see e.g. [|2,4,9,(10,18,,19,23].

From these facts, our contribution in the current paper will be the study of the
spatial approximation of such class of equations, which is given in the following
general form:
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forany ¢ € [0,7] with T > 0 be fixed, a € (3, 1], where Ag := ( o )§ = A%,8>1

T 9%z

is the fractional Laplacian and A is the minus Laplacian equiped with the Dirich-

(1.1)

let boundary conditions, the initial condition vy := «(0) is a L*(0, 1)-valued Fy-
measurable random variable, ' : L?(0,1) — L?(0,1) and G : L?(0,1) — L*(0,1)
are two operators, W is a L?(0, 1)-valued cylindrical Wiener process. The frac-
tional integrals appear in Pr.((1.1)) are considered in the Riemann-Liouville sense.

It is worth mentioning that in [7]], Arab Z. and Tunc C. have studied and proved
the wellposedness of Pr.((1.1)) and its spatial and temporal regularity.

The paper is ordered by the following: we introduce in Section [2|some notations
and preliminaries are concerned with the wellposedness of Pr.(1.1)). In Section
we state and prove the spatial approximation of the mild solution via spectral
Galerkin method. Finally, conclusion is presented in Section

2. PRELIMINARIES AND NOTATIONS

This section is devoted to give the wellposedness result of Pr.(1.1)), that has been
proved in [7]. In order to do this, we need first some notations.
Notations. N* := N — {0}. For O an operator we mean by D(O) its domain
of definition, the Hilbert space L?(0,1), its norm and inner product are denoted
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respectively by H, |.|u, (.,.)n, the space of linear bounded operators defined on H
into it self and its norm are denoted respectively by £(H) and ||.||zx). HS is the
space of Hilbert-Schmidt operators defined from the Hilbert space H into it self,
and we indicate its norm by ||.||gs. Let (©2, F,FF,P) be a filtered probability space,
where F := (F;):c0,r] is @ normal filtration and X be a Banach space, LP(Q2, X),
for p > 2 is the space of X-valued p-th integrable random variables on (2, its norm
is denoted by ||.||zr,x), A([0,T]; H) := {v € C([0,T]; LP(Q, H)),v is F — adapted}
is a Banach space equiped with the norm |[[v|[s := sup,co 7 [[v(f)]|Lr.m). We use
respectively the abbreviations RHS, Est, Pr and ONB for right hand side, estimate,
problem and orthogonormal basis.

According to the spectral decomposition, we define the fractional Laplacian as
follows (see [1,(3,/5/6]).

Definition 2.1. Let 8 > 1, and let (e,, \,),> be the eigenpairs of the operator A,
such that \, := (n7)? and e, (.) := v/2sin(r.). Then, for any u € D(Ag) where

D(Ag) :={v € H, such that [v[}4,) = ZAg@,enﬁq < +oo},

we have
+o00 P

(2.1) Agu = Z A2 (U, en) men.
n=1

The system (e, ),en+ can be considered as an ONB of the space H. Then, from
(2.1), we see that for any n € N*,

A,Ben E )\ €n7€k’ L2(0,1)€k = )\ €n,

and so, (e,, A} )nen+ represents the eigenpairs of the fractional Laplacian Ag.

Lemma 2.1. The operator Ag satisfies the following.
(i) Is symmetric.
(ii) Is the infinitesimal generator of an analytic semigroup (Ss(t) := e~'1%) ;¢ on
H satisfies for all v € H,

(2.2) tv = Z e % (v, ex) gex.

keN*
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(iii) For all v > 0 there exists a positive constant C., such that
(2.3) 1A S5(t)l| oy < Cot™=

(iiii) For all £ > 1, there exists C¢ > 0 such that

(2.4) A= s < Ce.

Proof. The proof of the symmetry is fulfilled directely from the definition of Az. For
the second and the third assertions see [3,/17]] and for the last one see [|3,7]. O

Definition 2.2. ( [13,|15,23]]) Let u := (u(t)):co,r] be an H-valued stochastic pro-
cess. u is said to be a mild solution of Pr.(1.1)) if

- forallt € (0,7, u(t) is F;-adapted,
- u satisfies the following equality in H, P-a.s.,

u(t) = /OO £a(0)S5(t“0)uodd
+ / / — )71, (0)S5((t — 5)*0) F(u(s)) df ds

(2.5) + / / O(t — )16, (0)Ss((t — 5)*0)G df dW (),
forallt € [0,T], where &, is a probability density function defined on (0, o).

Arab Z. and Tunc C. in [[7] have proved the wellposedness of Pr.(1.1)) (Theorem
2.1] bellow), after imposing the following assumptions. For p > 2:

‘H - The operator F' : H — H (not necessarily linear) satisfies the global Lips-
chitz and the linear growth conditions, i.e.,

(2.6) |F'(u) = F(v)|g < Cplu —v|g,
and
(2.7) |F'(u)|a < Crlulm,

for some positive constant Cp.
Assumption Hr can be reformulated in the random context as follows. For x
and y be two H-valued random variables, it holds

@.8) [|[F(x) = FW Lo = EIF ()= F(y)ly < CeEle—yly = Cellr =yl q.m)
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and
(2.9 1E(2) 20 .m = EIF(@)|5 < CrElzly = CRllzl1sqm-

He - The operator G : H — H is linear and bounded, i.e., ||G||zn) < Cg, for
some positive constant C.

H., - The initial condition u, is an Fj-measurable random variable, satisfies
ug € LP(Q, Fo, P; H), i.e. |Juol|zr(o,m) < 00.

Remark 2.1. In the rest of this paper, when we need to use estimations in the random
context as it has been proved above for Assumption Hr, we will do it without proof
in order to avoid the repetitions.

Theorem 2.1. ( [7]) Let a € (3,1), 8 > 522 and p > 2. Under the Assumptions
Hp, He and H,,, Pr. admits a unique mild solution u € A([0,T]; H), provided
that

C,Co 1 CpT™ < 1,

where v € [0,1 — 5-) and Cyy = %

To make the proof of our main result more easier, we need the following useful
lemmas.
Lemma 2.2. ( [23]) Let a € (0,1) and v € (—1,+00). It is true that

'l+v)

/0 0 fa(ﬁ)dQ = m = Ca,ua

where &, is a probability density function defined on (0, c0) and I' is Gamma function.
Lemma 2.3. Let the continuous function g : [0,7] — [0, +c0), for a fixed T > 0. If
3 0 > 0 such that
g(t) < Cy+ Cy /t(t — 1) g(r)dr, Vt € (0,T],
0
for some C1,Cy > 0. Then, 3 C(¢, 1,0 > 0, such that
9(t) < C1Ccy1.9)-

Lemma 2.4. [22| Chapter 7; Est.(7.5) and Est.(7.6), p.112]. Let U be a Hilbert
space and let A be a linear (not necessarily bounded), self-adjoint and positive definite

operator defined on D(U) C U, which has eigenvalues {y;}7_,, for 1 < N < oo
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corresponding to a basis of orthogonormal eigenfunctions {;}}_,. Then, for an

arbitrary function G defined on the spectrum o(A) = {u;}}_, of A, it holds

(2.10) 1G(A)lcw)y = sup |G(15)]u-
1<j<N

Lemma 2.5. ( [4, Lemma A.8].) Vv > 0,3 C, := 77e™ > 0 such that Vz >
0, 27e* < C,.

3. SPATIAL APPROXIMATION OF PROBLEM ((1.1]) BY USING SPECTRAL GALERKIN
METHOD

In this main section we study and prove the spatial approximation of the mild
solution u by using the spectral Galerkin method. To do this, we fix N € N*, let
h = %, and let (H})ne(0,1) be a sequence of finite dimensional subspaces of the
Hilbert space H, such that

Hy, := span{ey, ..., en}.

Let P, : H — Hj, be the Galerkin projection onto H;. Thus, for any v € H we

have
N

th = Z<U, ek>H €.

k=1
We give the definition of the discrete version of Az as follows.

Definition 3.1. The discrete version of Ag is an operator Agy : H, — H), defined

for any v, € Hy, by
N

A,B,hvh = Z<Uh’ €k>HA,8€k-

k=1

8
It is easy to see that, A v, = fo:l(vh, ex) AL €k, and so, foranyn € {1,..., N},

N

B
A@hen = E <€n7 €k>HAB€k = Agen = )\ﬁ €n-
k=1

]
Then, (ex, A7 )i, is the set of eigenpairs of Ag .
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Lemma 3.1. The operator —Ag j, is a generator of a semigroup of contraction (S (1) :=
e*mﬁ’h)te[o,ﬂ on Hy, acting on the spectrum as

B
S@h(t)ek = e*t’\lg €k, Vke {1, ... ,N}

Moreover, for all -y > 0, there exists C., > 0 such that

(3.1) HAg,hS,B,h@)HE(H) < C’th'y’ fOT all t € (O,T]

Proof. The operator Ag, is self-adjoint and positive definite. Indeed, its symmetry
is fulfilled directely from the symmetry of A and since D(Az,) = Hy, then Ag),
is self-adjoint (see [3}, Corolarry 1.32], [24]]). About the second property, we have
for any wuy, := le\il ute; € Hy, where u} := (up, ;) m,

N N N
(Asnun, un)u = (O _upAgei, Y uhe)u = Y ujuj(Agei e;)n
i=1 j=1

ij=1
N B N B
_ i,7/\2 _ i\2y 2
= E uhuh<>\i €i>ej>H = E (up)"A7 > 0.
ij=1 i=1

Then, Ag,, is positive definite. Hence, —Az, is a generator of a Cj-semigroup
(e‘tAﬂJl)te[QT] on Hj (see [3, Proposition 1.58], [21, Proposition 9.4, p. 519]), let
us denote it by Sg 5, (%).

About the smoothing property Est.(3.1]), the use of Est.(2.10) in Lemma|2.4and

Lemma [2.5| gives

By 8

—tA T —tA? -

| A5 ae™ e = sup (A e " ) < Oyt
YA

O

Now, we are able to introduce the discrete version of Pr.((1.1]) by using the spec-
tral Galerkin method.

t t
uh(t) _ Phuo i 1 / Ag,huh(s) d 1 PhF(uh(S))dS
0

T(a) Jo (t— =" T(@) Jy (t—s)e

1 PG
+r<a>/o stV

(3.2)

forall t € [0,T].
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Theorem [2.1]is ensured the existence and the uniquness of a mild solution u;, €
A([0,T]; Hy), that satisfies the following equality in H;, P— a.s.

uh(t) = / fa Sﬁh(taﬁ)Phuon
i / / — 5 (0)Spa((t — )0V PuF (un(s)) dB ds

3.3) + / / — )71 (0)Ssn((t — 8)*0)PLG dO dW (s), Vte[0,T].
Our main result in this work is the following.

Theorem 3.1. For a € (3,1), 8 > 2% and p > 2, let u := (u(t))c(o,r) be the
mild solution of Pr.(1.1) with initial condition v satisfies ||A%uo||Lr(,r2(0,1)) < 00,

for some o > 0, and let up = (un(t))ico,r) be the mild solution of its discrete
version Pr.(3.2). Then, u, converges strongly to u with order of convergence 0 :=
min{o, ¢, %}, ie.

(3.4) () = w()n| o < Ch°, forall t € (0,T],

for some positive constant C independent of h, where ( < 8 and ¢ € (%, 1— ).

The proof of our main result needs also the following useful Lemma, that is
concerned the family of operators (£ (t)).cjo,r such that

Vite [0, T], E,B,h(t) = Sﬁ(lf) — Sﬁjh(t)'Ph.
It is easy to see that Sg;,(t)Pr, = PrSs(t), and so Eg(t) = (I — Pp)Sa(t).

Lemma 3.2. ([3} Lemma 6.13]) Let 3 > 1 and t € (0,T]. We have
(i) For all ( > 0 and all n € R there exists C;,, > 0 such that

(3.5) |En(t)zlgy < Cenhl t Vo € D(A}).
(ii) For all ¢ > % there exists C¢ 5 > 0 such that
(3.6) | Egn(t)]7rs < Cep PS5

3.1. Proof of Theorem Let o € (3,1),
(2.5) and (3.3) we have,

(37) ||u(t) — uh(t)HLp(Q,H) S R1 —+ RQ —+ R3 —+ R4,
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where .
Rii= | [ 6Bt 0)udblam,
0

Ry i=al / / )P (0) B (¢ — 5)°0) F(u(s))d0ds|| oo
Ry = al /0 /0 T (-5 €a(0) S (t-5)"0)Pu (F(uls)) — Flun(s))) dods | oo, m,

Ri:=al / 0= OBt~ 5 OG89,

To estimate Ry, let ¢ > 0. By using Est.(3.5) (with ¢ = n = ¢) and Lemma [2.2]
(with v = 0), we end up with

o= | G0 usdblliom < [ &@IBan 0wl o
0 0
(3.8) < C,h% || A%ugl| o / £a(0)dO = Co1" || A% ug| (0,1 Cao-
0

For the second estimate R,, we use Est.(3.5) (with ( < §,n = 0), Assumption
Hr and Lemma 2.2 (with v = 1 — ), to get

R, = af / / = ) 1L (0) Byt — )70) F(u(5))d0s] oo
< / / 6t — )" €alO)l| Esn((t — 5)°0)F (u(s)) | o mydBds
<l / / = S O)((E — 5)°0) S | F(u(5)) oo,y s
< Al Cr / ( / 050 (0)d0)(t — 5)° D u(s) | o
< aCoh‘CrC,, ¢ /Ot(t—S)a(lg)IIIU(S)HLP(Q,H)dS
< aCcoh*CrC, 1 gHuHA/Ot(t—s)a(l_fg)_lds

Ta(l—%)

(3.9) S O{CQD}LCCFC - < ||U||A—C
a(l—3)
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Thanks to the facts that Sg,((t — 5)*0)P, = PrSs((t — 5)*0) and || Ppl|zm) < 1,
we have

:—aH/ / o(t a(0)Spn((t — $)*0)Pr (£ (u(s)) — F(un(s))) dids||1oo,m)
_QH// — )L (O)PRSa((t — 5)%0) (F(u(s)) — F(un(s))) dOds|| e o, i)

<a / / — 8) T (O) | PuSs((t — $)°0) (F(u(s)) — F(un(s))) || o(o,md0ds

<a / / —8) L DNPuSs((t = )0 o) | F (u(s)) — F(un(s)) | Lo (o,mydbds
<a / / = )" & (O)Palcan I1S5((¢ — £)°60) |

[1F(u(s)) = F(un(s)) | too,mdfds

<O‘// = 8) T &O)[Sp((t = 5)*0) || F (u(s)) — F(un(s))| oo, mdods.

The use of the semigroup property (2.3) (with v = 0), Assumption Hp and
Lemma [2.2] (with v = 1) help us to estimate R; as follows

Ry < a / / — )07 (O)]|S5(( — 5)°0) | 2y
| F(u(s)) — F(un(5)) | oom dOdls
< aCy / / — ) (0) | F(u(s)) — F(un(s)) | o myd6ds

IN

aCoCy / ( / 06,(0)d0) (t — 5)° () — 1 (5)]] oo s

t
(3.10) < ozCoCFCa,l/(t—S)“1||u(5)—Uh(S)HLP(Q,H)dS-
0
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To estimate R4, we use Burkholder-Davis-Gundy inequality as follows

Ri = af / / — 5) 0 (0) B ((t — 5)*0)GdOAW (5) | g

< ( (/ H / Bt — 5)* 6 (0 >E5,h<<t—s)“@Gdenzsds)Q)
(3.11) = aC ||/ ||/ — )"0 )Eﬁvh((t—S)QG)Gd9||?Isd3||ig(Q,R)»

where C), := (5(p — 1))z (2)z

We need first to estimate || [~ 0(t — s)*'&(0)Espn((t — 5)*0)Gd0)||35. To do
this, we use the fact that |AB|gs < ||A|las|| Bl ), for any A € HS and any
B € E( ), the Est.(3.6) (with ¢ = ( € (3,1 — =), wh1ch is possible thanks to

£ > za %), Assumption H¢ and Lemma 2.2 (with v =1 — g) as follows

I [ 0t = 5 O Ban( ~ 50)Gabl

< ( / ot — 5) 1fa<e>||Eﬁ7h<<t—s)%)GHHsde)Q

< ( /OOO B(t — 5)*6a(B)]| Bon((t — s)ae>||Hs||G||,;<H)de)

[e's) . 2
< Cu Wt — 092G (/ 91-%sa<e>d9)
0

(3.12) < C¢ hﬁg(t—s)za QHGH[,(H)< al— 4)2'
From Est.(3.11)) and Est.(3.12)), we arrive at
Ry < anC'2 7 ||G||£(H)C 1- <||/ 206(1_7) Qd‘s”i% (,R)
L s ! 2a(1—$)—2 :
< oG CEE GG, g ( [ - st
¢8 al-3 0
Y14 7083
(3.13) < aC,CZ W2 ||GlleanC. ¢ :
(B 175 (2a(1 —§) —1)3
2
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Coming back to Est.(3.7)), by relpacing Est. (3.8)), Est.(3.9)), Est.(3.10]) and Est.(3.13)

in it, we end up with
t
la(t) — Ol < Cik® +Co / (t = 5)* [lu(s) — un(s) Lo ds.
0

where ¢ := min{o, ¢, %}’

G = C, “AgUOHLP(Q,H)Ca,O
CeoCrC, ¢ |ul —Ta(l_%)
+ aleobrC, _cllufja
a1
Tol-5-3

1
+ aC,C? ||G||L(H)C ¢ - ,
P 175 (2a(1— §) — 1)}

and C; := aCyCrC, 1. An application of Gronwall Lemma [2.3]yields
u(t) = un(t)||Loi,m < CiCeyra B,

By this the desired result is obtained.

4. CONCLUSION

Stochastic fractional integro-differential equations have been used as a mathe-
matical models of many physical phenomena in applied sciences. In this paper,
we have considered the stochastic space-time fractional integro-differential equa-
tion in the Hilbert space L?(0, 1). By using the spectral Galerkin method, we have
proved that the approximate solution u,, for A € (0, 1] converges strongly (i.e.
in the space LP(§2, L*(0,1)), for p > 2) to the mild solution u, by imposing only
a regularity condition on the initial value, i.e. ||A%ug||Lr(0,r2(0,1)) < 00, for some
o> 0.
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