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GENERALIZATION OF THE n'*-ORDER OPIAL’S INEQUALITY IN
(p, q)-CALCULUS

Mohammed Muniru Iddrisu', Bashiru Abubakari, and Jose Lépez-Bonilla

ABSTRACT. We establish the generalized n'"-Order Opial’s integral inequality via
(p,q)-calculus with some extensions. The other analytical tools used to estab-
lish the results were (p, ¢)-Cauchy repeated integration formula and (p, ¢)-Cauchy-
Schwarz’s integral inequality.

1. INTRODUCTION

Opial established an inequality involving integral of a function and its derivative
as [|14]

h h
(1.1) [ isorwa<g [z

where f € C'0,h], such that f(0) = f(h) = 0, f'(t) > 0 and ¢t € [0,h]. The
coefficient h/4 is the best constant possible.

This inequality, due to its significance, experienced a lot of extensions and gen-
eralizations over time in the classical field [[5-7,19], among others.
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The n'"-order generalization of the classical Opial’s inequality was also estab-
lished as [19]

(1.2) / /() £ ()] de < W/ £ ()| de,

where f € C™]a,b] with fD(a) =0for0<i<n-—1, (n>1).

(p, q)-Calculus is a generalization of g-calculus. There has been a lot of develop-
ment in the study of (p, ¢)-calculus. Recently, Sadjang [16] investigated on funda-
mental concepts of (p, ¢)-calculus. In [9], (p, ¢)-derivatives and (p, q)-integrals and
their properties are also presented.

A (p, q)-analogue of a generalized Opial type inequality was established as [8]

b b
b
(1.3) | oDy @y < § [ 1D @) iy

where w € C[0,b] with w(0) =w(b) =0and 0 < ¢ < p < 1.

See also [|1+3,/8,/12] for more analogues of the Opial’s type inequalities.

The Opial inequality plays essential role in establishing the existence and unique-
ness of initial and boundary values problems for both ordinary and partial differ-
ential equations [3,8]].

The main purpose of this work is to further establish a generalization of inequal-
ity in (p,q)-calculus with some extensions.

2. PRELIMINARIES

The basic concepts of (p, ¢)-calculus employed in this work are presented in this
section. The definitions provided can also be seen in [9,/10,/12,13,15,16] and the
references cited therein.

Definition 2.1. The (p, q)-derivative of a function f is defined as
f(p) = flaw)
(p—q)z
Definition 2.2. Let « > 0, the (p, q)-bracket is defined as

P (g # 1),

22)  [alpg =p" P g APt T T = (T (p=1),

(2.1) D, f(x) = , x#0.

o, (p=q=1),
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for0<g<p<land a € R.

The (p, q)-derivative of sum or difference of f and g are defined as

(2.3) Dpg(af(z) £ Bg(x)) = aDyyf(x) £ BDp49(x).

The (p, q)-derivative of product of f and g is defined as

Dy o(f(x)g(x)) = g(pz) Do f (x) + f(qz)Dpe9(x)
2.4) = f(px)Dpqg(x) + g(qz) Dp o f (x).
The (p, ¢)-derivative of a quotient of f and g is defined as
D (f(:)j)) _ g(px)Dp,qf(x) — f(p!E)ngg(fL‘)
"\ g(x) 9(pz)g(qz)
- g(q:c)Dp,qf(:C) - f(qx)Dp,qg(x)
(2.5) = 2 (00)9(a2) , g(pzr)g(gr) # 0.
Definition 2.3. Let f : [0,b] — R be a continuous function and 0 < ¢ < p < 1. The
definite (p, q)-integral of f on [0, b] is defined as

[e.e]

b J J
(2.6) /0 f@)dygz = (p — q)bz p?H f (pf+lb) .

If a € (0,b), then the definite (p, q)-integral of f on |a, b] is defined as

2.7) /f qx—/f q:p—/f dp 4.

Remark 2.1. Letting p = 1 reduces equation (2.6) to the well known Jackson g-
integral [[11]].

Definition 2.4. Let f € Cla,b] — R, if f is an antiderivative of f and x € [a,b].
Then

2.8) Doy [ 1615 = 50
and
(29) / quf qs - f( ) - f(a)’

(2.10) /Of( g = (1) ququ
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Definition 2.5. The function f defined on [a,b)] is called (p, q)-increasing or (p, q)-
decreasing on [a,b], if f(qz) < f(px)(f(aw) > f(px)), for gz, pr € [a,b].

It is easily observed that if the function f is increasing (decreasing), then it is
also (p, q)-increasing ((p, ¢)-decreasing).

Definition 2.6. (Fundamental Theorem of (p, q)-Calculus) If f € Cla,b] and F is an
antiderivative of f defined on x € [a,b], then

(2.11) / f)dpqt

Definition 2.7. ((p, q)-Cauchy’s Formula) Let f € C™[a, b] be such that D) f(a) =
0, fori=0,1,2,...,n—1, (n>1)and 0 < ¢ < p < 1, then

/ / / Dy f(8)dpgsdp g1 .. dpgTn
212 g | a5y

The proof of (p, q)-Cauchy’s formula is similar to q-Cauchy’s formula in [4] by math-
ematical induction.

Definition 2.8. ((p, q)—Holder’s Inequality ) Let o, 3 > 1 and + + % =1Iffand g
are continuous real-valued functions on I = [0, b], then [|18]

@1 [l < ([150) w)(/ \g<x>|ﬁdp,qx)é

With equality when |g(z)| = c|f(z)|*~L.

If « = § = 2, the inequality becomes (p, q)-Cauchy-Schwartz’s Integral Inequal-
ity.

(2.14) 1@l <  [150) dpqsc)é (/ |g<x>|2dp,qx)5
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3. RESULTS AND DISCUSSION

Lemma 3.1. Let f € C™]a,b] be such that D,,f" € Lyla,b], 0 < i < n and
0<qg<p<1,then

b 2
(3.1) </ |D1(27,lq)f(x)‘dp,qx> <( /‘D deqx

Proof. Applying (p, ¢)-Cauchy-Schwarz’s inequality, we have

([ 1psle) < [( [ ) ([0 \dpqx)]

0o [ DG

This completes the proof. O

2

Theorem 3.1. Let f € C™[a, b] be such that DS} f(a) =0, for 0 <i <n—1, (n > 1)

and 0 < g < p < 1, then
)" [
| 105 Py

(3.2) /|f D;()nq)f )|dpq$<

Proof. Let z € [a,b], D) f(a) = 0 and

Tn—1
(3.3) / / / | DY) £(5)|dyp, g5y, q1 .- gTn1,

so that
Dydw(z) = |Dyy f(2)], w(z) > |f(x)| and Dfjw(x) > 0, then
b
(3.4) / |f(x f(@)|dp gz < / (x)Dz(,z)w(:z:)dp’qx.

Since

i i+1 :
DY ()]w(x) < (x—a)DVw(z), z€lab], 0<i<n-—2,

p, p.q

it follows that

3.5) [f(@2)] S w(2) < (2 — @) Dyp(z) < -+ < (2 — )" DY Dw().
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Applying (3.5) to (3.4)) we have

b
[ 150D 5@l < [~ D, ol D )ty

2
_ \n—1 b 2
(3.6) = & </ ’D;(Zlq)f(x”dp,qI) :

By Lemma (3.1)), we obtain

(b—a)"'(b—a)
2

b
/um%%m| /ww 2)Pdy .

This complete the proof. O

b
67 [ D@l < | 108 Py

which yields

Remark 3.1. For n = 1, inequality ([3.2]) reduces to

b b
(3.8) [ U@ D@l < ©5 [0, @)1

which is the (p, q)-analogue of the Opial’s inequality established in [17].

Lemma 3.2. Let f € C"V[q,b] be absolutely continuous such that DS} f(a) = 0,
for0<i<n—1,(n>1),z€la,bjand 0 < q¢<p <1 Then

@9 [ = DAy = L (/w Mm)
a 2n—1,§q

holds.

\ ,_.



GENERALIZATION OF THE n*"-ORDER OPIAL’S INEQUALITY IN (p, ¢)-CALCULUS 875

Proof. By (p, q)-Cauchy-Schwartz’s Inequality we have

/ (pz — g5)" " | DI £(5)|dpys

< ([ o= ds) ([ 105,560l
00 i j 2(n—1) 5
= ((p—Q)(px—qa)Zp%(p%(m—qa> ) (/ 1Dyof )
=0
e o 3
( szn Dj+2n—1 (pz — qa)™" ) (/ Dy f |dpq3>
7=0

- <p2"(1 Zgn Ty (P — qa)®"” 1) (/ D |dpq8)§
_ (px—qa; n—3 (/axl o pqs)

= T
[2n — 1]34
O

Theorem 3.2. Let f € C™V[a,b] be such that D,f?(a) = 0, for 0 < i < n—1,
(n > 1). Also, let DYV f(x) be absolutely continuous and f: |Dyy f () Pdpgr < o0,
Then

(3.10) /|f )y < K (pb— qa)" /|D (1) Pdy g,

where K =

n!\/Q[Qn] 2n—1p,q
Proof. Let = € [a,b]. By applying the Cauchy’s formula (2.12) we have

1

(3.11) @) = =gy | = 087 D )

This implies
n | ’)’L
(3.12) |f(x)Dr f(z)] = e 1 / pr = qs)" Dy f(5)|dpgs.

Applying Lemma (3.2)) yields

Dr n1/2 1/2
(3.13) ]f(x)D;qf(:v)]g' é{ﬁ?“p T ( /y %zpqs) .
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Integrating (3.13)) over [a, b] with respect to = gives

1
3.14 )| dpqr <
( ) / |f(x )| dp g (n—l)'[Zn—l]Zl;/qQ

1/2
/ (pr — qa)"” 1/2|Dp, (/ |D s)| dpqs) dp -

Applying (p, q)-Cauchy-Schwartz’s inequality to the right-hand of (3.14) we obtain

/ @Dl (Dl = C [;n — 1 (/ab(p o qa)%ldp’qx)%
</ oo ([ msotacne)

g j (2n—1)
T (n-1)! [2n — 17 ((p ~9)pb—qa) ;pgﬂ (p;]ﬂ (pb— qa)) )

(3 ([ ) )

o0

1 n‘

- (n— 1)![271— 1];7/(12 ( ZO 2nj+2n p _qa > f/ | ‘ dp,qx
1 1 _ i

B (n—1)![2n — 1]1/2 \/; (pgf - Zg" (#b = qa)@”)> / ‘D;qf(x)‘de,qu

B 1 \/I pb—qa /’ )2, o
_(n—1)v[2n—1];/q2 2 2npq e

(n—1)! [2n—11/2 }/321/2 e

n 2
B n!\/2[2n]q[2n—1]p,q(pb_q“) / 1Dy f () |d
Thus
/ |f (@ )|dpqr < K(pb — qa)" / D2 f()Pdyq,

which completes the proof. O
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Remark 3.2. For n = 1 in (3.10), we have

(3.15) b ()D, o f ()|dpqr < (Pb — ga)

~——Z2 [ |D *d
/a‘f paf (@) |dp g < m/g’ paf (2)°dp g,

which is the (p, q)-analogue of the Opial’s inequality established in [|17].
Remark 3.3. Inequality (3.10) is sharper than whenn >2as g — 1.

Theorem 3.3. Let r,s > 0 satisfying f = s+ r > 1. Also, let f € C"[a,b] such
that Dpiqf( ) =0,0<4i<n-1(n2>1), Dy 'f is absolutely continuous with
f Dz f(2)|Pdpqx < co. Then

(3.16) / @)D f @) g < M (pb — qa)” / D2 f (@) d,

where

n[pnly,

(3.17) M = ¢r? W

()=, o=(B)".

Proof. Let z € [a, b]. By (2.12) we have

1 ’ o n—1mnn
)/(px qs) Dquf(s)dms.

(3.18) f(z) = =1

Applying Hélder’s inequality with o = < and 3 = s 4 r on (3.18) we obtain

1

76l G (/j@f" - qs)“”‘”d@@ a ( / x |D;;,qf<s>rﬁdp,qs)é
it (- S (- w) ) é

- ( / IDS,qf(S)Ide,qS)B
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Q=

q(a(n—l)-i-l)j

1 oo
= — . a(n—1)+1
 (n—1)! <(p %) Z (a(n=1)+1)j+(a(n—1)+1) (pr — qa) )

= 1 (p - Q) a(n—1)+1)
N (n — 1)! (p(a(nl)Jrl) _ q(a(nf1)+1) (px - C]CL) ‘D

1
_ 1 b—q o (n—1)+a-1 T
T (n—1) (p(a<n—1>+1> . q(a(n—1)+1)> (px — qa) i D
1

n n— a” B

- — (pr — qa)" 7Vt (/ D, |ﬁdpqs> .
n!la(n — 1)+ 1]1%
Letting
n
A= i
n!la(n—1)+ 1];(]

Thus, we have

/|f o 1DE S (@) gt <

1
B
(s)|°dp, qs)

qf(3)|5dp,q5> ’

. ]
(3.19) AS/ (pr — qa)* " D* ) |Dn f (/ 2y \dpqs> dp .

Applying (p, ¢)-Holder’s inequality with 1nd1ces and ﬂ on the right-hand side of

(13.19) we obtain

b b » 5
[ @D @ g < 4 ( [ (e = gyt >dp,qx)

b x s/r 7
( [ 105 0@0 ([ 1980 ds) d)

<y (g B((n-1)+a")
=4 (p—a)pb—qa) ) per (ij (pb— qa))

J=0

s
B
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(_/ pq(/ Dr |6dpqs)i+ldp,qx>

gBln=1)+a~)+1)j

o

— o) Bl(n=1)+aH)+1)

(p 1 Zp e DD e D (Pb — 49) >
J=

r b T N ? %
' (B/ DP,Q (/ ’Dp,qf(s>|6dp»qs) dpvqx

_ ( _p=q) (pb_qaw)%m / b|Dg,qf(:c>|5dp,qx

3

™|

s
B

por =g
»—4q) > 5 /
=A | — — qa)"¢r"? Dy, d x
T AS ns n
= ¢r"? [ﬁn]w (pb — qa) / ]Dpyqf(x)]ﬁdp,qx
p,q a
vo | m1Bnl;
= pr'"? ﬁ (n)™*(pb — ga)” / 2 )7 dp g
51,
This completes the proof. O
Hence,
b b
G20 [ @IS g < M- a0 [ 1D},

Remark 3.4. Taking n =1 in yields

b b
(3.21) / | f(2) Dy o f(2)]dpg7 < \/ ]%(pb - qa)/ ‘Dp,qf(x)‘2dp,q$'
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