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APPROXIMATE SOLUTIONS OF WEAKLY NONLINEAR DIFFERENTIAL
EQUATIONS

S. Meftah and B. Ghanmi

ABSTRACT. In this work, we study the most useful approximation methods for
proving solutions to analytic approximation for solving a weak second-order non-
linear differential equation in a power series with small parameters. We prove
the second-order periodic approximation solution and also the best third-order
approximation of the weak nonlinear differential equation.

1. PRESENTATION

Lately, researchers have developed a study of approximation methods for large-
scale differential equation systems, known as the perturbation method has many
applications, see for example [1,2,6].

We use Lindstedt’s method, which gives periodic approximations, see [4,5,7]. In
[51, the existence of first-order analytic periodic approximations has been demon-
strated.

The aim of this work is to demonstrate second-order analytic periodic approxi-
mations.
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First, we give a presentation for our search. Second, we introduce necessary
initial concepts and definitions. Finally in section [3|we confirm the general second
approximation. Next, we prove the third best approximation solution for weak
second-order nonlinear differential equations.

2. PRELIMINARIES

We present approximation methods that depend on constructing an extended
solution. We find an analytical solutions to the following equation

d?y dy
(2.1) W(t,s)%—y(t,e)-&F (y(t,a),%(t,a)) , 0<e<<l,
with y(0,¢) = A, %(0,5) (0) = 0, F' is an analytical function of y(t,¢) and
dy/dt (t,e).

If ¢ =0 we obtain the following non perturbed problem

(2.2) de(t 0) +y(t,0) =0

° dt2 ) ?J ) Y

2.1. Simple approximation method. Suppose (2.3) a solution of (2.1)) with
(2.3) y(t,e) = 3 ey (t,0)+0 (7).

The principle of this method is to substitute (2.3)) into equation (2.1)), according
to . But it gives neither analytic approximations nor periodic.

Remark 2.1. Generally, in the simple approximation method the terms vy, (t,0) and
ys (t,0) are non periodic.

This leads us to the Lindstedt-Poincaré method which solve this problemes.

2.2. Lindstedt-Poincaré method. Keeping a few terms of (2.3)) defines a function
non-periodic and infinite as t — +oc.

Definition 2.1. t"cos (pt), t™sin(nt), m, n € N*, p € N are called secular terms.

The astronomer Lindstedt defined a new variable n = ¥ (¢) ¢t with ¥y = 9(0) =
1,9 (e) #1,and y (n,e), U (¢) definded as follows

(2.4) y(n,€) =yo(n,0) +eyr (1,0) + -+ "y, (7,0) + - - -,
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d(e)=1+ed + - +e"0p+ -+,

First, we note

. dy .
y:dn(n7€>7 Y= 772 (7]78>7
L _OF (y(n,e),y) L _OF (y(n,e),v)
F y719y = ) F Y,y = - 9
v (9, 99) dy (n,¢) v (4:9) dy
the equation (2.1)) becomes
(2.5) P2y +y=eF (y,9y), 0<e<<l,

with y (0,e) = A, y(0,e) = 0. When we substitute expansion (2.4) into equation

(2.5)) we have

(14 ety + 295 + %05 + -+ ) (Yo + e + €20 + %05 +---)

(2.6) + Yo + cy1 + 62y2 + 63y3 + - =¢eF (0, Y0)
OF (yo,yo)  €*0°F (yo, o)
2 ’ — ) )
te Oe * 2 02 +

Matching all powers of ¢ to zero, we find the following equations

2.7) Yo+ yo =0,

(2.8) Y1 +y1 = 20190 + F (Y0, %0) =: G1 (%0 (1,0),%0 (1,0)) = G1(n),

2.9) Yo + Y2 = —20h91 — (95 + 202) Yo + Fy (y0,%0) 1 + E (o, Yo) (V130 + 41)
=: G2 (% (1,0), 91 (1,0), %0 (1,0), 41 (n,0)) = G2 (n) ,

(2.10) Yz + Y3

=. G3 (yO (777 O) y U1 (777 O) y Y2 (777 O) ;yO (777 O) 7y1 (777 O) 7y2 (777 0)) = G3 (77) )

(211) yn + Yn = Gn (yO (7770) yer e Yn—1 (na O) 7y0 (n’ O) ). Jyn—l (na O)) - Gn (T/) )

note here that G;,7 = 1,...,n is also an analytical function of vy, i,
cees Yio1; y07y1> s 7yi—1‘

To solve the equation (2.5]), we first have to solve the equations (2.8)), (2.9),
.., (2.11).
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3. OUR OUTCOMES

3.1. Second order periodic approximate solution for the nonlinear differen-
tial equation. In the following proposal, we prove the periodic conditions of the
solution y,(n). We mention here that the proof of the periodicity of the solution
y1(n) is in [5].

Proposition 3.1. yy(n) is a periodic solution of the equation (2.9) if and only if

4 1 2

2
w3 .
wp = = + 24r ), (2w; cosny, — cosnFy,(Acosn, —Acosn)y;

— (w1 Asinncosn + y, cosn) F, (Acosn, —Asinn))dn,

(3-1) 2m
/ sinn(F,(Acosn, —Acosn)y, + F,(Acosn, —Asinn)y,)
0

27
— / (2sinny, + AF,(Acosn, —Asinn)sin® n)dn = 0.
0

Proof. The periodic condition gives

fo% cosn G(n) =0,

n+2m
(3.2) / sin(n —7)G(7)dr =0 =
n ( ) [2sinn G(n) = 0.

According to the equation (2.9), we have
Ga(n) = —2019; — (97 + 202)00 + F, (o, Uo)v1 + Fy(y0, 90) (D10, 1),
with
yo(n) = Acosn, yi(n) = /71 sin(n — 7) (2wyAcosT + F(AcosT, —AsinT)) dr.
0
We rewrite as

( fo% cosn [—2w1y; — (w} + 2w,)(—Acosn) + F,(Acosn,—Acosn)y|dn
+ f027r cosn [Fy(Acosn, —Asing)(—wi Asinng + ¢,)] dn = 0,

fozﬂ sinn [—2w1y; — (w} + 2wq)(—Acosn) + F,(Acosn, —Acosn)yi] dn

+ fo% cosn [Fy(Acosn, —Asing)(—wi Asinn + §;)] dn = 0.

\
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p

wy = —w; + o= f02ﬂ(2w1 cosny, — cosnF,(Acosn, —Acosn)y
+w AF,(Acosn, —Asinn) sinncosn — F,(Acosn, —Asinn)y, cosn)dn,

= —2w; fo% sinny,dn + fo% sinnF,(Acosn, —Acosn)yidn
—wr A f027r F,(Acosn, —Asinn) sin? ndn
+ fOQﬂ F,(Acosn, —Asinn)y, sinndn = 0.
(wg = _%f + 35 f02w(2w1 cosny, — cosnF,(Acosn, —Acosn)y
—(wiAsinncosn + y, cosn) F,(Acosn, —Asinn))dn,
=

fo27r sinn(Fy, (A cosn, —Acosn)yr + Fy(Acosn, —Asinn)y,)
—19 f02ﬂ(2 sinny, + AF,(Acosn, —Asinn) sin?n)dn = 0.

\

O

3.2. Comparisons of Approximate Solutions. We continue our search in [3],
and find the best third-order approximation in his general form

63 Dot =g<s>F(g<t,s>,@<t,e>), 0<eccl,

dt? dt

with §(0,e) = A, % (0,e) = 0, and F' is an analytic function of ¢ (¢,¢) and
dy/dt (t,e).
We introduce the variable 7 = Jt, with § and ¢ are defined with

(34) Z; (ﬁa 6) = ZjO (ﬁa O) + ggl (777 O) + 62@2 (ﬁa O) + 53@3 (ﬁ: 0) R

(3.5) J(e)=1+ed; +e g+ %3+ + ", + ...

To find the third order uniformly approximate periodic solution (3.3]), we must
give the general formula of 7, (7,0), 91 (7,0), 72 (7,0) and g3 (7,0).

Remark 3.1. In [3]], we proved g, (7,0), 31 (7,0), @2 (7,0). Here, we prove gs (7, 0).

Proposition 3.2. The terms g, (77,0) , 91 (7,0) , 92 (7,0) and g5 (7, 0) are respectively

solutions of (3.6)), (3.7), (3.8) and (3.9) such that
(3.6) Jo + Go = 0,
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(3.7) g1+ =G (),
(3.8) s + 2 = Go (77)
(3.9) s + 73 = Gy ()
with

G (n) = —21§1§0 +aF (@0 (n,0) ,Igo (7, 0)) ;

G () = =200 + 1 (50 (7,0) o (7.0)) = 2015 — (97 +202) G
1 (B (501,050 (7.0)) 1+ F (30 (3,0) .51 (7,0)) (a5t + 1) )
+eaF (3o (7,0) .y (7,0))
Gis () = =203 — <19~12 + 2152) I — (2153 + 2151%) io
o {%F (5007, 0),50(7.0)) + (130 + 51 ) 5:Fy5 (407 0). (7, 0) )
+y2 by (Zfo(@ O)a?jo(ﬁ> 0)) + <79~23j0 + g+ ?J2> Fﬂ <?f0(77a 0), Zjo(ﬁ’ O))
3 (T4 ) 5 (1700, 30(3,0) | + 2 [75 (3003.000(3.00)
+F, (50,0, 50(7,0)) (91do + 1 )] + esF (1(,0), 5u(7,0)) .
Proof. The equation will be written as

ng (7775) + ﬂ(ﬁ) — kglekckF (g (77],8) 7 d@j (77,5))

dt? dt

—c (goa’fckHF (y (i), EZ E))> =k (y .e). % EZ 6)) ’

with K is an analytic function of y and dy/dt.
Replacing the equation (|3.4) into the equation (3.3), we have

L L . 2 /. . . .
<1+€191+€2?92+€3193+"‘> (3]0—1—83]1—1-823]2—1—533]3—1—-‘) + 9o + €01 + €70

oK <g0>§0> g3 IK <g07:§0>
Oe * 2 0e?

+53§3+"'=€K(?§0,?§0>+52 o
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8F(QO: go)
Oe

= ec1 F (o, %0) + €2 | &1 + c2 F (9o, 50)]

S aF@o’ﬂo) 1 32F(§07§0)
C3F(y0a yO) + co Oe + 5 2

OF (G, 7o) 05 OF (o,
(i o W o)

+&3

= 501F (g()?gO) + 62 ag (98

+

+ aF(ﬂOa?jO) ag aF y(by() )

3 F(u " - g 2 yOJyO)
e | esF (Yo, o) + c2 ( 07 e +

C1
2 02

— eer F(fo, o) + 22 |1 (Fy (i, o) + <yo,yo><191yo + 1)) + e2F (3o, o)
+ & [C3F yoy?/o + ¢ (Fy (ﬂm?jo) Y1+ Fg <Q0,ﬂo> <191?30 + ﬂl))
(% 73 (Yo, o) + (V1dio + ﬂl)ﬁngg(ﬁoy 7o) + Y2 F5 (%o, 7o) + <7§2?j2 + i
+§2) Fg(ﬁoj Zjo)) 5@1?0 + §1>2F§§(y~07?j0):| .

By identification we get equations (3.6), (3.7), (3.8), (3.9). O

3.3. Closest approximation. We build an approach of (2.2]), which gives an closer
approximation to (3.3) more than an approximation of (2.1J).

Lemma 3.1. If g (¢) = Z ekck, such that c¢;, are constants, we have

D 9o (7,0) = yo (7770)

2) 41 (7,0) = cry1 (7, 0).

3) 92 (7,0) = & y2 (7,0) + c2y1 (7, 0).

4) 3 (1,0) = ctys (1,0) 4 2c1cay2 (7, 0) + c31 (7, 0).

Remark 3.2. The proof of 1, 2 and 3 is in Lemma in [3], here we will prove 4.
Proof. 4) We have

fOQW cosniGs (77) dij = 0,

fo sinf] Gs (n) dij = 0.
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(fo% cos 1) [—2751@“2 — (1912 + 2152) g]1 — (2153 + 2151%) ﬂo} dr
e fozfr cos 7 Fy Yo, ﬂo) Y+ F (?]o, Qo) (7351?0 + ?91)] dn
+c1 f02” cos 7 TQFy (%ﬂo) + (151530 + ?J1> Nk, (?J{L?O) + Y2y (goaﬁjoﬂ dn
+c fo27r cos ] | (oo + 11 + 1/2) F. (y()’yo) + 3 (?gﬂjo + ?1)2 Fe. (3]07 ﬂo)} dn
tesF (oo ) dij = 0.
Sy s [~201gs = (917 + 20 ) gy — (205 + 20,9, ) G| i
+Co fo27r sin 7 F (?70, Z?o) o+ Fy (?307 ?70) <7§1Zjo + 2?1)} dn
+c; fo27r sin7) | %- F” (Mnﬂo) + <79~13j0 + 1&1) Nk, (ﬁoaﬁo) + 2Ly (ﬁmﬂoﬂ dn
+cp fo% sin 7 ( 2o + Vig + ?/2> F. (yo, yo) + 3 (151330 + ?jl)Q 1 <y~oy?jo>} dr

+es (?fo, yo) dn = 0.

—214776?793 — 4A7T0102192 — 2A7T63191 = —2A7T?§3,
= —203¢ A fo% sin 7] cos Ndn + 205¢1c2 A fo% sin 7 cos ndn + c3 fo% sin 7F (yo, Yo )dn
= —205A fozw sin 7 cos 7d).

’l§3 = C?ﬁ;g + 20162792 -+ 03191,
Jo s F (yo, go)dij = 0.

On the other hand, according to (3.3) the solution g3 (7,0) of equation (3.9) is
given by

=

27
(1.0 = [ sin(i ~ 7)Ga(i)
0
27r .. .. ..
0

+ CQ[F?? (yO (777 0) 7y0 (777 O)))?Jl + Fg (yo (777 0) 7@0 (777 0)))(7171@0 + gl)]

+Cl[%

+ QQFQ (yO (777 0) 7@0 (777 0))) + (sz&O + glwl + gQ)Fg (yO (777 0) 7y0 (777 O)))

Fyg (90 (1,0) 9 (1,0))) + G (o + 51) F (30 (1, 0) , 9o (1, 0)))

+ %(@1?30 + gl)QFgg (yO (777 0) 7?/0 (na O)))] + CSF (yO (7% O) 7y0 (777 0)))]a
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= w00 = [ st - -2un) - (i + 2 + ey
— (2 (clws + c1622w3 + c3wy) + (2cw1 (ws + cawy)) g
+ e2[Fy (90 (7,0) 190 (7, 0)) cryn + Fy((yo (1, 0), 4o (1, 0))) (crwnyg
+ )] + al(cwiyy + ayy)ewyi By ((yo (1,0), 90 (0, 0)))
+ (1Y + c251) Fy (9o (1,0) 90 (1, 0)))
+ ((cfwy + cown)yy + crwny + c192) Fy((yo (1,0) , 9o (1, 0)))

2 (ermngy + c1th)* Fyy (5o (n,0) .99 (1, 0))] + esF ((yo (1, 0) , o (1, 0)))],

5
7
= B 0) =& / sin(ii — )|~ 2005 — (02 + 205) 4, — (205 + 20,02) g
0
2
+ Yoy (Yo, Yo) + %Fyy (Y0, Yo) + y1 (D10 + y1) Fyy (Y0, Yo)

. . ) : 1 . ) ) -
+ (V2yo + D191 + y2) F, (Yo, yo) + B (V190 + 91)2 F, (4o, %o) -Jd7

n
-+ 20162/ sin(i] — 7)[—20151 — (V7 + 202) Yo + Fy (vo, o) 11
0

U]

+ Fy (o, %0) (D190 + y1)]dT +c3 | sin(f) — 7)[—20190

7

= 73(n,0) :ci’/onsm( — 7)G5(T )d7~'—|—20102/0 sin(n — 7)Go(T)dT

+c3 /Oﬁ sin(n — 7)G1(T)dT

= g3(ﬁ7 0) = C?y?)(ﬁa 0) + 20162y2<ﬁ7 0) + C3y3(7~77 O)
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