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ON DUAL SLANT HELICES IN D?
Derya Saglam

ABSTRACT. In this paper, by using the method in [6] we study dual tangent indi-
catrix and dual binormal indicatrix of a dual slant helix. Moreover we obtain the
relationship between the dual slant helices and dual general helices in D3. We get
some characterizations of a dual slant helix in D3.

1. INTRODUCTION

In 1873, William Clifford introduced dual numbers. Later, Eduard Study defined
the dual angle. The dual angle w = w + cw* is defined by

- =
- .
<a, b > = cosWw = cosw — e w* sinw.

: : : : - =
w is the real angle between two lines corresponding to the dual unit vectors a , b
and w* is the shortest distance between the lines. Hermann Grassmann gener-
alized dual numbers and defined the Grassmann number at the end of the 19th
century.

Each straightline in R? corresponds to unique a point of a dual unit sphere. The
dual points of dual unit sphere match the lines in R? and in general two different
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points on D? represent two skew-lines in R3. A dual space curve on dual unit
sphere in D? represents a ruled surface in R? [1,2].

A curve is called a general helix is if the tangent vector make a constant angle
with a fixed direction [4,/6]. A curve is called a slant helix in R? if the principal
normal vector makes a constant angle with a fixed direction [3]. Moreover, a
curve is a slant helix iff the geodesic curvature of the principal normal vector of

the curve )

K T\’
(K2 + 72)3/2 (E)
is constant.

In [4], the tangent indicatrix and the binormal indicatrix of a slant helix of R?
were studied. In [6] the relations was investigated between a general helix and a
slant helix.

In this paper, by using the method in [6] we study dual tangent indicatrix and
dual binormal indicatrix of a dual slant helix. Moreover we obtain the relation-
ship between the dual slant helices and dual general helices in D3. We get some
characterizations of a dual slant helix in D3.

2. PRELIMINARIES

The dual numbers set is defined with D =R x R. The dual number (0,1) is
denoted by ¢. From the definition of the multiplication operation, ¢ = 0. Also the
dual number @ = (a,a*) € D can be written as a = a + ca*. The set of

D={a=a+¢ea"|a,a" € R}
of dual numbers is a commutative ring following with the operations
@Da+b=(a+ea*)+ (b+eb*) = (a+b)+e(a*+b"),
(ii) ab = (a + ea*)(b + €b*) = ab + e(ab* + a*b).
The division is defined by

a a+t+eadt a a*b — ab*

p b+eb* b b2 7
We define a dual vector with a vector of dual numbers (ay, as, az). Also the set
=, =
DP = {G | @ = (a1 +ea’, as + e}y as + £a3) = @ +ea*, @,a* € R%Y,
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where @ = (a1, a,a3), & = (a’{,ag,ag)%a module on the ring . The scalar

product and the vector product of ? and b are defined by
(Z0)=(@.7)+ ((2.7)+ (@.7))

g X b = (5253 - 5332, 5351 - a153, 5152 - 5251),

and

respectively. The norm is defined by

7.4
= - = N )
HaH — <a, a>=||a,||+eW, a#0.
a
=
A dual vector 3 with norm 1 is called a dual unit vector. Let @ = @ + 5a_*> c D3,
The set
— (1,0); @,a" € R

S—{G =T+ |||7

is called the dual unit sphere in D?.

E. Study mapped dual unit vectors one-to-one with directed lines by dual unit
vectors. Moreover a ruled surface is represented by the dual curves on the dual
unit sphere in D3.

The dual angle W = w + cw* is defined by

a, b = COSW = COSW — W SInw.
=

w is the real angle between two lines corresponding to the dual unit vectors g, b
and w* is the shortest distance between the lines.

The dual space curve J : I C R — D? is differentiable, if every v;, ¢ : I — R,
for 1 < < 3, are differentiable. The dual curve QZ is

D) = (0 (1) + 03 (8), wa(t) + e (1), Ys(t) + e (1) = 0 (1) + ed (1),
where o (1) = (11 (£), v (t), (1)) and $F(t) = (V7(),¥3(t), (). The dual ar-

clength of the curve ¢ from ¢; to ¢ is defined following

t t
2.1) 5:/‘@’@)“(&:/‘
t1 t1

t

W(t)H dt + g/ <T7§,W(t)> dt = s+ es”,

t1
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. . — . . ~
where ? is a unit tangent of . We define the dual unit tangent vector of ¢

following _ N
? _dy dypds
ds  dsds
=
T ~
The function x : I - D, k = dd—~ is called the dual curvature function of 1.
s
We assume that x : [ — D is never pure dual._rl;hen, we can define the principal
- = 14T = =2 =
normal of ) with the dual unit vector N = == The dual vector B = T x N is
N K ds
called the binormal of . Also one obtain that
= =
T 0 0 T
d = - - =
(2.2) — | N = —Kk 0 T N )
B2 o —Fo0||R
B T B

where k¥ = k + ex* is nowhere pure dual curvature and 7 = 7 + e7* is nowhere
pure dual torsion [[1]].

~ = -
A dual unit speed curve ¢ : I — D? is a dual general helix if <T, U > = cosw is

~ . T
dual constant for some dual constant vector U. The function — is a dual constant
K

iff the dual curve ¢ is a dual general helix. The dual curve is a dual circular helix,
if the curvatures x and 7 are a dual constant number (never pure dual).

The dual unit tangent vectors of the dual unit regular curve ¢ define a dual curve
& on S%. We call that & is dual tangent indicatrix o_f> the dual curve ¢. Similarly we

deﬁn_e> the dual principal normal indicatrix E = N and dual binormal indicatrix

7= B.
7 -

= =
Let {Ts, N, Bs} be the dual Frenet frame of the dual tangent indicatrix a
of a dual curve {Z;, then

= =
(2.3) = N5 = —Kkg 0 Ta Nz |
= =~ =
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where
= =
Ts=N
& L (5T 47D)
(2.4) Nz = = —K1 +T
- VRTT o
Ba = W(TT + I‘QB)
and the dual curvatures of o are
- VE+T . R —RT
(2.5) Ra = ——=, Ta = = =5 <5\-
K R(R2 +72)

= = =
Let {TB" Nz B B} be the dual Frenet frame of the dual principal normal

indicatrix 3 of a dual curve {/;, then

= =
i | = S
(26 S G I A G
> - >
B B BE
where
- 1 - =
T:=—— (-#T +7B
Y= )
= 1
R T e e
2.7)

- = =
(T —"7T)FT +&B) — (F* +7%)2N]
§~ = ! R+ 7 %? + %?) + (R — ;5’%)]_?;]
8 \/(’/‘{%’/ — E/%)Q + (%2 + :7\_«2)3 [( + )( )

and the dual curvatures of E are

~ VEF-FTE+ R+ )
kg = (g2+7~.2)3/2 )
= i

R+ ) - 3(FF — ®F)(FR + 7))
’ (R2+72)3 + (RT' — R'T)?

(2.8)




582 D. Saglam

= = =2
Let {T'5, N5, B} be the dual Frenet frame of the dual binormal indicatrix 7

of a dual curve J, then

—= =
0| L 0 & 0 1A
(2.9) — | N-|=]| -k 0 T N= | >
dS %'y Y Y _>'\/
B- 0 —75 0 B-
Y v
where
= -
T =—N
- T = =
(2.10) N3 = === (KT —7B)
S I{1+7' = =
Bs = K2+?2(?T +%B)

and the dual curvatures of 7 are
T2 | 2 (7 _
(2.11) oo YRIT 5 R ZRT)
T T(R2 +72)
In this paper we will assume that dual curvatures x and 7 of the dual curve 15
are nowhere pure dual.

3. THE DUAL SPHERICAL INDICATRICIES OF DUAL SLANT HELICES

As in Euclidean space, the necessary and sufficient condition for a dual unit
curve ¢ to be a dual slant helix is shown that the following the dual function

72 7\
(3.1) m (:> = dual constant.
K T K
~2
From now on, let’s denote the function __r (2)' with 7.
(KQ + 7—2)3/2 R

Theorem 3.1. The dual tangent indicatrix & of a dual unit speed slant helix v is a
dual spherical helix.

Proof From the equations in (2.2]), we obtain that

Ta  ~
- = 0.
Ra
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Acoording to (3.1I)), the dual function Z_a is a dual constant. This complete the
Ra

proof. O

Theorem 3.2. The dual binormal indicatrix ¥ of a dual unit speed slant helix 15 isa
dual spherical helix.

Proof. From the equations in (2.4]) we have
T ~
~_"/ = —0.
k5

According to (3.1), the dual function Zi is a dual constant. This complete the
K7
proof. O

4. SOME CHARACTERIZATIONS OF DUAL SLANT HELICES
Theorem 4.1. ¢ : I — D3 is a dual slant helix iff

=2
EN: =
SARIN

0.

Proof. Let zZ be a dual slant helix. From the equations in ((2.8]) the dual curvatures
of E are

(4.2) Kz =V1+0?

and

~ (R +72)5/2 -,
3 ~ = — — ————
(4.3) 75 (R2+72)3 + (RT' — R'T)?

~2

K 7\ . ~
m (E) is a nowhere pure dual constant function, we get 5=
nowhere pure dual constant and 7; = 0. Also the dual principal normal indicatrix

of ¢ is a dual circle. From (2.7), we have

Since o =

=
Nz =

Conversely, let the equation (4.1)) be provided. From (2.7)
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=
’Ng = I~ S
4.4 12 +I€EN§:—I£ETE—TBN§+TEBE.

Hence we get k5 = nowhere pure dual constant and 7; = 0. Also ¢ is a dual slant
helix. O

Theorem 4.2. The dual curve ¢ : I — D3 is a dual slant helix iff

~n i 2

l€~ T o~
= - 3 - )\1/‘1%
Ra ’ia

~ ~ 1 ~ .
where A\, # 1 is dual constant (A, = 1+ = and ¢, is nowhere pure dual number).
&1

=
dT
ds

= =
BTy RdTs
ds*  “Fs ds?

(4.5)

=0,

Proof. We assume that @Z is a dual slant helix. Also l}he dual tangent indicatrix « of

o

- d
1 is a dual general helix. From (2.3, we have —

=
= kg N ;. By differentiating
this equation, we get

3_> = - 3 - K
dT — dTs _, = _ dNg ., .= _ _dBj
(4.6) —2RgRe T~—/£~ —— +RLNG+HRE—— ' TaBs+FRaTa— = 0.

ds ds ds

By using (2.3] , we get (4.5)).
Conversely, we suppose that (4.5) is valid. From (2.3]), we obtain

. -
= 1 dNg a
4.7) Bo—LdNa R
Tq ds Ta
Differentiating the last equality, we have
= = = , =
dBa: 1 d3T~_3l€_d2Ta_ 7{_//—3 %_I& 7{%_%,2 dTa
ds  RaTg | ds® Ka ds? Ka Ka « Y ds

(4.8)

=
n 1 ,Kvlag /dQTa ?5; +%’a 7{5; ' dTa+ %a /?~
K2\ Ta ds? Ra R \Ta ds Ta “

By using (2.3) and (4.5), we get

!
& & 1 -
(i—) =0 and Ii— =, /= =7¢; (nowhere pure dual constant).
Ta
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Thus from (3.1)), we obtain &B = g—% =dual constant, hence {E is a dual slant

helix. O

Theorem 4.3. The dual curve QZ : I — D3 is a dual slant helix iff

3—~> 1 QTZ 17 7\ 2 =
BT 2Tz |7 7 dT 5
4.9 8 _gkf s 1la_g(ls) _pz2lao,
(4.9) ds3 75 ds? T (Ta) 7 ds

where [i; # 1 is a dual constant (ji; = 1 + ¢2 and ¢; is nowhere pure dual number).

Theorem 4.4. The dual curve 1; : I — D3 is a dual slant helix iff

=
d2N~ /-f dN~

(4.10) ds? kg ds

=0,

where Xl # 1 is dual constant (Xl =14+ E% and ¢, is nowhere pure dual number).
1

Proof Let ¢ be a dual slant helix. Hence the dual tangent indicatrix & of ¢ is a

dual general helix. We differentiate dﬁ = —RKg T + TaBa, we get

=
d*N
ds?

- = —
(4.11) = —F,Taz+7 Bz — (R +72)Na.

From the equation (2.3) and (4.11])), we obtain (4.10).
Conversely, let the equation (4.10) be provided. According to (2.3)), we obtain

. -

~ 1 dNg = =

(4.12) oo LdNa TR
kg ds K&

Differentiating the last equality, we have

= 2 o= . . L
AT s 1 |@?®Ns #.dNg = = =\ =
13 == S -2 — 24 (RE+72)Nsz| +kaNa+ | = ) Ba.
@13 = =% @m mo@ Rt e)Na| FRaNa+ <fga>
By using (2.3)) and (4.10), we get
~ /
Ta R& 1 —
(~—) =0 and — =,/= =7¢; (nowhere pure dual constant).
Ra Ta A —1

Thus from (3.1I]), we obtain 55 = ;—% =dual constant. Also zz is a dual slant helix.
d
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Theorem 4.5. The dual curve zZ I — ]D)3 is a dual slant helix iff

—=
d’Ng 7’~ dN~
d — N
(4.14) T =% +1T2Ng =0,

where [1; # 1 is dual constant (ji; = 1 + ¢3 and ¢; is nowhere pure dual number).

Theorem 4.6. The dual curve zZ : I — D3 is a dual slant helix iff

~ ~/ 2

R~ T o~
= — 3 — Alli%
Ra /{a

where Xl = 1 is dual constant (Xl =1+ E% and ¢; is nowhere pure dual number).
1

= = =
BB; F-d*Bs dB5
s

ds3 Ka ds?

N

(4.15)

=0,

Theorem 4.7. The dual curve ¢ : I — D3 is a dual slant helix iﬁ‘

~, <\ 2

T ~
=32 —MlT
Ta 7—&

where fi; # 1 is a dual constant (ji; = 1 + ¢ and ¢; is nowhere pure dual number).

= =
#By 7 d’Bs

ds? Ta ds?

dB
ds

(4.16) =0,

Theorem 4.8. The dual curve {E : I — D3 is a dual slant helix iff

~ 2

K% /<;~ ~
= — 3 — )\2/4@
/15 H,y

where Xg # 1 is dual constant (Xg =1+ ziﬁ and ¢, is nowhere pure dual number).
2

3?2 -, 27? —=
dT'ﬁ_gﬁd Tq qu:O
ds ’

N =

Proof. We suppose that 1; is a dual slant helix. Also the dual binormal_}ndicatrix ¥

- T~ =
of ¢ is a dual general helix. If we differentiate following equation d déﬁ = Ky N3z,
then we get
5 = = -
d T~ o 2 dT5 , N5 = dB~
(4.18) = —2R5R5 T~—/£~ e ”N +R s RiTy By+FRaTy—=" e 1 = 0.
S

By using -, we get (4.17).
Conversely let us assume that (4.17) holds. From (2.7)), we have
-
= 1 dNz
(4.19) L S T-.
Ty ds 5
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Differentiating the last equality, we have

- 2 . ., s s
dBﬁ: 1 dey_3ﬁdT§_ 57_3 ﬁ Eg—?? dTﬁ
ds k375 | ds? Ry ds? K5 K5 T ds
4.20
( ) 2 ~ ~ ~ ! = ~ NN
+_1_<)dT~ ﬁ+ﬁ<ﬁ)dﬂu(ﬁ>ﬁ
=2 ) ~ T3\ = s =~ 3
G-ANE d Ky K5 \Ty S Ty
By using (2.7) and (4.17), we get
=\’ K= 1
<~—7) =0 and =L =,/= — ¢, (nowhere pure dual constant).
T5 Lk A —1
Thus from (3.1]), we obtain 55 = —:—7 = dual constant. Also J is a dual slant
helix. O

Theorem 4.9. The dual curve ¢ : I — D? is a dual slant helix iff

BT AeTs (7R
21 A N Rt ) e
(4.21) R [%? 3<@> KTy

=
T
i "

B

where [iy # 1 is a dual constant (ji; = 1 + ¢3 and ¢, is nowhere pure dual number).
Theorem 4.10. The dual curve {/; I — ]D)3 is a dual slant helix iff

—=
dQNq 7'~ dN~

22
(4 ) d’§2 Tg dS

where Jiy # 1 is dual constant (ji, = 1 + ¢3 and ¢, is nowhere pure dual number).

Proof. Let @D be a dual slant helix. Thus the dual binormal 1nd1catr1x ~ of 1/1 isa dual

g = —/<;,YT —I—T,YB
then we get
=
d2N’7 =4 ~ = ~2 | ~2 K
(4.23) = —r; T35+ 7By — (F5 + 75) N7,

ds?
From (2.7) and (4.23), we get (4.22).
Conversely, let the equation (4.22)) be provided. According to (2.7)), we obtain

(4.24) Tr=——
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Differentiating the last equality, we have

dT N~ TLdN = = ‘=
~ 1 ~ T~ ~ = = T= =
4.25 = | —2 - 2 — + (R2+72)N5| +#3N5+ ( =~ | Bs.
(425  — el R (FR2+2)N5| + 75 N5 + - 5

By using (2.7) and (4.22), we get

~ ! ~
(ﬂ) =0 and Zi =/l — 1 =¢, (nowhere pure dual constant).

I{:, /ig

Thus from (3.1]), we obtain 55 = —Z—? = dual constant. Also QZ is a dual slant

ot

helix. O
Theorem 4.11. The dual curve zZ : I — D3 is a dual slant helix iff

272 -, -
d N; _ﬁng
i R ds

(4.26)

~ =
+/\27€%N§ =0,
where X\, # 1 is dual constant (Xg = 1+ = and ¢, is nowhere pure dual number).
2

Theorem 4.12. The dual curve ¢ : I — D3 is a dual slant helix iff

~ ~ 2
7 7

3 ~ ~
=~ = | T HT
(kT T

where iy # 1 is a dual constant (i; = 1 + ¢35 and ¢, is nowhere pure dual number).

=
dB5
— =0,
ds

3_N) ~ 2_N>
d Bg B zd Bq B
& 7 4

2
|
w

(4.27)

Theorem 4.13. The dual curve zZ : I — D3 is a dual slant helix iff

~ 2

K5 K5 N =2
= — 3 = — )\21{:/
Kﬁ lig

where Xg # 1 is dual constant (Xg =1+ aiﬁ and ¢, is nowhere pure dual number).
2

3—~> -, 2—~>
qu_ ﬁd Bg_

i U de

)

(4.28)
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