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MARKET CAPITALIZATION OF THE STOCK IN BIRTH - DEATH PROCESSES
R. Pavithra! and A. Rameshkumar

ABSTRACT. In this article the inability to predict the future growth rates and earn-
ings of growth stocks leads to the high volatility of share prices and difficulty in
applying the traditional valuation methods. To demonstrate that the high volatil-
ity of share prices can nevertheless be used in building a model that leads to a
particular cross-sectional size distribution. The model focuses on both transient
and steady-state behavior of the market capitalization of the stock, which in turn
is modeled as a birth-death process.

1. INTRODUCTION

1.1. Growth Stocks. Issuing stocks is arguably the most important way for growth
companies to finance their projects and in turn helps transfer new ideas into prod-
ucts and services for the society. Although the content of growth stocks may
change over time. Studying the general properties of growth stocks is essential
for understanding financial markets and economic growth. However uncertainty
is manifest for growth stocks. For example, as demonstrated in the recent market
Capitalization from 1978 to 2020 for 42 years stock growth rate with 21 projects
Performance in the firm.

(1) Growth stocks tend to have low or even negative earnings.
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(2) The volatility of growth stocks is high both their daily appreciation and
depreciation rate are high.
(3) Itis difficult to predict the future growth rates and earnings.

Consequently, it poses a great challenge to derive a meaningful mathematical
model within the classical valuation framework. such as the net-present-value
method. Which relies on current earnings and the prediction of future earnings.

Indeed, since it appears that the only thing that we are sure about growth stocks
is their uncertainty, we may wonder whether there is much more to say about
them. The current paper attempts to illustrate that a mathematical model for
growth stocks can, nevertheless, be built via birth-death processes. mainly by
utilizing the high volatility of their share prices.

One motivation of the current study comes from a report on internet stocks in
the wall street journal 27 December 1999 researchers at Credit Suisse First Boston
observed that there is literally a mathematical relationship between the ranking
of the internet stock and its capitalization. It is suggested that a linear downward
pattern emerges when the market capitalizations of internet stocks are plotted
against their associated ranks on a log-log scale, with rank one being the largest
market capitalization. The same article, more interestingly also reported that this
phenomenon does not seem to hold for nongrowth stocks. The article challenges
people to investigate whether such a phenomenon happens simple by chance or if
there is certain mechanism behind it.

2. CROSS-SECTIONAL SIZE DISTRIBUTIONS

Studying the stochastic relationships between some values of interest and their
relative ranks within a group, termed the (cross-sectional) ‘Size distribution’ has
a long history in probability [13, 20, 21, 22, 4]. Staring from Simon (1955)
economists began to use various stochastic processes to model cross-sectional size
distributions in economics, for example the size of business firms [15, 17, 10, 16,
1]. However most of the theory developed so far focuses on the steady state size
distribution and pays little attention to the transient behavior of size distributions
[14, 11, 18, 3, 8, 9, 6].

A detailed analysis of the transient behavior of the size distribution, which is
not well addressed in the size-distribution literature. The analysis of the transient
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behavior is crucial to our study as it explains why the size-distribution theory can
be applied to growth stocks but not to nongrowth stocks.The theory of the size
distribution may have an interesting application in studying growth stocks which
is difficult for traditional methods. such as the net-present-value approach.

3. STEADY- STATE DISTRIBUTION

The steady-state measure of a birth-death process is given by
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Using the gamma function, it can be succinctly expressed as
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4. TRANSIENT BEHAVIOR OF THE MODEL

As mentioned above, most of the literature on size distributions focuses on the
steady-state properties, and except for some numerical example demonstrated
through numerical calculation that, if the convergence rate is not large enough, it
may take 42 years with 21 Projects for some birth-death processes to reach steady
state, the theoretical properties of the transient behavior are hardly addressed in
the literature. In this sense, this section constitutes the main technical contribution
of the current paper to the size —distribution literature.

The speed of convergence of a birth-death process can be measured by the decay
parameter, which is defined by

7 =supfa > 0: py(t) = = = 0(e™) forall i,j > 1}
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Here, as before, p;;(t) is the transition probability at time ¢ and % is the steady
—state probability. For further background on the speed of convergence and rate
of exponential ergodicity.

The decay parameter v affects the convergence in an exponential way. In other
words, a small difference in v can have a remarkable effect on the speed of conver-
gence, which in turn suggests that the steady-state analysis of the size distribution
in our model based on the birth-death process is only relevant when the decay
parameter is large. In addition, since the infinitesimal generator of the birth-death
process is an infinite-state matrix, the analysis of the convergence rate is different
from that for finite-state Markov chains.

Notations:

X (t) = due to market price of the stocks

A; = birth rate (appreciation)

u; = death rate (Depreciation)

g = rate of increasing

h = attempts to capture the rate of decreasing.

5. MATHEMATICAL MODEL

In modeling growth stocks, instead of working on the price of a growth stock,
it makes more sense to study the market capitalization, defined as the product of
the total number of outstanding shares and the market price of the stock, because
growth stocks tend to have frequent stock splits which immediately makes the
price drop significantly but has little effect on the market capitalization.

Consider at time ¢ a growth stock with a total market capitalization M (). We
postulate that

M(t) =0(t)X(t).
Here O(t) represents the overall economic and sector trend and X (¢) represents
each individual variation within the sector. Hence, O(¢) is the same for all firms
with the same industry sector and the individual variation term X(¢) varies for
different firms within the sector.

The individual variation term X (¢) is modeled as a birth —death process given
that X(t) is in state I the instantaneous changes are

¢ — i + 1 birth rate i\ + ¢g for « > 0, and
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it — i — 1. death rate iy + h fori > 1,
where the parameters are such that A, 4 > 0,9 > 0,2 > 0, A < p. The unit of X (¢)
could be, for example, millions or billions of dollars.
Under the standard notation, X (¢) is a birth-death process with the birth rate \;
(upward price) and the death rate y; ( downward price ) satisfying

and the infinitesimal generator of X (¢) is given by the infinite matrix

-9 g 0 0
pw+h —AX—p—g—~h Ag 0
0 2u—h —2A—2u—g—h 2\+g

In this model, the state O only signifies that the size of X (¢) is below a certain
minimal level. It does not imply, for example, that the company goes bankrupt.

The two parameters A and p represent the instantaneous appreciation and de-
preciation rates of X (¢) due to market fluctuation, the model assumes that they
influence X (t) proportionally to the current value. In general because of the dif-
ficulty of predicting the instantaneous upward and downward price movements
for both growth stocks and nongrowth stocks A and ; must be quit close ﬁ ~ 1,
In addition, for growth stocks, both A\ and ; must be large, because of their high
volatility. The requirement that A\ < p is postulated here to ensure that the birth -
death X (¢) has a steady-state distribution.

The parameter g > 0 models the rate of increase in X (¢) due to nonmarket fac-
tors. Such as the effect of additional shares being issued through public offerings
or the effect of warranties on the stock being exercised. The parameter h attempts
to capture the rate of decrease in X (¢) due to nonmarket factors, such as the effect
of divided payments, for most growth stocks, i = 0, as no dividends are paid.

The parameters of the value in exponential distribution is y = 0.2, A = 0.3.

TABLE 1.

X (No. of Years) 2 4 6 8 | 10 |12 | 14 | 16 | 18 | 20 | 22

Y (Market capital- | 100 | 110 | 130 | 150 | 170 | 200 | 210 | 140 | 145 | 270 | 300
ization in millions)

u (growth ratein-| 0 | 1222|3648 |60|72|849.6|10.8]12.0
creasing level)
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TABLE 2.
X (No. of Years) 22 | 24 | 26 | 28 | 30| 32 | 34 | 36 | 38 | 40 | 42
Y (Market capital- | 300 | 260 | 240 | 230 | 210 | 200 | 170 | 150 | 120 | 70 | 50
ization in millions)
u (growth rate de- | 4.6 | 5.9 | 7.2 | 85| 9.8 |11.1 |12.4|13.7| 15 | 16.3|17.6
creasing level)
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FIGURE 2.
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6. APPLICATION

(1) Stochastic differential equation and stochastic control. Application of queu-
ing theory in traffic engineering. Application of Markov process in com-
munication theory engineering. Applications to risk theory, insurance, ac-
tuarial science and system risk engineering.

(2) Companies list shares of their stock on an exchange through a process
called an initial public offering (IPO). Investors purchase those shares,
which allows the company to raise money to grow its business. Nowa-
days, the stock market works electronically, through the internet and on-
line stockbrokers.

(3) The broker passes on our buy order for shares to the stock exchange. The
stock exchange searches for a sell order for the same share. Once a seller
and a buyer are found and fixed, a price is agreed to finalize the transac-
tion.

7. CONCLUSION

Hence, by utilizing the high volatility of growth stocks, based on both the
transient and steady-state behavior of birth-death processes, a model for growth
stocks, which are otherwise quite difficult to analyze using traditional valuation
methods. The main contribution of the current paper is that it provides an un-
derstanding of the size distribution for growth stocks, by building a stochastic
model. The model leads to a cross-sectional equation for growth stocks, includ-
ing both biotechnology and internet stocks. The cross-sectional model only uses
regression and relative ranks, and is, thus, easy to implement. The cross-sectional
model remains valid irrespective to the market ups and downs, mainly because
the model competes the relative value of a stock against the other stocks within its
peer group.

REFERENCES

[1]1 R.L. AXTELL: Zipf distribution of U.S. firm sizes , Science 293(2001), 1818-1820.
[2] W.C. CHEN: On the weak form of Zipf’s law, J. Appl. Prob. 17(1980), 611-622.



506

(3]

(4]
(5]

(6]
(7]

(8]

(9]
[10]
[11]

[12]
[13]
[14]
[15]
[16]
[17]

(18]

[19]

[20]
[21]

R. Pavithra and A. Rameshkumar

D.R. FEENBERG, J.M. POTERBA: Income inequality and the incomes of very high-income
taxpayers: evidence from tax returns, J. M. Poterba, MIT Press, Cambridge, MA, 7 (5)(1993),
145-177.

R.G. GIBRAT: Les Inégalités Economiques, Recueil Sirey, Paris (1931).

E. GLAESER, J. SCHEINKMAN, A. SHLEIFER: Economic growth in a cross-section of cities, J.
Monetary Econom. 36 (1995), 117-143.

X. GABAIX : Zipf’s law for cities: an explanation, Quart. J. Econom. 154 (1999), 739-767.
B.M. HILL: A simple general approach to inference about the tail of a distribution, Ann. Statist.
3 (1975), 1163-1174.

P. KRUGMAN: Confronting the urban mystery, J. Japanese Internat. Econom. 10 (1996a),
399-418.

P. KRUGMAN: The Self-Organizing Economy,Blackwell, Cambridge, MA (1996b).

R. LUCAS : On the size distribution of business firms, Bell J. Econom. 9 (1978), 508-523.
B.B. MENDALBROT, R.TWEEDIE : The Pareto-Levy law and the distribution of income, Inter-
nat. Econom. Rev. 1, (1960), 79-106.

S.P. MEYN, R. TWEEDIE : Markov Chains and Stochastic Stability, Springer, London, (1993).
V. PARETO: Cours d’Economie Politique, Rouge, Lausanne, (1896).

R. RUTHERFORD : Income distributions: a new model, Econometrica 23 (1955), 425-440.
H.A. SIMON: On a class of skew distribution functions, Biometrika 52 (1955), 425-440.
J.STEINDL: Random Processes and the Growth of Firms, Hafner, New York (1965).

H.A. SIMON, C.P. BONINI: The size distribution of business firms, Amer. Econom. Rev. 48
(1958), 607-617.

A.F. SHORROCKS: On stochastic models of size distributions, Rev. Econom. Studies 42 (1975),
631-641.

G.U. YULE: A mathematical theory of evolution, based on the conclusions of Dr. J. R. Willis.
Phil. Trans., R. Soc. London B, 213 (1924), 21-83.

G.U. YULE: The Statistical Study of Literary Vocabulary, Cambridge University Press (1944).
G. ZI1PF: Human Behavior and the Principle of Least Effort, Addison-Wesley, Cambridge, MA
(1949).

DEPARTMENT OF MATHEMATICS, MARUDUPANDIYAR COLLEGE, PILLAIYARPATTI, THANJAVUR, TAMIL-
NADU, INDIA.
Email address: pavirasul9920gmail.com

ASSISTANT PROFESSOR, DEPARTMENT OF MATHEMATICS, MARUDUPANDIYAR COLLEGE, PILLAI-

YARPATTI, THANJAVUR, TAMILNADU, INDIA.

Email address: andavanmathsramesh@gmail.com



	1. INTRODUCTION
	1.1. Growth Stocks

	2. CROSS-SECTIONAL SIZE DISTRIBUTIONS
	3. STEADY- STATE DISTRIBUTION
	4. TRANSIENT BEHAVIOR OF THE MODEL
	5. MATHEMATICAL MODEL
	6. APPLICATION
	7. CONCLUSION
	References

