
ADV  MATH
SCI  JOURNAL

Advances in Mathematics: Scientific Journal 11 (2022), no.9, 777–787
ISSN: 1857-8365 (printed); 1857-8438 (electronic)
https://doi.org/10.37418/amsj.11.9.3

EPICONVERGENCE OF A SEQUENCE OF INTEGRAL FUNCTIONALS
DEFINED ON H1(A)

Mahmoud Brahimi1 and Mounia Laouar

ABSTRACT. In this paper, we are interested by the study of asymptotic behaviour
of the sequence of integral functionals using the direct method.

1. INTRODUCTION

Recently, intensive works by several authors (mathematicians, physicists. . . ) [4,
6] are devoted to the asymptotic behavior of the sequences of integral functionals
coming from mechanics, electrostatics, . . . . There are two methods to determine
the limit integral functional. Either by using epiconvergence techniques, in which
case it is necessary to already know the functional candidate to be epilimit of such
a sequence. Either by a compactness argument, we show a compactness theorem
for a class of studied functional, then from to the additional properties of the
studied sequence (periodicity, convexity, . . . ). We identify the unique adherence
value of the sequence.
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In this work, we propose to study by epiconvergence technic the asymptotic
behavior when εn →

n→+∞
0 of the following integral functional sequence

Fn (u, A) =

{ ∫
A
f
(
u(x)
εn
, ∇u(x)

)
dx, if u ∈ H1 (A) ;

+∞, if u ∈ L2 (A)−H1 (A) .

Here A is a bounded open of Rd, and{
f : Rd × Rd → [0, +∞[ ;

(x, y) 7−→ f (x, y) ,

x−measurable, x−periodic, y−convex and satisfied:

(1.1) α |y|2 ≤ f (x, y) ≤ β
(
1 + |y|2

)
,

where 0 < α ≤ β < +∞. We apply the technics used by [2, 3] and [1] we shaw
that Fn epiconverges to F hom for the strong topology of L2 (A) , where:

F hom (u, A) =

{ ∫
A
fhom (∇u (x)) dx, if u ∈ H1 (A) ;

+∞, if u ∈ L2 (A)−H1 (A) ,

where, for all a ∈ Rd,

(1.2) fhom (a) = min

{∫
Y

f (at+ u (t) , a+∇u (t)) dt, u ∈ H1
per (Y )

}
,

with Y = [0, 1] and H1
per (Y ) = {u ∈ H1 (Y ) ; u Y − periodic}.

This paper is organised as follows. In section 2, we present a definitions and
preliminaries. In section 3, we are going to study the epiconvergence of a sequence
of functional integrals. Finally, a conclusion is drawn in
section 4.

2. DEFINITIONS AND PRELIMINARIES [5]

Let be E a Banach space, E∗ be dual space, and ϕ a function defined from E to
R ∪ {+∞}.

Definition 2.1. We call under differential of ϕ at point x0 ∈ E, the set

∂ϕ (x0) = {f ∈ E∗ : 〈f, y − x〉+ ϕ (x0) ≤ ϕ (y)} .

The continuous linear form f is called the under gradient of ϕ in x0.
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2.1. Properties. If ϕ (x, .) is convex and bounded, then ϕ (x, .) is under differen-
tiable and satisfies:

(1) For p ∈ Rd; ϕ (x, p) ≥ ϕ (x, y) + 〈∂ϕ (x, y) , p− y〉 .
(2) ∀ (x, y) ∈ Rd × Rd; |∂ϕ (x, y)| ≤M (1 + |y|) , where M is a constant.

Let be now τ a topology of E and Fn, Fn : E −→ R ∪ {+∞} , n ∈ N a family of
functions.

Definition 2.2. For all x0 ∈ E, the following two quantities:

epi lim inf Fn (x0) = sup
V ∈Jτ (x0)

lim inf
n→+∞

inf
x∈V

Fn (x) ;

epi lim supFn (x0) = sup
V ∈Jτ (x0)

lim sup
n→+∞

inf
x∈V

Fn (x) ,

where, Jτ (x0) is the set of neighborhoods of x0, are called respectively the τ−lower
epilimity and upper τ−epilimit of the sequence (Fn)n∈N at point x0.

- If these two quantities are equal, the sequence Fn called τ−epiconvergent
at point x0, and the common value:

epi lim inf Fn (x0) = epi lim supFn (x0) = F (x0) ,

is called τ−epilimit of Fn at point x0.

- If Fn τ−epiconverge at all points x ∈ E, we say that the sequence Fn τ−
epiconverge to the function F defined from E to R and we write:

F = τ − epi limFn.

An equivalent definition in the case of normed space will be given by the fol-
lowing theorem.

Theorem 2.1. [4] the sequence (Fn)n∈N τ−epiconverge to F if and only if the two
following assertions are satisfied:

(1) For all x ∈ E, there exist a sequence (xn)n∈N which τ−converges to x such
that

F (x) ≥ lim sup
n→+∞

Fn (xn) .

(2) For all x ∈ E and for all sequence (xn)n∈N which τ−converges to x, we have

F (x) ≤ lim inf
n→+∞

Fn (xn) ,
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the variational property of epiconvergence is given by the following theorem.

Theorem 2.2. [4] Let be F = τ − epi limFn, then:

(1) If (xn)n∈N is a minimizing sequence of problem inf
x∈E

Fn (x) which is τ−relatively

compact. Then any accumulation point x of the sequence (xn)n∈N is a mini-
mum point of F and we have the infinite continuity

F (x) = min
x∈E

F (x) = lim
n→+∞

inf
x∈E

Fn (x) .

(2) For all function G : E → R we have:

τ − epi lim (Fn +G) = F +G,

stability by continuous perturbation.

3. MAIN RESULT

The main result of this paper is the following theorem.

Theorem 3.1. Fn epiconverges to F hom for the strong topology of L2 (A) . Moreover
fhom is convex and satisfies (1.1).

Proof. To prove the theorem it suffices to verify the two assertions in
theorem 2.1.

I. We start with verification of assertion 1, by steps.

Step 1. Suppose that ua(t) = at+ b is an affine function, and suppose that ua is
a solution of (1.2) i.e.

fhom (a) =

∫
Y

f (at+ ua (t) , a+∇ua (t)) dt.

We pose un (t) = at + b + εnua

(
t

εn

)
so ‖un − u‖2

L2(A) → 0, on the other hand

we have:

Fn (un, A) =

∫
A

f

(
at

εn
+mεn + ua

(
t

εn

)
, a+∇ua

(
t

εn

))
dt

=

∫
A

f

(
at

εn
+ ua

(
t

εn

)
, a+∇ua

(
t

εn

))
dt,
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converges to∫
A

dt

∫
Y

f (ax+ ua (x) , a+∇ua (x)) dx =

∫
A

fhom (a) dt

=

∫
A

fhom (∇ua (t)) dt = F hom (ua, A) .

where mεn ∈ Zd and εnmεn → b.

Step 2. In this step we assume that u is a piecewise affine function. Let Ai be a
partition of A and ui = ait+ bi an element of L2 (Ai) , let’s introduce Σδ as follows

Σδ = {x ∈ A/dis (x, Σ) < δ } ,

δ > 0 and ϕδ ∈ C∞0 (A) such as:
ϕδ = 1, on Σδ;

ϕδ = 0, on A− Σδ;

0 ≤ ϕδ ≤ 1, otherwise,

FIGURE 1. The set Sigma

We put:

uδn =

{
(1− ϕδ)u1

n + ϕδu; on A1,

(1− ϕδ)u2
n + ϕδu; on A2,

where:

uin (t) = u (t) + εnuai

(
t

εn

)
.

On Σδ we have:

(1− ϕδ)u1
n + ϕδu = (1− ϕδ)u2

n + ϕδu = u,
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and for all 0 < t < 1:

f(tuδn)

=
2∑
i=1

∫
Ai

f

(
tuδn
εn
, t (1− ϕδ)∇uin + tϕδ∇u+ (1− t) t

1− t
(
u− uin

)
∇ϕδ

)
dt,

as t (1− ϕδ) + tϕδ + (1− t) = 1 and f (x, .) is convex then:

f(tuδn) ≤
2∑
i=1

∫
Ai

f

(
tuδn
εn
, ∇uin

)
dt+

∫
Σ2δ

f

(
tuδn
εn
, ∇u

)
dt

+
2∑
i=1

(1− t)
∫
Ai

f

(
tuδn
εn
,

t

1− t
(
u− uin

)
∇ϕδ

)
dt,

using (1.1), we obtain:

f(tuδn) ≤
2∑
i=1

∫
Ai

f

(
tuδn
εn
, ∇uin

)
dt+

∫
Σ2δ

β
(
1 + |∇u|2

)
dt

+
2∑
i=1

(1− t)
∫
Ai

β

(
1 +

(
t

1− t

)2 (
u− uin

)2 |∇ϕδ|2
)
dt,

by step 1, we have lim
n→+∞

uin = ui in L2 (A) , then:

lim sup
n→+∞

Fn
(
tuδn
)
≤
∑
i

∫
Ai

fhom (∇u) dt+

∫
Σ2δ

β
(
1 + |∇u|2

)
dt+ (1− t) βµ (A) ,

and
lim sup

δ → 0

t→ 1

lim supFn
(
tuδn
)
≤ F hom (u)

n→+∞
.

According to the diagonalization lemma (see [3]), there exist an application
εn 7→ (δ (εn) , t (εn)) such as  lim

n→+∞
δ (εn) = 0,

lim
n→+∞

t (εn) = 1,

then
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lim sup
n→+∞

Fn
(
t (εn)uδ(εn)

n

)
≤ lim sup

δ → 0

t→ 1

lim sup
n→+∞

Fn
(
tuδn
)
,

if we put un = t (εn)u
δ(εn)
n we find un →

n→+∞
u in L2 (A) and

lim sup
n→+∞

Fn (un) ≤ F hom (u) .

Step 3. For u ∈ W 1,2 (A) , by density of piecewise affine function in W 1,2 (A) ,

there exists a sequence (uk) of affine functions such that ‖uk − u‖W 1,2(A) → 0, as
F hom is continuous we have

F hom (uk) →
k→+∞

F hom (u) .

By step 2, for uk ∈ W 1,2 (A) there exist a sequence (un, k)n such as un, k →
n→+∞

uk strong in L2 (A) ;

F hom (uk) ≥ lim sup
n→+∞

Fn (un, k) ,

thus
F hom (u) ≥ lim sup

k→+∞
lim sup
n→+∞

Fn (un, k) ,

according to the diagonalization lemma (see [3]) there exist an application n 7→
k (εn) such as lim

n→+∞
k (εn) = +∞.

We put un = un, k(εn), then we find un →
n→+∞

u strong in L2 (A) ;

F hom (u) ≥ lim sup
n→+∞

Fn (un) .

II. Remains to verify the assertion 2, by steps.

Step 1. We assume that u is affine, so we use a proof similar to step 1 of I.

Step 2. u is a piecewise affine.
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The idea of the proof is to lower Fn (un) by Fn (vn) , where Fn (vn) converges to
F hom (v) after I, we then put:

vin (t) = v (t) + εnuai

(
t

εn

)
, t ∈ Ai.

According to the convexity inequality applied to points un and vn, we have:

f

(
un
εn
, ∇un

)
ϕi ≥ f

(
vin
εn
, ∇vin

)
ϕi +

〈
∂f

(
vin
εn
, ∇vin

)
, ∇un −∇vin

〉
ϕi,

where ϕi ∈ D (Ai) and 0 < ϕi < 1, i = 1, 2. So, on each Ai we have:∫
Ai

f

(
un
εn
, ∇un

)
ϕidt ≥

∫
Ai

f

(
vin
εn
, ∇vin

)
ϕidt

+

∫
Ai

〈
∂f

(
vin
εn
, ∇vin

)
, ∇un −∇vin

〉
ϕidt,

hence ∫
A

f

(
un
εn
, ∇un

)
dt ≥

2∑
i=1

∫
Ai

f

(
vin
εn
, ∇vin

)
ϕidt(3.1)

+
2∑
i=1

∫
Ai

〈
∂f

(
vin
εn
, ∇vin

)
, ∇un −∇vin

〉
ϕidt,

as after step 1:

lim
n→+∞

2∑
i=1

∫
Ai

f

(
vin
εn
, ∇vin

)
ϕidt =

2∑
i=1

∫
Ai

fhom (∇v)ϕidt,

and after Green’s formula we have:
2∑
i=1

∫
Ai

〈
∂f

(
vin
εn
, ∇vin

)
, ∇

(
un − vin

)〉
ϕidt

= −
2∑
i=1

∫
Ai

〈
∂f

(
vin
εn
, ∇vin

)
,
(
un − vin

)
∇ϕi

〉
dt.

So, (3.1) is written as follow:

lim inf
n→+∞

Fn (un) ≥
2∑
i=1

∫
Ai

fhom (∇v)ϕidt−
2∑
i=1

∫
Ai

〈
∂fhom (∇v) , u− v

〉
∇ϕidt.
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On the other hand:
2∑
i=1

∫
Ai

〈
∂fhom (∇v) , u− v

〉
∇ϕidt = −

2∑
i=1

∫
Ai

〈
∂fhom (∇v) , ∇ (u− v)

〉
ϕidt,

then:

lim inf
n→+∞

Fn (un) ≥
2∑
i=1

∫
Ai

fhom (∇v)ϕidt+
2∑
i=1

∫
Ai

〈
∂fhom (∇v) , ∇ (u− v)

〉
ϕidt,

when ϕi → 1 we have:
∑2

i=1

∫
Ai
fhom (∇v)ϕidt→

∫
A
fhom (∇v) dt,

and∑2
i=1

∫
Ai

〈
∂fhom (∇v) , (u− v)

〉
∇ϕidt→

∫
A

〈
∂fhom (∇v) , ∇ (u− v)

〉
dt.

So:

lim inf
n→+∞

Fn (un) ≥
∫
A

fhom (∇v) dt+

∫
A

〈
∂fhom (∇v) , ∇ (u− v)

〉
dt.

According to the density of the piecewise affine function in H1 (A) , the continuity
of fhom and the bound of ∂fhom (a) we find that:

lim inf
n→+∞

Fn (un) ≥ F hom (u) .

�

As a consequence of the two theorems 2.2 and 3.1 we have:

Theorem 3.2. For all g ∈ L2 (A) , we have:

min
u∈H1

per(A)

(
Fn (u, A)−

∫
A

gudx

)
→ min

u∈H1
per(A)

(
F hom (u, A)−

∫
A

gudx

)
.

Moreover, there exist a subsection (unk) and u respectively solutions of the two mini-
mization problems, such as unk → u in L2 (A) .

Proof. Let {
Hn (u) = Fn (u, A)−

∫
A
gudx;

Hhom (u) = F hom (u, A)−
∫
A
gudx,
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and vn ∈ arg minHn. Then:

(3.2)


Hn (vn) ≤ βµ (A) ;

and

‖∇vn‖2
L2(A) −

1

α

∫
A
|g| |vn| dx ≤

β

α
µ (A) .

After (1.1), (3.2) and Young inequality ab ≤ εa2 + ε−1b2 applied on a = |vn| and
b = |g| we have, for all n ∈ N :

‖∇vn‖2
L2(A) ≤

β

α
µ (A) +

1

α

∫
A

|g| |vn| dx

≤ β

α
µ (A) +

1

α

∫
A

(( α

2C

)−1

|g|2 +
α

2C
|vn|2

)
dx

≤ β

α
µ (A) +

1

α

( α

2C

)−1
∫
A

|g|2 dx+
1

2C

∫
A

|vn|2 dx

≤ β

α
µ (A) +

1

α

( α

2C

)−1
∫
A

|g|2 dx+
1

2
‖∇vn‖2

L2(A) .

Then ‖∇vn‖2
H1
per(A) ≤ M. Where, C is the Poincaré constant and M is a constant

depends on n.
After Rellich-Kondracov, there exist a subsequence (vnk) of (vn) and

v ∈ H1 (A) such that: 
vnk → v in H1 (A) ,

and
vnk → v strongly in L2 (A) .

Since Hn epiconverge to Hhom for the strong topology of L2 (A) , then v ∈
arg minHhom. �

Note that we have used in this proof the fact that:

min
u∈H1

per(A)

(
Fn (u, A)−

∫
A

gudx

)
→ min

u∈H1
0 (A)

(
Fn (u, A)−

∫
A

gudx

)
.

4. CONCLUSION

In this work, a detailed study of a sequence of integral functionals defined on
functional spaces not necessarily reflexive was done. Using the epiconvergence
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technic, in which case the epilimit must be designed in advance and the two as-
sertions must be verified in the definition of epiconvergence.
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