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ANALYSIS OF VISCOPLASTIC CONTACT PROBLEM
Dalila Kendri

ABSTRACT. In this paper, we analyze a quasistatic problem modeling frictional
contact between a viscoplastic body and an obstacle, the so called foundation.
The material constitutive relation is assumed to be non-linear. The boundary con-
ditions of contact and friction are modeled respectively by the Signorini conditions
and the generalized Coulomb’s non-local law. We derive a variational formulation
for the problem and prove the existence of its unique weak solution. The proof
use, essentially, classical arguments of compactness, variational inequalities and
Banach’s fixed point theorem.

1. INTRODUCTION

The problems of contact are the results of a vast field in the world of industry.
For this reason, in the last decades, there is considerable interest in studying this
type of problem. The literature on this subject includes books like [1,2,/5,6], also,
there exists a large number of papers where the authors are essentially interested
on existence and uniqueness results. However, there are works that have dealt
with the numerical simulation of contact processes and others in optimal control
[9,[10].

The mathematical models differ according to the mechanical properties of the
considered body and the boundary conditions. For elastic or viscoplastic materials,
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we distinguish unilateral or bilateral contact problems with or without friction, an
analysis for a general model in the quasistatic case has been established in [11].

Our aim in this work is to study a problem that models the quasistatic contact
between a viscoplastic body and a rigid base. The contact is unilateral with fric-
tion. A similar problem has been studied in [3]] considering unilateral frictionless
contact in the case of nonlinear elasticity and in [4] for elastic-viscoelastic materi-
als with intern state variable considering Signiorini boundary conditions.

The version of Coulomb’s law of friction which we consider (see [1]) in this
paper, depends on the normal stress which presents a major difficulty for the study.
Indeed, the variational problem obtained is not of the usual type.

The rest of the paper is structured as follows. In Section 2, we start with the
description of the mechanical model, then we list functional preliminaries needed
and some assumptions on the data. In Section 3, variational formulation is es-
tablished by using the Green type formula, the constitutive law and boundary
conditions. Finally, in section 4, we give the existence and uniqueness results of
the weak problem. The proof is based in the first time on a temporal discretization
technique with the goal to eliminate the derivative term, so, we obtain an interme-
diate problem in which the unknown is the displacement field. Subsequently, we
complete the proof using a fixed point method and the theory of elliptic variational
inequalities.

2. PROBLEM STATEMENT AND HYPOTHESES

We consider a viscoplastic body occupies bounded a domain in R?, (d = 1,2, 3)
denoted (2. The boundary I' is Lipschitz continuous boundary divided into three
disjoint measurable sets: I'j, I'y and I';. Let T" > 0, we suppose that measl'; > 0
and that the field of displacements vanished on I'; x [0,7]. We also assume that
tractions g act on I'; x [0, 7] and that volume forces f act in ©2x [0, 7.

We study the case where the law of behaviour is viscoplastic of the form:

2.1 ¢ = &(e(w)) + Glo,2(w)),

where u is a displacement field, 0 = (o;;) is the stress tensor, ¢ = (g;;) is the
linearized deformation operator, £ and G are constitutive functions.
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The displacements and stresses verify the following Signorini conditions:
(2.2) u, <0,0, <0, o,u, =0,

where, u, and o, are the normal components of v and o respectively.
The law of friction considered is the following:

0| < pp(|Rov|)
(2.3) lo.| < up(|Ro,|) = 4, =0, onT3x[0,T]
lo.| = pp(|Roy,|) = 3IXA >0 such that o, = =\,

In (2.3), the operator R is a normal regularizer, i.e. a linear continuous operator.
The function p is positive and called: friction function, «, and o, are the tangential
displacements and stresses respectively; ;. > 0 is the friction coefficient.

We use here Coulomb friction law, which consists to taking the function p such
as:

p(r) =r(l —ar)y,
where « is a fairly small positive coefficient related to the hardness of the contact
surface and . = max {0, r}. This law of friction means that when the regularized
normal stress is very large, exceeding é, the surface disintegrates and no longer
offers resistance to movement.
Our problem is formulated as follows:

Problem P: Find a displacement field u = (u;) : Q x [0,7] — R< and a stress field
o = (045) x [0,T] — S, such that:

o==¢&(e(w) + G(o,e(uw)) on Qx[0,77],

(2.4) Dive+ f=0 in Qx][0,77],
(2.5) u=0 on T;x]0,T],
(2.6) ov=g on TI'yx][0,7T],

u, < 07 o, < 07 OpUy :Oa
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|o7| < pp(|Ro|)
lo-| < up(|Ro,|) = 4, =0 on I's;x[0,7T] ;
lo-| = up(|Ro,|) = 3IX >0 such that o, = —\i,

(2.7) u(0) =up et o(0)=0y on Q.

Note that S? is the the space of second order symmetric tensors on R¢, is the
equation of equilibrium in which Div denotes the divergence operator and
is the initial condition.

We consider the standard Lebesgue and Sobolev spaces associated to §2 and T,
moreover we will use the following spaces:

H ={u= (u) :ujj € L*(Q)}, Hy ={u=(w):uy € H(Q)},
H :{O' = (Uij) 1045 € LQ(Q)}, Hi = {0‘ = (UU) 10555 € H}

These are real Hilbert spaces endowed with the canonical inner products given by

(v = / wode, (0,7 = / oy Ty,
Q Q

(u, V) = (u, v} + (e(u), e(v))x,
(0,7)u = (0, T)n + (Div(0), Div (7))
and the associated norms |.|g, |.|m,, |-|%, and |.|y,, respectively. Here, the defor-
mation operator ¢ : H; — H is linear, continuous and defined by
1
€ij(v) = 5 (vig + vj).

In addition, we consider Hr = H'/?(I")% and ~ : H; — Hp is the trace operator.
For the study of problem P, we consider the following hypotheses:
(The tensor £ : 2 x S; — Sy is positivly defined, a.e:
a) & € L(Q) forall i, j,k,1 =1,d;
b) (ot = o.&7 for all o, 7 € Sy;

(2.8)

c) ther exists m > 0 such that £o.0 > m|o?| for all o € S,.
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(the operator GG : ) x Sy x Sy — Sy fulfills:

a) there is L > 0 such that:

|G(.,01,6(u1)) — G(.,02,6(u2))| < L(|o1 — o] + [ur — ual)
(2.9) forall oq,51,09,60 € Sy, a.ein €.
b) G(.,0,¢) is a Lebesgue function measurable on (2
forall o,e € S,.
c) G(.,0,0) € H.

\

(The friction function p:I's x Ry — R, obeys:
(a) there exist M > 0 such that: |p(x,r1) — p(z,72)| < M|ry — 17y
(2.10) forallr;,r, € Ry x€Ts.

(b)  — p(x,r)is measurable on I'; for all r € R,.

(@) p(7,0) =0 a.eonTj.

We also assume that:

(2.11) fewh>0,T,H),
and
(2.12) g € Wh(0, T, L*(T)%),

while y satisfies

(2.13) we L=(Ty), pu(x) >0 on I';.
We consider the closed subspace V' of H; defined by:

(2.14) V ={ue€ Hysuchthatyuy=0onT}}.
We endow V' with the following scalar product:

(2.15) (v, w) = ((v),(w))yy

since measI'; > 0, Korn’s inequality holds on V:

3C >0, |e(v)|ln = Clvlg, YveV.
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By means of Korn’s inequality, we can verify that the norm on V' denoted by |.|
and the standard |.|y, are equivalent. Then V endowed with the scalar product
defined by is a real Hilbert space.

We denote by [ : [0,7] — V the element of |/ defined by:

(2.16) (U(t), v)y = {f{t);v)p + <gﬂ’7U>L2(F2)d VueV.
From (2.11)), (2.12) and (2.16) we deduce that:
(2.17) [ € Whe(0,T,V).

Let j : H x V — R be the functional defined by:
(2.18) j(o,v) = / up(|Roy|)|v-|da.
I's

We have Ro, is an element of L?(I'y)?, then from (2.12) and (2.13) we deduce
that the integral (2.18) is well defined. According to (2.12) and the continuity of
R we obtain:

(2.19) lj(o,v)] < C |plrey| o 2| vlv Yo € Hi,ve V.
We also assume that the functional j satisfies the condition

Ja [0, g] where ¢ is the constant of Korn such that:

t
(2.20) [ o)) = ser(s).5) + oa(o) i(s)
—Jj(02(s),0(s)))ds < a|(o1 — 02) (1)][(u — v)(£)].
Finally, we denote by U,, the set of admissible displacements defined by:

(2.21D) Uy ={veV/u, <0onTs}.

3. VARIATIONAL FORMULATION

In this section, we are going to establish variational formulation of the mechan-
ical problem P. Let us first give an equivalent form of the boundary conditions

(2.3):
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Lemma 3.1. The condition (2.3)) is equivalent to:

u, <0, 0, <0, ou, =0
(3.1 lo;| < up(|Ro,|) on T's x [0,T],

ir.07 + pup(|Roy|)|t-| = 0
Proof. We assume that u, = 0 then o, = —Au,. Then we have: ..o, +
plu-|p(|Roy|)|i,| = 0, now suppose that (3.1)) holds.

- If: |o,| = vp(|Ro,|) then:

Ur.0; = |t,||o-| = I\ > 0, such that: @, = —\o,.

- If:
lo-| < vp(|Ro,|) on T3 x [0,T7],

so:
0 = 7.0 + [Urplp(|Roy|) = =ltr||o7] + [i-plp(|Roy),

but |up(|Ro,||) — |o-| > 0. It results that @, = 0 on I'; x [0, T7.

To establish the variational formulation we need the following result:

Lemma 3.2. If the pair of functions (u, o) is a fairly regular solution of the mechan-
ical problem P then:

(

u € U
{o(t),e(v) = e(ft))y + J(o(t)v) = jo(t),u(t) = (I(¢),
(3.2) v—a(t)v + [p, 0u(vy —(t), YoeV, tel0,T]
fF3 o, (z —u,(t) >0, Vze Uy,
u(0) = uo.

\

Proof. Let v € V, we have by Green’s formula:
(o(t),e(v) —e(u(t)))y = —(Dive,e(v) — e(u(t))) + /Fal,.(v — u(t)).
From (2.4), we get:

{o(t).c(v) = e(a(t))y, = (f(1).e(v) — e(a(t))) + / oy-(v = u(t)),

r
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and with (2.17), and it follows
(3.3) (o(t),(v) —e(i(t))n = (I(t),e(v) — (L)) + / oy-(v —u(t)).

r
Using the decomposition o,.v = o,v, + o,v, in (3.3]), we get

(o(t),e(v) —e(u(t))), = (Lo —1u(t)), + / (o,(v, —u(t),) + or (v, — a(t)r))da.

I's
By adding frg up(|Ro,|)(Jvr| — |u-|)da in each member of the last equality we ob-
tain:

{(0(15), e(v) = e(@®))y + Jr, up(|Rou|)([vr| — [t |)da — (Lo — a(t))y,
= Jr,(ou(v, —a(t))) + (vr.07 + plvc|p(| Ry 1)) — (7.0 + pliir |p(|Roy|))da
since: v,.0. > |v;||o-| > —p|vs|p(|Ro,|), which implies
orvr + il |p(|Rau ) > 0.
Since then u € U,q, from (2.18), (2.7) and (2.2]), we deduce:

B.4) (a(t),e0)y+i(0,6)=i(o,u(t)) = (I(t), v — it(t)>v+/r 0y (Uy =1y (1)); Y0 €V,

(3.5) / (2 —u,(t)) > 0V (z € Upg).

We can now give the variational formulation of the mechanical problem P:

Problem P,: find the displacement field « : Q x [0,7] — R? and the stress field
0:Q x[0,T] — H such that:

o= f(&(U)) + G(Ua 5(“))7

u € Ugg,
(o(t),e(v) — 5(“( D)y +3(0(t),v) = jo(t), i),
(3.6) > (I(t Jr, 00(v, =, (t)) YveV tel0,T],
0 VYve Uad;




SHORT TITLE 767

Remark 3.1. The variational problem obtained above is formally equivalent to the
mechanic problem. Indeed, if we suppose that (u,o) is a regular solution of the
problem P, we take v = (i1 & ¢) € Uy, Voo € D(Q)? in ([3.6), we get:

(0,6())y = (L 0)y

and from the inner product properties in H, (see the formula (2.5) and (2.6) in [3])
Dive+ f=0 in H.

Now using (2.16), (2.17), (3.6) and (2.5) in [3]], we get:

(ov,y(v =)y, + Jr, (RO ) (Jv-] = Jitr|)da >
(9,7(v =) + [p, ou(vy — W(t)), Vv €V,

for v = 24 then v = 0, we find
(0950 = D, + [ iR da = (0,700 + [ i)

Now taking v = (+w) € Uy, for all w € Hy such that w =0on 'y UT; in we
deduce that ov = g on I'y. For v = w, Yw € H; such that: w = 0on 'y UT'y; and
w, = 0,w, < 0on I's, given (3.7), it follows that cv < 0 on I's.

From st o,(v, —u,(t)) >0, for v € Uy such that: v, = 2u,, then v = u,, it results

(3.7)

that: o,u, = 0 on I's, because 0, = gon I'y, 0, < 0on I's and u € U,y. We now set
v, = u, on I's, given (3.7) and the equality o,u, = 0 on I's, we deduce

/ (vr-0 + il |p| Roy|)da — / (-0+ + gl |p| Ror|)da > 0,
Iy :

T's

then we put v, = 2u, and v, = 0 in the last inequality, we get

[ o+ iR ))da =0,
I's

SO
| (v + iclp(| R )yda > o
I's

if we choose v, = —o, we end up with:

oo + || p(|Ro da > 0 sur Ty,
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in other words |o,| < p(|Ro,|)da and —t,0, < |i,||o,, sO
—Ur;0r + pu |t | p(|Roy|) > 0 on I's,

we conclude
—tUr;0r + p |t | p(|Roy|) =0 on I's.

Thus we have found the boundary condition (2.21)) of the lemma which is equiv-
alent to that of the mechanical problem.
Conversely, if v,u € U,q4 are such that

/ UV(VV — uu(t)) Za VV S Uad7
I's

then, using the definition of u, Vt € [0,7]Vt € [0,T] and VAt > 0, we obtain

At) — 1
o, (t) = lim a,,uy(t + At — w(?) = lim — o, (t+ At) — u,(t),
Ty At—0 I's At At—0 At T's

we have u,(t + At) € U, so, from (3.4), it results fr3 oy, > 0. Similarly for
St — AE) — u, (¢ .
lim thy ) — >, we find fr3 o,v, > 0, (3.4) becomes

At=0 Jp, —At

U € Upg, (0,6) — €a)yy +j(o,v) — jlo,0) > (f,v—1), v E U.

4. EXISTENCE AND UNIQUENESS RESULT

In this section, we give the existence and uniqueness results for the variational
problem P,.

Theorem 4.1. Assumptions that (2.9)-(2.14) hold Then, there exists a constant o >
0 depending on ), I', G, £ and p such that: if a < «ag then P,; has a unique solution
having the regularity u € W1°°(0,T,V) and o € W1>(0,T,H,).

The demonstration is carried out in several steps:

It is clear that P,, is not a problem of the usual type, so we cannot directly apply
the theorems of existence and uniqueness of elliptic variational inequalities, be-
cause the functional j depends on the term p(|Ro,, |). For this reason, we assume
that the regularity of the stress on the boundary I'; is given, we denote it by g.
For all n € L*>(0,T,H), we assume that the inelastic part of the stress is given and



SHORT TITLE 769

denoted by z,:
(4.1) 2 (t) = /tn(s)ds +z Vte0,T],
with 0

(4.2) z0 = 0o — &e(u(0)).

Thus we obtain an intermediate problem P?7. Once we prove the existence and
uniqueness of P77, we use the fixed point method for the application defined of H;
in %, by ¢ — o,,, then for application defined from: L>(0,7,H) — L>(0,7,H)
by:

n(t) = G(e(u(t)), o(t)).

Remark 4.1. For the problem PJ", we have the same equations verified by u,,, as

v o2

well as the boundary conditions except on I's, where we will have:

ul)' <0, o =0, 08" <0 |0 < up(|Rgy|)
|09 = up(|Rg,|) = 3\ > 0, such that 69" = = ug" on T}y .

|09 < pp(|Rgy|) = uf? =0

Let the intermediate problem:

Problem P?7: Finding the field of displacements u,, : 2 x [0,7] — R" and the
stress field o, : 2 x [0,7] — H such that:

4.3) g(t) = Ee(ud(t)) + 2, (2),
( w € Uy,
(€e(uI) + 2y, e(v) — e(W(t)))y, + (g, v) — j(g, 0" (1)) >
4.4 (U(t),v —a(t))y + [r, o (v, — (1), YveV,

Ji, 080, — wg1(t)) > 0, Vv € Usa, VE€[0,T]

ud(0) = uf".

\

Lemma 4.1. For all g € H,, the problem PJ" has a unique solution (ugy,, 04,) such
that: ug, € Wh=(0,T,V) and o4, € WH>(0,T, H1).
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The proof of this lemma is obtained by using a technique of temporal discretiza-
tion because of the appearance of the term «(¢). This allows us to consider only a
system equation which will be written only in displacement “ type ”.

Proof. Let N € N*, h = T/N, t, = nh and f,, = f(t,), Vn = 0, N. Consider the
following problem Py7:

u € Uy,
(45) (€Ul (0) + 2y 2(v) — (W, — uth) /1)), + i(g,0)

3. (e — ) /1)) > (1(8), v — ((uy — ug)/R)), . Vo € U
We denote by %, the function defined by, v%, : [0,7] — V such that:

_ tn)
h

It follows from the theory of variational inequalities that (u%,) is a bounded se-

(4.6) ug, = ¢

(Wl = ) + .

quence in the space W>°(0, T, V), whence, by classical compactness arguments
there exists (u)ren subsequence of (u%) convergent in W'>(0,7,V) i.e.:

4.7) ul” — uw?" in L*(0,7,V) weak,

(4.8) uf" — 4 in L*(0,T,V) weak.

Using (4.5), and (4.7) it follows that u9" satisfies (4.4). So, for every ¢ €
[0, 77, there is a unique pair (u9"(t),09"(t)) € V x H solution of (4.3) and (4.4).
Putting now r = 1, £ ¢ in (4.4), it comes that

(@(t),e(9))3 = (L) Y € D)7,
and from (2.17) we deduce that
Dive"+ f=0 in Qx[0,7].
So from and the equality above it follows that
(4.9) a9(t) € H;.

Let now ty,t, € [0,T] (for the sake of simplicity), we note o, (t;) = 0}, tg,(t;) =
ufm and z(t;) = z;, then from (4.3) and (2.9)), we obtain

(4.10) |04y — Ol < Cllug, — w2 v + |21 — 22l3).
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Finally from (4.10), (4.8),(4.7) and (4.1I) we deduce that ¢97 € W1>(0,T,H,).
]

Remark 4.2. The expression of the sequence (u%;) is inspired by the scheme of divided
differences to approach the derivative.

From the lemma above and (4.9), we conclude that, we can consider the oper-

ator

Ay L0, T,Hq) — L*(0,T,H4),
defined by
(4.11) Ayg =04y Vg€ L®0,T,Hy).

Now, we will prove that A, has a fixed point.

Lemma 4.2. There exists a constant a; > 0 depending on ,T', ¢ and p such that: if
a < oy then the operator A, has a single fixed point g*.

Proof. Let g1, g2 € L*°(0,T, H;), (u], 0,*) the solution of the problem P¢" i = 1,2..
In (4.4), taking v = @7 in P%" then v = 4] in P%", we get

(Ce(uf) — &e(uy),e(w](t)) — e(tn(t)))y < (g1, 75(t))—
3(gu, @l (t)) + (g2, W (t)) — j(ga, U3(t)).

Also, we have:

jt (Ce(uf —ug), e(uf —ug)) = (§e(uf —uy), ey —uy)) + (Ce(uf — tg), e(uf —ug))

from (2.9) it results:
(Se(u] —ug), e(i] —u3)) =
So, (4.12) becomes:

5@ (€e(uf —ug)(t),e(uf — uy)(t))
< j(gr,uy(t)) — j(g1, @ (t)) + j(g2, W] () — (g2, Uy (1)),

and by integrating the last inequality with respect from O to ¢, we obtain:

{(&f(U’f —ug)(t), e(uy —uz)(t)) — (e (u] —ug)(0), e(u —ug)(0)) <

(4.12)

d n n
S (el — ), =(uf — ).

N | —

Jo 391, @3(5)) = (g1, ai(5)) + (g2, i1 (5)) = j(ge. i3 (s)) ds.
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Now from (2.9), (2.20), Korn’s inequality and the continuity of the tensor ¢, we
get:

— |(u] — u;’)(t)livl,oo(omv) < algr — galwreo om0 | (w] = u3) (€)W o,1,)

(4.13) 2 ,
+ C |(uf — ug)(0>|le°°(0,T,V)7

knowing that

a® ob*

1 b< —— ¢
(4.14) ab < o= # 0,
then (4.13)) becomes
mc (0] (6%
5 (] —ud) () 1o vy < o3 |91 = 92lwre= 0,0+ (- + O (ul —uz) (W)l wre0.1v)
so, for § € [0, (mc — 2C)/a] and C' < mc/2, from (4.10), (4.11) and from Banach’s
fixed point theorem, it follows that A, has a unique point g*. O

In the following, we assume that o« < ay. For n € L*>°(0,7,H) we denote by g*
the fixed point of the operator A, given by lemma [4.2and let u,, € W1*°(0,T,V),
o, € WH>(0,T,H,;) the functions defined by

(4.15) Uy = Upge, Oy = Opge.

For all t € [0, 7], we define the operator A : L>°(0,7,H) — L>(0,T,H) by
(4.16) An(t) = G(o(t), e(u(t)))-

Let us show that A has a unique fixed point:

Lemma 4.3. there exists a constant «y > 0 depending on ),I" and p such that: if
a < ap, then the operator A admits a unique fixed point n* € L>°(0,T,H).

Proof Let m1,m2 € L>(0,T,H), wi = Uy, 05 = 0n;, §i = Gn,, for i = 1.2. Using the
lemma [4.2| we have ¢; = o;, from (@.4) and (4.3)), we have:

u; € Ugg  (04,6(v) — ((t))) 4, + j(oi,v)+
J(os, () > (1), v — (), Yv € U

(4.18)

For ¢t € [0,7] and i = 1,2. Using (4.17), (4.18) and similar estimates to those
used in the proof of the previous lemma (see (4.10)),(4.13), and (4.12)) we end
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up with:

(4.19)  |or = o2l < Cillun — walfcoryy + 121 = 22ffe 0,120
and

(4.20) luy — u2’12/V1v°°(0,T,7-L) < Cy(|oy — 02|12/V1’°°(0,T,V) + |21 — ZZ‘%/Vlvoo(o,T,H)%
from (4.19) and (4.20)). It results that

(421) (1 - 0102)|U1 - u2|12/Vl,oo(07T”H) < 0102|21 - 22|12/V1,oo(07T7’H),

using (4.16), (4.1) and (2.10) we get

t
(422) ’Aﬁl — A’r]glwl,oo(o’T,H) S C/ |’I71 (S) — 7}2<S)|W1,oo(07T7’H)dS7
0
an iteration of order n will give
|A" 11— A"l weeo,m30) < [T — Ma2lwiee0,1,210)
n!

which implies that, for n large enough. A" is a contraction. Thus, there is a unique
n* € L*>(0,T,H) fixed point for the operator A. |

Proof. Proof of Theorem 4.1
Existence.
Let’s n* be the fixed point of the operator A and (u,+,0,+) is a solution of the

problem P,.
Choosing n = n* and g = ¢* in (4.4), (4.3) and using (4.15)), we get:
(4.23) oy = Ee(uy- (1)) + 2y,
(o= (t),e(v) — e(tp(2))) + 5(gpe5v)
(4.24) ! T

_j(g;;*?un*) > <l(t)7v_u77*(t>>\/7 Vv € ‘/7 aetc [OaT]
Then, using (4.23), (4.16) and since G(o,-,e(u,+)) = n* = An* we obtain
Gy = &(e(tiye)) + G(op, e(uy-)),

while the inequality follows from (4.24), (4.11), (4.15) and from the fact
that:

* *
g’f)* i An*gn* - Un*.
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Finally the initial conditions result from (4.2) and the regularity wu,. €
Whe(0,T, Hy), o, € Wh(0,T,H,), is a consequence of lemma [4.1]

Uniqueness:

To prove the uniqueness of the solution, we assume that (u,+,o,+), obtained in
the existence part is a solution of the variational problem P, and (u, o) is another
solution of P,, such that w € W'>(0,T, H,) and o € Wh>(0,T, H,).

We denote by n € L>(0,7,H x Y) the function defined by:

(4.25) n(t) = G(o(t),e(u(t))),
and let
(4.26) i =G(o(t),c(ult)) and g=o.

Then from (4.3) and (4.4) we deduce that (u, o) is a solution of the problem P, ,
and since this problem has a unique solution, we conclude that:

4.27) U= Upg, O =0y,

Thus, g = g;, from (4.27)), it comes that:

(428) u = ung;‘la 0 = 0-779,’;7
so (4.15) and (4.28) imply that
(4.29) U=1u,, O0=0,

Now using (4.16), (4.25) and (4.29), we obtain Anp = 7, but A admits a unique
fixed point, hence:

(4.30) n=1n,

so the uniqueness of the solution follows from (4.29)-(4.30), which ends the proof.
U
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