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APPROXIMATE SOLUTIONS OF WEAKLY NONLINEAR DIFFERENTIAL
EQUATIONS

S. Meftah and B. Ghanmi

ABSTRACT. In this work, we study the most useful approximation methods for
proving solutions to analytic approximation for solving a weak second-order non-
linear differential equation in a power series with small parameters. We prove
the second-order periodic approximation solution and also the best third-order
approximation of the weak nonlinear differential equation.

1. PRESENTATION

Lately, researchers have developed a study of approximation methods for large-
scale differential equation systems, known as the perturbation method has many
applications, see for example [1,2,6].

We use Lindstedt’s method, which gives periodic approximations, see [4,5,7]. In
[5], the existence of first-order analytic periodic approximations has been demon-
strated.

The aim of this work is to demonstrate second-order analytic periodic approxi-
mations.
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First, we give a presentation for our search. Second, we introduce necessary
initial concepts and definitions. Finally in section 3 we confirm the general second
approximation. Next, we prove the third best approximation solution for weak
second-order nonlinear differential equations.

2. PRELIMINARIES

We present approximation methods that depend on constructing an extended
solution. We find an analytical solutions to the following equation

(2.1)
d2y

dt2
(t, ε) + y (t, ε) = εF

(
y (t, ε) ,

dy

dt
(t, ε)

)
, 0 < ε << 1,

with y (0, ε) = A,
dy

dt
(0, ε) (0) = 0, F is an analytical function of y (t, ε) and

dy/dt (t, ε).
If ε = 0 we obtain the following non perturbed problem

(2.2)
d2y

dt2
(t, 0) + y (t, 0) = 0.

2.1. Simple approximation method. Suppose (2.3) a solution of (2.1) with

(2.3) y (t, ε) =
n

Σ
m=0

εmym (t, 0) +O
(
εn+1

)
.

The principle of this method is to substitute (2.3) into equation (2.1), according
to ε. But it gives neither analytic approximations nor periodic.

Remark 2.1. Generally, in the simple approximation method the terms y2 (t, 0) and
y3 (t, 0) are non periodic.

This leads us to the Lindstedt-Poincaré method which solve this problemes.

2.2. Lindstedt-Poincaré method. Keeping a few terms of (2.3) defines a function
non-periodic and infinite as t→ +∞.

Definition 2.1. tmcos (pt) , tmsin (nt) , m, n ∈ N∗, p ∈ N are called secular terms.

The astronomer Lindstedt defined a new variable η = ϑ (ε) t with ϑ0 = ϑ(0) =

1, ϑ (ε) 6= 1, and y (η, ε) , ϑ (ε) definded as follows

(2.4) y (η, ε) = y0 (η, 0) + εy1 (η, 0) + · · ·+ εnyn (η, 0) + · · · ,
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ϑ (ε) = 1 + εϑ1 + · · ·+ εnϑn + · · · ,

First, we note
.
y ≡ dy

d η
(η, ε) ,

..
y ≡ d2y

d η2
(η, ε) ,

Fy (y, ϑ
.
y) ≡ ∂F (y (η, ε) ,

.
y)

∂y (η, ε)
, F .

y (y,
.
y) ≡ ∂F (y (η, ε) ,

.
y)

∂
.
y

,

the equation (2.1) becomes

(2.5) ϑ2 ..y + y = εF (y, ϑ
.
y) , 0 < ε << 1,

with y (0, ε) = A,
.
y (0, ε) = 0. When we substitute expansion (2.4) into equation

(2.5) we have (
1 + εϑ1 + ε2ϑ2 + ε3ϑ3 + · · ·

)2 ( ..
y0 + ε

..
y1 + ε2

..
y2 + ε3

..
y3 + · · ·

)
+ y0 + εy1 + ε2y2 + ε3y3 + · · · = εF (y0,

.
y0)

+ ε2
∂F (y0,

.
y0)

∂ε
+
ε3

2

∂2F (y0,
.
y0)

∂ε2
+ · · · .

(2.6)

Matching all powers of ε to zero, we find the following equations

(2.7)
..
y0 + y0 = 0,

(2.8)
..
y1 + y1 = −2ϑ1

..
y0 + F (y0,

.
y0) =: G1 (y0 (η, 0) ,

.
y0 (η, 0)) = G1 (η) ,

..
y2 + y2 = −2ϑ1

..
y1 −

(
ϑ2
1 + 2ϑ2

) ..
y0 + Fy (y0,

.
y0) y1 + F .

y (y0,
.
y0) (ϑ1

.
y0 +

.
y1)

=: G2 (y0 (η, 0) , y1 (η, 0) ,
.
y0 (η, 0) ,

.
y1 (η, 0)) = G2 (η) ,

(2.9)

..
y3 + y3

=: G3 (y0 (η, 0) , y1 (η, 0) , y2 (η, 0) ;
.
y0 (η, 0) ,

.
y1 (η, 0) ,

.
y2 (η, 0)) = G3 (η) ,

(2.10)

...

(2.11)
..
yn + yn = Gn

(
y0 (η, 0) , . . . , yn−1 (η, 0) ;

.
y0 (η, 0) , . . . ,

.
yn−1 (η, 0)

)
= Gn (η) ;

note here that Gi, i = 1, . . . , n is also an analytical function of y0, y1,

. . . , yi−1;
.
y0,

.
y1, . . . ,

.
yi−1.

To solve the equation (2.5), we first have to solve the equations (2.8), (2.9),
. . . , (2.11).
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3. OUR OUTCOMES

3.1. Second order periodic approximate solution for the nonlinear differen-
tial equation. In the following proposal, we prove the periodic conditions of the
solution y2(η). We mention here that the proof of the periodicity of the solution
y1(η) is in [5].

Proposition 3.1. y2(η) is a periodic solution of the equation (2.9) if and only if

(3.1)



w2 = −w
2
1

2
+

1

2Aπ

∫ 2π

0

(2w1 cos η
..
y1 − cos ηFy(A cos η,−A cos η)y1

− (w1A sin η cos η +
.
y1 cos η)F .

y(A cos η,−A sin η))dη,∫ 2π

0

sin η(Fy(A cos η,−A cos η)y1 + F .
y(A cos η,−A sin η)

.
y1)

− ϑ1

∫ 2π

0

(2 sin η
..
y1 + AF .

y(A cos η,−A sin η) sin2 η)dη = 0.

Proof. The periodic condition gives

(3.2)
∫ η+2π

η

sin(η − τ)G(τ)dτ = 0⇒


∫ 2π

0
cos η G(η) = 0,∫ 2π

0
sin η G(η) = 0.

According to the equation (2.9), we have

G2(η) = −2ϑ1
..
y1 − (ϑ2

1 + 2ϑ2)
..
y0 + Fy(y0,

..
y0)y1 + F .

y(y0,
.
y0)(ϑ1

.
y0,

.
y1),

with

y0(η) = A cos η, y1(η) =

∫ η

0

sin(η − τ) (2w1A cos τ + F (A cos τ,−A sin τ)) dτ.

We rewrite (3.2) as

∫ 2π

0
cos η [−2w1

..
y1 − (w2

1 + 2w2)(−A cos η) + Fy(A cos η,−A cos η)y1] dη

+
∫ 2π

0
cos η

[
F .
y(A cos η,−A sin η)(−w1A sin η +

.
y1)
]
dη = 0,∫ 2π

0
sin η [−2w1

..
y1 − (w2

1 + 2w2)(−A cos η) + Fy(A cos η,−A cos η)y1] dη

+
∫ 2π

0
cos η

[
F .
y(A cos η,−A sin η)(−w1A sin η +

.
y1)
]
dη = 0.
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⇒



w2 = −w2
1

2
+ 1

2Aπ

∫ 2π

0
(2w1 cos η

..
y1 − cos ηFy(A cos η,−A cos η)y1

+w1AF .
y(A cos η,−A sin η) sin η cos η − F .

y(A cos η,−A sin η)
.
y1 cos η)dη,

−2w1

∫ 2π

0
sin η

..
y1dη +

∫ 2π

0
sin ηFy(A cos η,−A cos η)y1dη

−w1A
∫ 2π

0
F .
y(A cos η,−A sin η) sin2 ηdη

+
∫ 2π

0
F .
y(A cos η,−A sin η)

.
y1 sin ηdη = 0.

⇒



w2 = −w2
1

2
+ 1

2Aπ

∫ 2π

0
(2w1 cos η

..
y1 − cos ηFy(A cos η,−A cos η)y1

−(w1A sin η cos η +
.
y1 cos η)F .

y(A cos η,−A sin η))dη,∫ 2π

0
sin η(Fy(A cos η,−A cos η)y1 + F .

y(A cos η,−A sin η)
.
y1)

−ϑ2

∫ 2π

0
(2 sin η

..
y1 + AF .

y(A cos η,−A sin η) sin2 η)dη = 0.

�

3.2. Comparisons of Approximate Solutions. We continue our search in [3],
and find the best third-order approximation in his general form

(3.3)
d2ỹ

dt2
(t, ε) + ỹ (t, ε) = g (ε)F

(
ỹ (t, ε) ,

dỹ

dt
(t, ε)

)
, 0 < ε << 1,

with ỹ (0, ε) = A,
dỹ

dt
(0, ε) = 0, and F is an analytic function of ỹ (t, ε) and

dỹ/dt (t, ε).
We introduce the variable η̃ = ϑ̃t, with ỹ and ϑ̃ are defined with

(3.4) ỹ (η̃, ε) = ỹ0 (η̃, 0) + εỹ1 (η̃, 0) + ε2ỹ2 (η̃, 0) + ε3ỹ3 (η̃, 0) . . . ,

(3.5) ϑ̃ (ε) = 1 + εϑ̃1 + ε2ϑ̃2 + ε3ϑ̃3 + · · ·+ εnϑ̃n + . . .

To find the third order uniformly approximate periodic solution (3.3), we must
give the general formula of ỹ0 (η̃, 0) , ỹ1 (η̃, 0) , ỹ2 (η̃, 0) and ỹ3 (η̃, 0).

Remark 3.1. In [3], we proved ỹ0 (η̃, 0) , ỹ1 (η̃, 0) , ỹ2 (η̃, 0) . Here, we prove ỹ3 (η̃, 0).

Proposition 3.2. The terms ỹ0 (η̃, 0) , ỹ1 (η̃, 0) , ỹ2 (η̃, 0) and ỹ3 (η̃, 0) are respectively
solutions of (3.6),(3.7), (3.8) and (3.9) such that

(3.6)
..

ỹ0 + ỹ0 = 0,
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(3.7)
..

ỹ1 + ỹ1 = G̃1 (η̃) ,

(3.8)
..

ỹ2 + ỹ2 = G̃2 (η̃) ,

(3.9)
..

ỹ3 + ỹ3 = G̃3 (η̃) ,

with

G̃1 (η̃) = −2ϑ̃1

..

ỹ0 + c1F
(
ỹ0 (η̃, 0) ,

.

ỹ0 (η̃, 0)
)
,

G̃2 (η̃) = −2ϑ̃1

..

ỹ0 + c1F
(
ỹ0 (η̃, 0) ,

.

ỹ0 (η̃, 0)
)
− 2ϑ̃1

..

ỹ1 −
(
ϑ̃2
1 + 2ϑ̃2

) ..

ỹ0

+ c1

(
Fỹ

(
ỹ0 (η̃, 0) ,

.

ỹ0 (η̃, 0)
)
ỹ1 + F .

ỹ

(
ỹ0 (η̃, 0) ,

.

ỹ0 (η̃, 0)
)(

ϑ̃1

.

ỹ0 +
.

ỹ1

))
+ c2F

(
ỹ0 (η̃, 0) ,

.

ỹ0 (η̃, 0)
)
,

G̃3 (η̃) = −2ϑ̃1

..

ỹ2 −
(
ϑ̃1

2
+ 2ϑ̃2

) ..

ỹ1 −
(

2ϑ̃3 + 2ϑ̃1ϑ̃2

) ..

ỹ0

+ c1

[
ỹ1

2

2
Fỹỹ

(
ỹ0(η̃, 0),

.

ỹ0(η̃, 0)
)

+
(
ϑ̃1

.

ỹ0 +
.

ỹ1

)
ỹ1Fỹ

.
ỹ

(
ỹ0(η̃, 0),

.

ỹ0(η̃, 0)
)

+ỹ2Fỹ

(
ỹ0(η̃, 0),

.

ỹ0(η̃, 0)
)

+
(
ϑ̃2

.

ỹ0 + ϑ̃1

.

ỹ1 +
.

ỹ2

)
F .
ỹ

(
ỹ0(η̃, 0),

.

ỹ0(η̃, 0)
)

+
1

2

(
ϑ̃1

.

ỹ0 +
.

ỹ1

)2
F .
ỹ
.
ỹ

(
ỹ0(η̃, 0),

.

ỹ0(η̃, 0)
)]

+ c2

[
Fỹ

(
ỹ0(η̃, 0),

.

ỹ0(η̃, 0)
)
ỹ1

+F .
ỹ

(
ỹ0(η̃, 0),

.

ỹ0(η̃, 0)
)(

ϑ̃1

.

ỹ0 +
.

ỹ1

)]
+ c3F

(
ỹ0(η̃, 0),

.

ỹ0(η̃, 0)
)
.

Proof. The equation (3.3) will be written as

d2ỹ (η̃, ε)

dt2
+ ỹ (η̃) = Σ

k≥1
εkckF

(
ỹ (η̃, ε) ,

dỹ (η̃, ε)

dt

)
= ε

(
Σ
k≥0

εkck+1F

(
ỹ (η̃, ε) ,

dỹ (η̃, ε)

dt

))
= εK

(
ỹ (η̃, ε) ,

dỹ (η̃, ε)

dt

)
,

with K is an analytic function of y and dy/dt.
Replacing the equation (3.4) into the equation (3.3), we have(
1 + εϑ̃1 + ε2ϑ̃2 + ε3ϑ̃3 + · · ·

)2 ( ..
ỹ0 + ε

..

ỹ1 + ε2
..

ỹ2 + ε3
..

ỹ3 + · · ·
)

+ ỹ0 + εỹ1 + ε2ỹ2

+ ε3ỹ3 + · · · = εK
(
ỹ0,

.

ỹ0

)
+ ε2

∂K
(
ỹ0,

.

ỹ0

)
∂ε

+
ε3

2

∂2K
(
ỹ0,

.

ỹ0

)
∂ε2

+ · · ·
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= εc1F (ỹ0,
.

ỹ0) + ε2

[
c1
∂F (ỹ0,

.

ỹ0)

∂ε
+ c2F (ỹ0,

.

ỹ0)

]

+ ε3

[
c3F (ỹ0,

.

ỹ0) + c2
∂F (ỹ0,

.

ỹ0)

∂ε
+
c1
2

∂2F (ỹ0,
.

ỹ0)

∂ε2

]
+ · · · ,

= εc1F
(
ỹ0,

.

ỹ0

)
+ ε2

[
c1

(
∂F (ỹ0,

.

ỹ0)

∂ỹ
.
∂ỹ

∂ε
+
∂F (ỹ0,

.

ỹ0)

∂
.

ỹ
.
∂ϑ

.

ỹ

∂ε

)
+ c2F

(
ỹ0,

.

ỹ0

)]

+ ε3

[
c3F (ỹ0,

.

ỹ0) + c2

(
∂F (ỹ0,

.

ỹ0)

∂ỹ
.
∂ỹ

∂ε
+
∂F (ỹ0,

.

ỹ0)

∂
.

ỹ
.
∂ϑ

.

ỹ

∂ε

)
+
c1
2

∂2F (ỹ0,
.

ỹ0)

∂ε2

]
= εc1F (ỹ0,

.

ỹ0) + ε2
[
c1

(
Fỹ(ỹ0,

.

ỹ0)ỹ1 + F .
ỹ
(ỹ0,

.

ỹ0)(ϑ̃1

.

ỹ0 +
.

ỹ1)
)

+ c2F (ỹ0,
.

ỹ0)
]

+ ε3
[
c3F (ỹ0,

.

ỹ0) + c2

(
Fỹ

(
ỹ0,

.

ỹ0

)
ỹ1 + F .

ỹ

(
ỹ0,

.

ỹ0

)(
ϑ̃1

.

ỹ0 +
.

ỹ1

))
+ c1

(
ỹ1

2

2
Fỹỹ(ỹ0,

.

ỹ0) + (ϑ̃1

.

ỹ0 +
.

ỹ1)ỹ1Fỹ
.
ỹ
(ỹ0,

.

ỹ0) + ỹ2Fỹ(ỹ0,
.

ỹ0) +
(
ϑ̃2

.

ỹ2 + ϑ̃1

.

ỹ1

+
.

ỹ2

)
F .
ỹ
(ỹ0,

.

ỹ0)
) 1

2
(ϑ̃1

.

ỹ0 +
.

ỹ1)
2F .

ỹ
.
ỹ
(ỹ0,

.

ỹ0)

]
.

By identification we get equations (3.6), (3.7), (3.8), (3.9). �

3.3. Closest approximation. We build an approach of (2.2), which gives an closer
approximation to (3.3) more than an approximation of (2.1).

Lemma 3.1. If g (ε) = Σ
k≥1

εkck, such that ck are constants, we have

1) ỹ0 (η̃, 0) = y0 (η̃, 0).
2) ỹ1 (η̃, 0) = c1y1 (η̃, 0).
3) ỹ2 (η̃, 0) = c21 y2 (η̃, 0) + c2y1 (η̃, 0).
4) ỹ3 (η̃, 0) = c31y3 (η̃, 0) + 2c1c2y2 (η̃, 0) + c3y1 (η̃, 0).

Remark 3.2. The proof of 1, 2 and 3 is in Lemma 3.1 in [3], here we will prove 4.

Proof. 4) We have 
∫ 2π

0
cosη̃G̃3 (η̃) dη̃ = 0,∫ 2π

0
sinη̃ G̃3 (η) dη̃ = 0.
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⇒



∫ 2π

0
cos η̃

[
−2ϑ̃1

..

ỹ2 −
(
ϑ̃1

2
+ 2ϑ̃2

) ..

ỹ1 −
(

2ϑ̃3 + 2ϑ̃1ϑ̃2

) ..

ỹ0

]
dη̃

+c2
∫ 2π

0
cos η̃

[
Fỹ

(
ỹ0,

.

ỹ0

)
ỹ1 + F .

ỹ

(
ỹ0,

.

ỹ0

)(
ϑ̃1

.

ỹ0 +
.

ỹ1

)]
dη̃

+c1
∫ 2π

0
cos η̃

[
ỹ1

2

2
Fỹỹ

(
ỹ0,

.

ỹ0

)
+
(
ϑ̃1

.

ỹ0 +
.

ỹ1

)
ỹ1Fỹ

.
ỹ

(
ỹ0,

.

ỹ0

)
+ ỹ2Fỹ

(
ỹ0,

.

ỹ0

)]
dη̃

+c1
∫ 2π

0
cos η̃

[(
ϑ̃2

.

ỹ0 + ϑ̃1

.

ỹ1 +
.

ỹ2

)
F .
ỹ

(
ỹ0,

.

ỹ0

)
+ 1

2

(
ϑ̃1

.

ỹ0 +
.

ỹ1

)2
F .
ỹ
.
ỹ

(
ỹ0,

.

ỹ0

)]
dη̃

+c3F
(
ỹ0,

.

ỹ0

)
dη̃ = 0.∫ 2π

0
sin η̃

[
−2ϑ̃1

..

ỹ2 −
(
ϑ̃1

2
+ 2ϑ̃2

) ..

ỹ1 −
(

2ϑ̃3 + 2ϑ̃1ϑ̃2

) ..

ỹ0

]
dη̃

+c2
∫ 2π

0
sin η̃

[
Fỹ

(
ỹ0,

.

ỹ0

)
ỹ1 + F .

ỹ

(
ỹ0,

.

ỹ0

)(
ϑ̃1

.

ỹ0 +
.

ỹ1

)]
dη̃

+c1
∫ 2π

0
sin η̃

[
ỹ1

2

2
Fỹỹ

(
ỹ0,

.

ỹ0

)
+
(
ϑ̃1

.

ỹ0 +
.

ỹ1

)
ỹ1Fỹ

.
ỹ

(
ỹ0,

.

ỹ0

)
+ ỹ2Fỹ

(
ỹ0,

.

ỹ0

)]
dη̃

+c1
∫ 2π

0
sin η̃

[(
ϑ̃2

.

ỹ0 + ϑ̃1

.

ỹ1 +
.

ỹ2

)
F .
ỹ

(
ỹ0,

.

ỹ0

)
+ 1

2

(
ϑ̃1

.

ỹ0 +
.

ỹ1

)2
F .
ỹ
.
ỹ

(
ỹ0,

.

ỹ0

)]
dη̃

+c3F
(
ỹ0,

.

ỹ0

)
dη̃ = 0.

⇒


−2Aπc31ϑ3 − 4Aπc1c2ϑ2 − 2Aπc3ϑ1 = −2Aπϑ̃3,

−2ϑ3c
3
1A
∫ 2π

0
sin η̃ cos η̃dη̃ + 2ϑ2c1c2A

∫ 2π

0
sin η̃ cos η̃dη̃ + c3

∫ 2π

0
sin η̃F (y0,

.
y0)dη̃

= −2ϑ̃3A
∫ 2π

0
sin η̃ cos η̃dη̃.

⇒

ϑ̃3 = c31ϑ3 + 2c1c2ϑ2 + c3ϑ1,∫ 2π

0
sin η̃F (y0,

.
y0)dη̃ = 0.

On the other hand, according to (3.3) the solution ỹ3 (η̃, 0) of equation (3.9) is
given by

ỹ3(η̃, 0) =

∫ 2π

0

sin(η̃ − τ̃)G̃3(η̃)

=

∫ 2π

0

sin(η̃ − τ̃)[−2w̃1

..

ỹ2 − (w̃2
1 + 2w̃2)

..

ỹ2 − (2w̃3 + 2w̃1w̃2)
..

ỹ0

+ c2[Fỹ (y0 (η, 0) ,
.
y0 (η, 0)))ỹ1 + F .

ỹ
(y0 (η, 0) ,

.
y0 (η, 0)))(w̃1

.

ỹ0 +
.

ỹ1)]

+ c1[
ỹ21
2
Fỹỹ (y0 (η, 0) ,

.
y0 (η, 0))) + ỹ1(w̃1

.

ỹ0 +
.

ỹ1)Fỹ
.
ỹ

(y0 (η, 0) ,
.
y0 (η, 0)))

+ ỹ2Fỹ (y0 (η, 0) ,
.
y0 (η, 0))) + (w̃2

.

ỹ0 +
.

ỹ1w̃1 +
.

ỹ2)F .
ỹ

(y0 (η, 0) ,
.
y0 (η, 0)))

+
1

2
(w̃1

.

ỹ0 +
.

ỹ1)
2F .

ỹ
.
ỹ

(y0 (η, 0) ,
.
y0 (η, 0)))] + c3F (y0 (η, 0) ,

.
y0 (η, 0)))],
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⇒ ỹ3(η̃, 0) =

∫ 2π

0

sin(η̃ − τ̃)[−2c1w1(
..
y2)− (c21w

2
1 + 2(c21w2 + c2w1))c1

..
y1

− (2
(
c31w3 + c1c22w2 + c3w1

)
+ (2c1w1(c

2
1w2 + c2w1))

..
y0

+ c2[Fy((y0 (η, 0) ,
.
y0 (η, 0)) c1y1 + F .

y((y0 (η, 0) ,
.
y0 (η, 0)))(c1w1

.
y0

+ c1
.
y1)] + c1[(c1w1

.
y0 + c1

.
y1)c1y1Fy .

y((y0 (η, 0) ,
.
y0 (η, 0)))

+ (c21y2 + c2y1)Fy((y0 (η, 0) ,
.
y0 (η, 0)))

+ ((c21w2 + c2w1)
.
y0 + c1w1

.
y0 + c1

.
y2)F .

y((y0 (η, 0) ,
.
y0 (η, 0)))

+
1

2
(c1w1

.
y0 + c1

.
y1)

2F .
y
.
y((y0 (η, 0) ,

.
y0 (η, 0)))] + c3F ((y0 (η, 0) ,

.
y0 (η, 0)))],

⇒ ỹ3(η̃, 0) = c31

∫ η̃

0

sin(η̃ − τ̃)[−2ϑ1
..
y2 −

(
ϑ2
1 + 2ϑ2

) ..
y1 − (2ϑ3 + 2ϑ1ϑ2)

..
y0

+ y2Fy (y0,
.
y0) +

y1
2

2
Fyy (y0,

.
y0) + y1 (ϑ1

.
y0 +

.
y1)Fy .

y (y0,
.
y0)

+ (ϑ2
.
y0 + ϑ1

.
y1 +

.
y2)F .

y (y0,
.
y0) +

1

2
(ϑ1

.
y0 +

.
y1)

2
F .
y
.
y (y0,

.
y0) .]dτ̃

+ 2c1c2

∫ η̃

0

sin(η̃ − τ̃)[−2ϑ1
..
y1 −

(
ϑ2
1 + 2ϑ2

) ..
y0 + Fy (y0,

..
y0) y1

+ F .
y (y0,

.
y0) (ϑ1

.
y0 +

.
y1)]dτ̃ + c3

∫ η̃

0

sin(η̃ − τ̃)[−2ϑ1
..
y0

+ F ((y0 (η, 0) ,
.
y0 (η, 0)))]dτ̃ ,

⇒ ỹ3(η̃, 0) = c31

∫ η̃

0

sin(η̃ − τ̃)G3(τ̃)dτ̃ + 2c1c2

∫ η̃

0

sin(η̃ − τ̃)G2(τ̃)dτ̃

+ c3

∫ η̃

0

sin(η̃ − τ̃)G1(τ̃)dτ̃

⇒ ỹ3(η̃, 0) = c31y3(η̃, 0) + 2c1c2y2(η̃, 0) + c3y3(η̃, 0).

�
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