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GRAPHIC TOPOLOGY ON FUZZY GRAPHS
Alia M. Alzubaidi' and Makkia Dammak

ABSTRACT. In this paper, we study the graphic topology 7¢ for a fuzzy graph.
We give some properties of this topology, in particular we prove that 7 is
an Alexandroff topology and when two graphs are isomorphic, their graphic
topologies will be homeomorphic. We give some properties matching graphs
and homeomorphic topology spaces. Finally, we investigate the connectedness
of this topology and some relations between the connectedness of the graph
and the topology 7¢.

1. INTRODUCTION

When we have a topology on a set, we can study some properties of this set
(space) that are preserved according to continuous deformations. For a discrete
sets, Golomb [9] define a topology for the integers. After that, in [13, /18],
the authors define some Alexandroff topologies for connected graphs. Later,
Jafarian Amiri et al. [[12] introduced an Alexandroff topology for every locally
finite graphs called graphic topology.

The Alexandroff spaces were given by P. Alexandroff in 1937 in [2] under the
name Diskrete Rdume spaces. Recall that an Alexandroff space is a topological
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space (X, T) satisfying every intersection of elements in 7" is also in 7. As con-
sequence, the topology has a unique minimal basis and some interesting results
and applications [|11},15-17,23,24]].

Having a topology for a graph can solve many problems in economy domain,
the traffick flow study [3,/13,/18] and many other areas. So, a lot of topologies
were defined on graphs and many properties were studied [1,/4,7,10./14,20,22,
25.126].

In this paper, we define the graphic topology on a fuzzy graph. A fuzzy
graph, introduced by Rosenfeld [19] in 1975, is a graph with different degrees
of vagueness associated with its vertices and edges. This type of graphs has a
large application in networks like internet and power grids.

The outline of this paper is as follows. Section 2 is devoted to some prelim-
inaries providing a basic definitions and properties of a topological space and
fuzzy graph.

In section 3, we prove elementary results for the graphic topology and we
give a nontrivial open set and a nontrivial closed set.

In section 4, some advanced properties of graphic topology for fuzzy graph
are given.

Section 5 is added to summarize some relation ship between the connected-
ness of the graphic topology and the connectedness of the graph.

2. PRELIMINARIES

In this section, we recall some basic definitions and properties of a topological
space and fuzzy graphs. For more details, we can see [5,6,(8,/16,21},24].
Let X a non empty set. A topology for the set X is a collection 7" of subsets of
X (i.e T' C P(X)) satisfying three conditions:
10, XeT;
(i) Forall A, BeT,wehave AN B € T},
(iii) For all {A;}ic; a family of elements in 7', we have U, A; € T.
An element A of the topology T is called an open set. The topology 7' = P(X)
is called the discrete topology while 7" = {(), X'} is the trivial topology for X.
In this paper, we will introduce and define a topology on fuzzy graph.

Definition 2.1. Suppose that V is a non empty set and o : V' — [0,1] and u :
V x V — [0, 1] are two maps. If the following conditions:



GRAPHIC TOPOLOGY ON FUZZY GRAPHS 855

(1) p(a,b) < o(a) Ao(b), where o(a) A o(b) = min{o(a),c(b)};
(ii) p(a,b) = u(b,a), forall a,b € V;
(iii) p(a,a) =0, foralla €V,
we say that G = (V, o, p) is a fuzzy graph and an element a of V' is called a vertex
of the graph G.

Example 1. Let G = (V,o0,u) be a fuzzy graph given in Figure 1 with V =
{a,b,c,d}. The fuzzy subset o of V is defined as o(a) = 1,0(b) = 0.5,0(c) =
0.4 and o(d) = 0.25. The fuzzy relation yu is given by u(a,b) = 0.2, u(b,c) =
0.3, u(c,d) = 0.1, p(d,a) = 0.15 and u(a,c) = pu(b,d) = 0.

d(0.25) 0.1 c(0.4)
® 9
0.15 0.3
[ . ®

Figure 1. Fuzzy graph in Example 1

A particular type of fuzzy graphs that we will use in section 5 is the fuzzy
bipartite graph.

Definition 2.2. A fuzzy bipartite graph is a fuzzy graph G = (V, o, ) such that
V=11UV, VinV,=0and p(a,b) =0 for any a € V; and b € V.

For G = (V, o, 1) be a fuzzy graph. We denote
V*={xeV; o(x) > 0}.

Definition 2.3. A path of length n in a fuzzy graph is a sequence of distinct vertices
Xo, Ty 5 Tpo1, Tn With p(x;_1,2;) > 0fori=1,--- n.

Definition 2.4. Let G = (V, 0, i) be a fuzzy graph. For any distinct vertices .,y €
V*, we denote d(x,y) the length of the shortest path joining x and y. If there is no
path between then, we set d(z,y) = +oc.

Example 2. In the following fuzzy bipartite graph d(a,c) = 2.
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e(0.65)

c(0.4) &

Figure 2. A fuzzy bipartite graph having two paths joining a and d
Now, for all x € V* we set
(2.1) Ne ={y € V*; p(z,y) > 0},
the set of the neighbors of = (the neighborhood of x in G). We remark that
(2.2) y € N, if, and only if, z € N,.
Definition 2.5. A vertex x of G is called an isolated vertex if N, = ().
We remark that any non-isolated vertex is in V'*.

Definition 2.6. The degree of a vertex x in G is the cardinal of its neighborhood
N,, that is
deg(x) = |Na.

We denote A = max{deg(z), v € V} and § = min{deg(z), z € V'}.

In what follows, we suppose that the fuzzy graph G is without isolated ver-

tices. Let

(2.3) Sg ={N,; x e V*}.

Since V* = J, .y N2, the set S is a subbasis of a topology 7¢; for V*, called the
graphic topology of G.

Example 3. For the fuzzy graph in Example [2| we have
Se = {{e},{d, e}, {a, b}, {a,b,c}},

then the basis is

B = {{6}7 {d= 6}7 {CL, b}7 {a> b, C}}
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and

To =1{0,{e},{d, e}, {a,b},{a,b,c}, {a,b,e},{a,b,d e}, {a,b,c, e}, {a,b,c d e}}.

In the next section, we will prove that (V*, 7¢) is an Alexandroff space under
some assumptions. So, recall the following definitions.

Definition 2.7. A topological space (X, T) is called an Alexandroff space if any
intersection of elements in T is an element in T. We say, also, the topology is an
Alexandroff topology.

Definition 2.8. A fuzzy graph G = (V, o, ) is called locally finite fuzzy graph if
N, is a finite set, for all x € V*.

Definition 2.9. Let (X, T) be a topological space and A C X.

(i) We denote A the complement of A in X, that is
A°={zeX; x¢A)

(ii) A is called a closed set of X if A¢is an open set of X.
(iii) We denote A the smallest closed set of X containing A.

We end this section by the following definition that we will use in section 4.
Definition 2.10. A fuzzy graph G = (V, 0, 1) is called complete if
p(a,b) =o(a) ANo(b), forall a,b € V.

Let G = (V, 0, 1) be a fuzzy graph. The complement of G is the fuzzy graph defined
by G = (V, 0,7i), where

fi(a,b) = o(a) A o(8) — u(a, b) = min(o(a), o(b)) — p(a,b),
foralla,be V.

In this paper, by a fuzzy graph we will mean a simple fuzzy graph without
isolated vertex.
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3. ELEMENTARY RESULTS

In the sequel, a fuzzy graph G will be locally finite without isolated vertices.

Theorem 3.1. Suppose that G = (V, 0, 1) is a fuzzy graph. Then, T is an Alexan-
droff topology on V™.

Proof. We have to prove that any intersection of open sets is an a open set.
Since this topology 7 is defined by a subbasis, it is sufficient to prove that any
intersection of elements in S; is an open set.
Let S C V* and consider N,cgN,.
i) If NgesN, = ), then N s N, is an open set.
(i) If NyesN, # 0, then let 2 € N,egN,. We have z € N,, for all z € S.
From (2.2)), we have x € N,, forall z € S. So, S C N,. But N, is a finite
set and so S is also finite. Hence, N,c5/NV,. is an open set.

So, (V*,T¢) is an Alexandroff space. d

As consequence of the Theorem the topology 7 has minimal basis
U ={U,, x € V*}, where U, = NA, for all A € T; such that z € A. Thatis, U,
is the smallest open set satisfying x € U,, [2,/5,8,/16,23,24,26]. We have the
following characterisation of U,.

Theorem 3.2. Let G = (V, 0, ;1) be a fuzzy graph. Then, U, = Nyen, N, and U, is
finite, for all x a vertex in V'*.

Proof. Let x € V*. We have N, # () since z is not isolated. If we consider
() N
yENw

we have N, is an open set and so by Theorem it is an open set. For all
y € Ny, x € N,. So, x € N, forall y € N,. Then, z € ﬂyeNm N,. Therefore

U, C (N,
yENg

Conversely, U, is the minimal element in 7; containing x. Since S is a subbasis
for the topology so, there exists S C V* such that

U, =[Ny

yeS
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We have for all y € S, x € N,.. Thatis, forally € S, y € N,. Then, S C N,

(NS (N

YyENy yeSs

But (), N, = U, and so the result follows. O

Corollary 3.1. Let G be a fuzzy graph and let x,y € V* two distinct vertices. Then,
we have

(i) If N, ={y}, then U, = N,,.
(i) Ify € N,, then U, C N,,.
(iii) If U, C N,, then U, C N,
Proof.

(@) If N, = {y}, then U, = N,en, N, = N,,.
(i) If y € N,, then U, = N,en, N, C Ny,
(ii) If U, C N,, theny € U, C N,. From (ii), U, C N,,.

g

Proposition 3.1. Suppose that G is a fuzzy graph. Then we have: For any x and
y € V*, y € U, equivalent to N, C N,. Thatis, U, = {y € V*; N, C N, }.

Proof. From the Theorem [3.2] U, = N,cn, N,. Then, we have
yeU,=ye N, VzeN,
& Vze N, y€e N,

& Vze Ng,ze N,
& N, C N,

[l

Corollary 3.2. Suppose that G is a fuzzy graph and z,y € V*. If y € U,, then
N, C N, and so deg(z) < deg(y).

Proposition 3.2. Let G be a fuzzy graph and x € V*. Then, U, N N, = () and
U.NU, =0, forally € N,.

Proof If y € U, \ {«}, then N, C N, and y # z. Since N, # 0, there exists
z € N, and so z € N,. Therefore, d(z,y) = 2 and we get

(3.1) Uy C{z}U{y e V" d(z,y) =2}
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Then, U, N N, = () and also N, Cc U:. Ify € N,, then U, C N,. So, U, C U¢.
Hence U, N U, = 0. O

In the Example 2|, d(a, c) = d(a,b) = 2. But U, = {a, b} and so the two sets in
(3.1) are not equal.

From the Proposition [3.2] we have: U, C N¢, so {z} C U, C N¢. Then,
{z} cU, c NS, and N, c U, so N, C UC.

Proposition 3.3. Let G be a fuzzy graph and = € V*. Then, y € {«} if and only if
N, C N,. This means, {z} = {y € V*; N, C N, }.

Proof y € {x} if and only if, for all open set O containing y, O N {z} # 0. But,
this is equivalent to U, N {z} # 0. So, y € {z} if and only if = € U, and the result
follows by Proposition [3.1 O

Proposition 3.4. Let G = (V, 0, 1) be a fuzzy graph. Then, U = {x € V*, deg(x) =
A} is an open set for (V*, 7).

Proof. Suppose that x € U. We will prove that z € U, C U. Let y € U,, from
corollary 3.2} deg(z) < deg(y) and so deg(y) = A. Hence, y € U, thatis U, C U
andsozx € U, C U. O

Proposition 3.5. Suppose that G = (V, o, ) is a fuzzy graph. Then, V = {a €
V*, deg(a) = 0} is a closed set for (V*,T¢).

Proof. We will prove that V C V. Since (V*,7¢) is an Alexandroff space, we
have any union of closed sets is a closed set and so,

V=T

Let y € V, there exists a € V such that y € {a}. From proposition N, C
N,, then deg(y) < deg(a) and so, deg(y) = 6. Hence, y € V and the proof
follows. m

4. ADVANCED PROPERTIES OF GRAPHIC TOPOLOGY

Definition 4.1. Consider (Vy,7;) and (Va,73) two topological spaces and let v :
Vi — Va3 be a function. 1 is called a continuous or a map if for all O € T,
Yp=1(0) € T
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When the function 1) is bijective and, 1) and v)~' are continuous, we say that 1)
is an homeomorphism and the two spaces V; and V; are homeomorphic.

Definition 4.2. Consider G = (V1, 01, p1) and Gy = (Va, 09, o) two fuzzy graphs.
We say that G, and G, are isomorphic if there exists a bijection ¢ : V; — V,

satisfying

4.1 p2(¥(x), ¥(y)) = w(z,y), forallz,y € V1
and
(4.2) oo(Y(z)) = o1(x), forall z € V.

Theorem 4.1. Suppose that G, = (Vi, 01, 1) and Gy = (Va, 09, 112) are two fuzzy
graphs. If Gy and G, are isomorphic, then the topological spaces (V,7¢,) and
(Vy, Tg,) are homeomorphic.

Proof. Since the fuzzy graphs are isomorphic, there exists ¢ : V; — V5, a bijection
map satisfying and (4.2). Let B an open set of (V5" 7¢,) in the subbasis
Sa,- So, there exists y € V5 such that B = N,. We set z = ¢~ '(y), we get
Y H(B) ={z € Vi, ¥(2) € B}

={ze Vi, ¢¥(z) € N,}

= {z € Vi, pa2(y, ¥(2)) > 0}

={z e Vi, p(¥(x),¢(2)) > 0}

={ze W, w(z,2z) >0}

={zeW, m(z,2) >0}

={zeV, z€ N, }

=N,.
So, v 1(B) € Sg,, that is ¢y~ !(B) is an open set of V}*. Therefore ¢/ !(B) is an
open set of V¥, for all B an open set of V. Hence, the function ¢ is continuous.

In a similar way, we prove that ¢~! is continuous. So, the two spaces (V}*, 7, )
and (V5, Ts,) are homeomorphic. 0

Remark 4.1. If we consider a fuzzy cycle graph C,, and a complete graph K, of
order n > 4, then the graphic topology T¢,, is the discrete topology as Tk, but the
two spaces are not homeomorphic. So, the converse of the Theorem [4.1]is not true.



862 A.M. Alzubaidi and M. Dammak

In what follows, without loss of generality, we suppose that VV* = V.

Proposition 4.1. Suppose that G; = (Vi,01, 1) and Gy = (Va, 09, o) are two
fuzzy graphs and 1) : V} — V5 a function. The following two assertions are equiva-
lent.

(i) v is a continuous function from (V1,7q,) to (Va, Ta,)-

(i) Ny C Ny = Ny(y) C Ny, forall z,y € V1.

Proof. Suppose that ¢ is continuous. If N,, C N,, then by Proposition[3.1] € U,
Consider the open set Uy, we have y € ¢~* (Uw(y)) and so U, C ¢! <U¢(y)).

We get © € w_1<U¢(y)), that is, 1 (z) € Uy(). From the Proposition 3.1, we
obtain Ny, C Ny(a)-

Conversely, suppose that we have (ii). Let B an open set for 7¢,, we will
prove that ¢»~!(B) is an open set for 7g,. Let € ¢~!(B), we have ¢)(z) € B and
so Uy(z) C B, since B is an open set. Now, for all y € U,, N, C N, (Proposition
B.1). Then, Ny() C Ny(y) and so ¢(y) € Uy). Therefore ¢ (y) € Uy C B and
so, y € v~ Y(B). We get U, C v~ 1(B), for all z € ¢~(B) and the proof of the
Proposition 4.1] follows. O

We have the following characterisation of homeomorphic graphic topology
spaces.

Theorem 4.2. Suppose that G| = (Vi, 01, 1) and Gy = (Va, 09, o) are two fuzzy
graphs and v : Vi — V5 be a bijective function. Then, i) is an homeomorphism
between the topological spaces (V,Tq,) and (Va, Te,) if, and only if,

(4.3) Ny C Ny <= Ny(y) C Ny(), forall z,y € V;.

Proof. Suppose that ¢ is an homeomorphism. Let z, y € Vi, from Proposition 4.1
and the fact that ¢ is continuous, we have

Ny CN, = N¢(y) C Nw(a:)-
Now, if we apply the same result to ¢!, we get
Ny(y) C Ny() = Ny C N,

and then (4.3) follows.
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Conversely, Suppose (4.3) is true. From Proposition the function v is
continuous. Let a,b € Vs, if N, C N, then Ny y-1(a)) C Nyp-1(5))- But

Nyw-1(a)) C Nyw-1)) = Ny-1(a) C Ny-1(3)-
We get
(4.4) N, C Ny = Nw—l(a) C Nd}—l(b), for all a,beVs.

From Proposition [4.1] the function i)' is continuous. Therefore v is an homeo-
morphism. O

Proposition 4.2. Suppose that G = (V, o, ) is a fuzzy graph and V* = V. If
(a,b) = (c(a) A o(b)), then G = G and Tg = T, where G is the complement of
G.

Proof
fi(a,b) = o(a) Ao (b) — p(a,b)
= o(a) Ao (b) — %(U(a) Ao (b))
_ %(a((z) A o (b))
= p(a,b).
So, G and G have the same graphic topology. O

Next, we end this section by giving a necessary and sufficient condition for
compactness of graphic topology such that a topological space V is called com-
pact if each open cover of V' has a finite subcover. We have the result.

Theorem 4.3. Suppose that G = (V, o, u) is a fuzzy graph. The topological space
(V*,Tq) is compact iff V* is finite.

Proof. First, when V* is finite, it is clear that from any open cover we have a
finite subcover.

Conversely, suppose that (V'*,7) is a compact topological space. If we con-
sider the open cover given by the minimal basis ¢/ it has a finite subcover But it
is minimal as basis, Therefore I/ is finite. Hence, V'* is finite. O
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5. GRAPHIC TOPOLOGY AND CONNECTEDNESS

Let (V,T) be a topological space. The empty set is called trivial open set. An
open set for V' is called proper if it is not equal to V.

Definition 5.1. A topological space (V,T) is called connected if V' can not be writ-
ten as union of two disjoin proper open sets. Sometimes, we say also the topology
T is connected.

Example 4. Consider V = {1,2,3}, 7 = {0,{1},{1,2},{1,3},V}
and 7, = {0,{1},{2,3},V}. It is clear that 1, is connected but the topology T is
not connected.

Definition 5.2. A fuzzy graph G = (V, o, ) is called connected if for all x,y € V*
there exists a path joining x and v.

If a fuzzy graph is not connected, we have what we call connected compo-
nents.

Definition 5.3. Let G = (V, 0, u) be a fuzzy graph. Let Vi, Vs, - - - be subsets of V
such that
M V=UV;
(i) V;nV; =0, forall i # j;
(iii) For i =1,2,---, for all z,y € V,, there exists a path joining x and y.
(iv) forall x € V;, y € V; and i # j, there is no path joining x and y.
Then, each subset V; is called connected component of the graph G.

We observe that if the fuzzy graph is connected, then it has one connected
component. Also, if the fuzzy graph is finite, then it has a finite connected com-
ponents.

In what follows, we suppose that VV = V*. The first elementary result is the
following.

Proposition 5.1. Let G = (V, 0, ) be a fuzzy graph. If G is disconnected, then the
graphic topology T is disconnected.

Proof. Suppose that G is disconnected. So, we have

V=
i=1
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where {V;}; the connected components of GG. Since V; = Uzew N,, we have Vj is
an open set for (V,7¢) and W = U,_,V; is also an open set. We have V;NV; = 0,
for all i # j, hence V; N W = (). Therefore, 7 is disconnected. O

Proposition 5.2. Let G = (V, o, ) be a bipartite fuzzy graph, then 7T is discon-
nected.

Proof. SetV = AU B, where AN B = () and
p(z,y) = 0 for all (z,y) € A and for all (z,y) € B*.

Let Oy = U,y N and Oy = U, Noo We have Oy # 0, O, # 0 and V =
0O1JOs. Also, O; C B and O, C A and therefore O; N O, = (. So, Tg is
disconnected. U

Corollary 5.1. If G = (V,o, 1) is a connected bipartite fuzzy graph, then T is
disconnected.

Proposition 5.3. Let G = (V, 0, 1) be a fuzzy cycle of order n > 4 (connected),
then T is disconnected.

Proof. Since G is a cycle x4, - - - , x,. We have N,. = {x;} and so 7 is the discrete
topology and so disconnected. O

Proposition 5.4. Let G = (V, 0, 1) be a connected fuzzy graph of order n > 4 such
that {x1, -+ ,x,_1} is an n — 1 ¢ycle, deg(x,_1) = 3 and deg(z,) = 1. Then T is
disconnected.

Proof. Foranyi=1,--- ,n—1,U,, = {x;} and U,, = N,, , = {zn, Tp_2,21}. SoO,
T¢ is disconnected. O

Note that a fuzzy graph can be connected and also its graphic topology 7 is
connected as the fuzzy graph given in Figure 3.
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£(0.65)

Figure 3. A connected fuzzy graph having connected graphic topology

Question: For a connected fuzzy graph G, when 7 is disconnected?

6. CONCLUSIONS

Let G = (V, o, ) be a fuzzy graph. In this paper, we introduced the graphic
topology 7 for a fuzzy graph G = (V, o, ), where V* the vertex set satisfying
o(x) # 0. We proved some properties of this topology in particular we prove that
Tc is an Alexandroff topology and so, give most of the topological properties by
using minimal basis. As an example, we give a necessary and sufficient condition
for two graphs to be homeomorphic. We also investigate the connectedness of
the graphic topology and prove some relations between the connectedness of
the graph and the topology 7.

As future work, we can think about the open problem: are there some neces-
sary and sufficient conditions for connectivity of 75?
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