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A COMMON FIXED POINT THEOREM IN MENGER SPACE WITH WEAKLY
COMPATIBLE MAPPINGS OF TYPE (P)

Ajay Kumar Chaudhary!, Kanhaiya Jha, K.B. Manandhar, and H.K. Pathak

ABSTRACT. We define weakly compatible mappings of type (P) in Menger space
and establish the common fixed point theorem for four self-mappings in this space
with an appropriate example. Our result generalizes and extends a number of
similar results in the literature.

1. INTRODUCTION

One of the most significant generalizations of metric space was introduced by
Karl Menger in 1942 called statistical metric space [10], often known as proba-
bilistic metric space after 1964. The concept of a probabilistic metric space applies
to circumstances in which we do not precisely know the distance between two
points but only the probabilities of different values for this distance. In note [10]],
Menger outlined how to replace the numerical distance between two points = and
y by a distribution function F(z,y) whose value Fix,y)(t) at a real number t is
interpreted as the probability that the distance between zand y is less than t. Due
to B. Schweizer and A. Skalar [16]], [13] in 1960, the study of this domain was sig-
nificantly broadened. This space becomes very active when V.M. Sehgal and A.T.
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Barucha Reid [[14] 1972, obtained a contraction mapping in Menger probabilistic
metric space as a generalization of S. Banach’s [1] well-known Banach contrac-
tion principle in metric space and developed fixed point theorems. In the study
of Menger space, S. N. Mishra [11]] 1991 developed compatible mapping in the
probabilistic metric space, and then many researchers worked on a large number
of compatible mappings. Recently, in 2021, A.K. Chaudhary, K. Jha, K.B. Manand-
har, and P.P. Murthy [6] introduced a new notion of compatible mapping of type
(P) in Menger space and established a common fixed point theorem by using com-
patible mapping of type (P) in Menger space which is earlier introduced in metric
space by H.K. Pathak, Y.J. Cho, S.S. Chang and S.M. Kang [12] in 1996. And
continuing this space study on weakly compatible by [8], [15]], [17]], and [18].
The purpose of this paper is to define a new notion of weakly compatible mapping
of type (P) in Menger space and establish a common fixed point theorem with
suitable examples to justify the main result which also generalizes a number of
well-established findings in the literature.

2. PRELIMINARIES

Definition 2.1. [16] If a function F : R — R* is

(i) is non-decreasing,
(ii) is left continuous, and
(iii) infrerF(z) = 0 and sup,erF(z) = 1.

Then, it is said to be distribution function.
Example 1. Let H(x) stands for the heavy side function, which is defined as:

0, if <0,

H =
(@) 1, ifx>0.

Definition 2.2. [16] Let F' : K x K — L (the set of all distribution functions) be
a distribution function and K be a non-empty set. Then, a pair (K, F') is said to be
Probabilistic Metric Space (briefly, PM-space) if the distribution functionF'(p, q),
where (p,q) € K x K, also denoted by F(p, q) or by F,, , satisfies following conditions:
(i) F,4(x) =1, for every x > 0 if and only if p = q,
(i) F,4(0) = 0; for every p,q € K,
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(iii) Fpq(x) = F,,(z), for every p,q € K, and
(iv) For every p,q,r € K and for every

z,y>0, Fpo(x) =1, Foy)=1 = F(z+y) =1
Here, F(p, q)(x) represents the value of F(p,q) at v € R.

Definition 2.3. [5] A function T": [0,1] x [0, 1] — [0, 1] is referred to as Triangular
norm (shortly T-norm) if it satisfies the following conditions:
(i) 7(0,0) = 0 and T'(a, 1) = a for every a € [0, 1],
(ii) T'(a,b) = T(b,a) for every a,b € [0,1],
(iii) T'(a,b) < T'(c, d) whenever a< c and b<d, and
(iv) T(a,T(b,c)) = T(T(a,b),c)), forevery a,b,c € [0,1]).

Definition 2.4. [13] Menger Space, also known as Menger Probabilistic Metric
Space, is a triplet (K, F,T), where (K, F) is a PM space, T is a T— norm and also
satisfying following conditions:

V) Bz +y) >T(Fy,(z), Frq(y)), forall p,q,r € K and z,y € R > 0.

Definition 2.5. [2] A mapping Q : K — K in Menger space (K, F\t) is said to be
Continuous at a point p € K if for every ¢ > 0 and \ > 0,there exists ¢, > 0 and
A1 > 0 such that if F,,, (1) > 1 — Ay, then Fg, g.(€) > 1 — A

Definition 2.6. [2|] Let (K, F,T) be a Menger Space and t be a continuous T-norm.
Then,

(a) A sequence {k,} in K is said to be converge to a point k in K (written k,, —
k) iff for every e > 0 and X\ > 0, there exists an integer N = (N, ¢) > 0 such
that Fy, r(€) > 1 — X for all n>N. In this case , we write lim,,_, k, = k.

(b) A sequence {k,} in K is said to be a Cauchy sequence if for every ¢ > 0 and
A > 0, there exists an integer N = (N, ¢) > 0 such that Fy, , (¢) > 1 — X for
all n,m>N.

(c) A Menger space(K, F,T) is said to be Complete if every Cauchy sequence in
K converges to a point in K.

Definition 2.7. [7] Let K be a non-empty set and ), R : K — K be arbitrary
mappings, then k € K is said to be a common fixed point of ) and R if Q(k) =
R(k) = k.
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Example 2. Let f,g : R — R be functions such that f(z) = z* and g(z) = Sinx,
then = = 0 is a common fixed point.

The notion of compatible mapping in Menger Space was first introduced by S.N.
Mishra [[11] in 1991 as an extension of the compatible mapping in metric space
introduced by G. Jungck [7] in 1986.

Definition 2.8. Two mappings ), R : K — K are said to be Compatible Mappings
in Menger space (K, F\t) iff

lim FQRkn,Ran(x) =1 fOT' all >0

n—oo
whenever {k,} is a sequence in K such that lim,,_,,, Qk,, = lim,,_,, Rk, = k for some
kin K.

The weakly commuting mappings were introduced by G. Jungck in 1996 as:

Definition 2.9. [8] Two mappings Q, R : K — K are said to be Weakly Com-
muting in Menger space (K, F,t) iff Fork ror()>Forrk(x) for all k in K and z
>0

Definition 2.10. [15]]: Two mappings ), R : K — K are said to be Weakly Com-
patible or coincidentally commuting in Menger space (K, F', t) if they commute at
their coincidence points i.e.if Qk = Rk for some k € K, then QRk = RQk.

In 2021, A.K. Chaudhary, K. Jha, K. B. Manandhar, and P.P. Murthy [6]] have
introduced the following compatible mapping of type (P) in Menger space as an
extension of H.K. Pathak et.al [[12] as follows:

Definition 2.11. [6] Two mappings Q,R : K — K are said to be Compatible
Mappings of type (P) in Menger space (K, F,t) iff
lim FQan,RRkn<x) =1 for all >0

n—oo

whenever {k,} is a sequence in K such that lim,, ,,, Qk, = lim,,_,., Rk, = k for some
kin K.

Now, we introduce weakly compatible mappings of type (P) in Menger space
with an example as follows:
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Definition 2.12. Two mappings @), R : K — K are said to be Weakly Compatible
Mappings of type (P) in Menger space (K, F\t) if and only if

limy, o0 FQ0k, RRE, (2)>F Ok, RE, (¥)for all z > 0 whenever {k,} is a sequence in K
such that lim,,_,, Qk,, = lim,, .o, Rk, = k for some k in K.

Example 3. Let (K, d) be a metric space where K = [0, 2| with usual metric d(z,y) =
|x — y| and let (K, F') be PM space with

d(z,y)
e~ fort>0

0 fort=0

Fm,y(t) =

forall x,y € K. Let Q, R : K — K be defined by

1—xz forzel0,3)

and

Taking sequence {k,} where k, = £ — L. Then, Qk, = lim,_,o Q(1 — (3 —
T+ L =3=Fk Rk, =lim (3 — 1) = 5 =k Also, QQk, = Q((5 + 1)) =
and RRk‘n = R((% — %)) = % — % = % So that hmn_mo FQan,RRkn(
Flyé(t) = ew =eg >1#1foralt > 0and lim, e For,, g, (t
Fia(t) = e = 1 forall t > 0.

Therefore, we have lim,,_, o Fook, rik, (€)>Fok, rk, () for all z > 0. Hence, (Q, R)

[y

are weakly compatible mappings of type (P) but it is neither compatible mappings of
type (P) nor compatible mappings.

Theorem 2.1. [2] Let (K, F', t) be Menger space with the continuous T'— norm t and
Q) : K — K be self mapping. Then, Q is continuous at a point k € K if and only if
for every sequence {k,} inK converging to a point k, then sequence {Qk,} converges
to the point Qk, i.e. if {k,} — k then it implies Qk,, — k.

Proposition 2.1. [12] In Menger Space(K, F,t), if t(k,k)>k for all k € [0,1] then
t(a,b) =min (a,b) for all a,b € [0, 1].

Lemma 2.1. [15] Let (K, F',t) be a Menger space. If there exists k € (0, 1) such that
forallp,q € K, F,,, (kx)>F,,, (z)then p = q.
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We need the following propositions for the establishment of our main result in
the Menger space.

Proposition 2.2. Let (K, F,t) be a Menger Space such that the T—norm t is contin-
uous and t(x,x)>z for all € [0,1] and Q,R : K — K be continuous mappings.
Then, () and R also written as (Q, R), are weakly compatible mappings of type (P)
if they are compatible mappings of type(P).

Proof. Suppose () and R be compatible mappings of type (P). Then, we have, 1 =
limy, o0 FQOk,.RRE, ()>Fok, 1K, (2). SO, (Q, R) be weakly compatible mappings of
type (P). OJ

Proposition 2.3. Let (K, F',t) be a Menger space such that the T— norm t is contin-
uous and t(x,x)>xz for all z € [0,1] and Q, R : K — K be continuous mappings.
Then, (Q and R are compatible mappings of type (P) if they are weakly compatible

mappings of type (P).

Proof. Let {k,} be a sequence in K and since ) and R be continuous mappings.
Then, by Theorem 2.1, we have lim,, ., Qk, = lim,_,,, Rk, = k for some k in K
If @ and R are weakly compatible mappings of type (P). Then, we have lim,,_,,
Fook, mRk, () >Fok, rk, (x) = Fyi(z) = 1, for all z > 0. So, (Q, R) be compatible
mappings of type (P). O

Proposition 2.4. Let (K, F,t) be a Menger space such that the T'—norm t is contin-
uous and t(x,z)>x for all x € [0,1] and Q,R : K — K be mappings. If Q and R
are weakly compatible mappings of type (P) and Qk = Rk for some k € K then,
QQk = QRk = RQk = RREk.

Proof. Suppose {k,} is a sequence in K defined by k, = k where n = 1,2,3, ...
for some k € K and Qk = Rk. Then, we have Qk,, Rk, — Qk as n — oo. Since
() and R are weakly compatible mappings of type (P), then for every ¢ > O,
Foqr,rr(€) = limy 00 FQQk,, RRE, (€)>FQk,, RE (€) = For,rE(€) = Forqk(€) = 1.

So, QQk = RRE, since Qk = Rk implies QQk = QRk = RQk = RRk. ([l

Proposition 2.5. Let (K, F,t) be a Manger space such that the T—norm t is contin-
uous and t(x,x)>x for all x € [0,1] and Q, R : K — K be mappings. Let () and R
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be weakly compatible mappings of type (P) and lim,,_,, Qk,, = lim,,_,, Rk, = k for
some k in K. Then We have,
(1) lim, . RRk, = QF, if Q is continuous at k,
(i) lim, .. QQk, = Rk, if R is continuous at k,
(iii) QRk = RQFk and Qk = Rk if Q and R are continuous at k.

Proof.

(i) Suppose that @) is continuous at k. Since, we have lim,,_,., Qk, = lim,, .o, Rk, =
k for some k in K. So, lim, . QQk, = Qk, as n—oo. Again, since ()
and R are weakly compatible mappings of type (P), So for every ¢ > 0,
FQan,RRkn(E)ZFan,Rkn(6)- Therefore, we have

€ €
Frrk,.ou(€)= t(FRRE,.Qak (5): Foka 01 (3)),

by definition of Menger space or,

€ €
Frik, qr(€) > t(Fan,Rkn(?a FQk,Qk(§))

> 1(Fe(3): 1))
>t(1,1)).

This implies that Frpry, or(€) = 1. So, lim,,_,oc RRE, = Qk.

(ii) We may prove (ii) as we prove (i).

(iii) Suppose that @, R : K — K are continuous at k. So, by (i) , RRk, — Qk
as n — oo.

On the other hand, since lim,,_,,, Qk, — k,as n — oo and R is continu-
ous at k. So, by proposition 2.5 (ii), we get lim,, .., QQk, = Rk. Thus, we
have Qk = Rk by the uniqueness of the limit and so by preposition 2.4,
we get QREk = RQk.

This completes the proof.

The following lemma needs to prove the main theorem:

Lemma 2.2. 15/Let {k,} be a sequence in Menger space (K, F’,t), where t is contin-
uous T'—norm and t(z,z)>x for all x € [0, 1]. If there exists a constant k € [0, 1]
such that limy, oo Fi, g, +1(kx)>Fy, —1 1, (x), forallz > 0and n € N, then {k,} is a
Cauchy sequence in K.
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3. MAIN THEOREM

Now, we prove our main theorem for weakly compatible mappings of type (P)
in Complete Menger Space:

Theorem 3.1. Let (K, F',t) be a complete Menger space with t(x,y) = min(z,y) for
all x,y € [0,1] and Q, S, R, T : K — K be mappings such that

(3.1) Q(K) CT(K)and S(K) C R(K),

(3.2) the pairs (Q, R) and (S,T') are weakly compatible mappings of type (P),

(8.3) One of Q, S, R, T be continuous, and

(3.4) there exists a constant k € (0, 1) such that

Faa,sy(kt)> min{ (Fre,a(t), Fry,sy(t), Fryqs(at), Fra,sy((2—a)t), Framy(t)}
forall z,y € K, € (0,2) and t > 0.
Then, ), S, R, T have a unique common fixed point in K.
Proof. Consider u, € K. Since Q(K) C T(K), so there exists a point u; in K such
that Quo = Tuy; = vp. Again, since S(K) C R(K), so for u;, we may choose us in
K such that Su; = Ruy = v; and so on.

And inductively, we may construct sequence {u,} and {v,} in K such that
QUQn = Tu2n+1 = U2p, and SU2n+1 = Ru2n+2 = V2pn41, for n = 0, 172, Putting
T = Uy, and y = ug,4 forallt > 0 and a = 1 — ¢ with ¢ € (0,1) in (3.4), we get,

FQu2n,Su2n+1 (kt) > min{(FRuzn,Qu2n (t)7 FTu2n+1,Su2n+1 (t), FTU2n+1,Qu2n ((1 - q)ﬂ?

FRU27usU2n+1 (1 + q)t)7 FRU27L,Tu2n+1 (t)}

or,
F'U2nyv2n+1 (kt) 2 min{(FUQn—17v2n (t)7 FUQny'UQn-‘rl (t>7 FU2n7U2n ((1 - q)t)7

F'UZn—l,UQn+1 (1 + q)t)7 FUQn—l,UQn (t)}
(kt) Z min{(F'U?nflann t) Fﬂ2nav2n+1 (t>7 17 F’”2n71>v2n+1 (1 + q)t>7 Fv2n717v2n (t)}

t) FU2n1v2n+1( )7 F/U2n71uv2n (t)7 FU2n1v2n+1 (qt)7 FU2n717U2n (t)}
Z min{(FU?nfla'UQn t) Fv2n7v2n+1 (t)’ FU2n7U2n+1 (qt)}

As ¢ — 1, we obtain

F,

V2n,V2n+1

F,

V2n,V2n+1

(
> min{(Fv%,l,vzn( t
(

Y
Y
I

(kt) 2 mln{ (F'UZn—lyUQn (t)’ F'U2nyv2'n+1 (t) ) F'U2n7'v2n+1 (t>}
Z mln{ (F'Uanl ,V2n (t) Y Fv27uv2n+1 (t) } *
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Hence, we get

FU27L7U2n+1 (kt> 2 min{(FUQn—hUQn (t)7 FU2n71)2n+1 (t)}7

i'e’ F'U2n77~)2n+1 (kt)ZF'UanlyUQn (t>'
Similarly, we obtain F, ., v.,..,(kt)>F,,, v...,(t). Therefore, for every n € N,
F,

Un,Un+1

(kt)>F,, ,.,(t). So, using Lemma (2.2), {v,} is a Cauchy sequence in K.
Since the Menger space (K, F|t) is complete, so {v,} converges to a point z in K
and consequently the sub sequences {Qua, }, {Suani+1}, { Ruan}, {Tusns1}, of {v,}
also converges to z.

Now, suppose that 7" is continuous. Then, since S and 7" are weakly compatible
mappings of type (P) then by Proposition 2.5, SSug,.1 , T'Sug, 11— Tz asn — co.
Putting = = us, and y = Sus, 1 in relation (3.4), we get

FQuzn,55U2n+1 (kt) > min{(FRUQmQum (t)v FTSU2n+1:SSU27L+1 (t)v FTSU2n+1:Qu2n((a)t)7
FRU2mSSU2n+1 (2 - Oé)t), FRU271,7TSU277,+1 (t)}

Taking n — oo, we have
F.ro(kt) > min{(F} (1), Frar-(t), Fr.-((a)t), For.(2 — a)t), F. (1) }-
Letting « = 1 — ¢ with ¢ € (0,1) then
F,ro(kt) > min{(Fr.,.((1 = q)t), Fo r-((1 + q)t), For= (1)},
or,
F,ro(kt) = min{(Fr.r-((1 — ¢+ 1+ ¢)t), For:(t)}
> min{ F, r,(t)}.

Therefore, F_ 1.(kt) > F, r.(t), which implies z = Tz by Lemma 2.1.

Similarly, replacing x by us, and y by z in relation ( 3.4), we have

FQuan,sz(kt) = min{(FRus,,,Quan (), Fr25:(t), FrzQua, ()t), FRus, s:(2 — a)t),
FRuQn,TZ (t)}

Taking n — oo, we get
Fz,Sz<kt)Z mln{(Fz,z(t)a Fz,Sz(t)a Fz,z((a)t)y Fz,Sz(2 - Oé)t), Fz,z(t)}

Fz,5z<kt>2 min{(Fz,Sz(t)v ) FZ,SZ(Q - (1 - Q)t)}

> min{(F, s.(t),, F. s.(1+q)t)}
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Z min{(Fz,SZ (t)v Fz,z(t)v Fz,Sz<qt)}
> min{(F,s.(t), F.s.(t)} asq — 1

So that F, g,(kt)> {(F.s.(t)}, which implies z = Sz. Since, S(K) C R(K), so
there exists a point w in K such that Sz = Rw = z. By using relation (3.4) with
x =w,y = z, we have

Fou-(kt)> min{(Fru,guw(t), Fras:(t), Fraguw(at), Fres:(2 — a)t), Fror(t)}
> min{ (£ qu (t): Frez(1), Fz.0u((1 = @)1), Fruo(1+@)t), For=(1)}
> min{(Fz.qu(t): Frez(1), Fou,:((1 = @)1), Fru-(1+@)t), For=(1)}
> min{(Fz qu(t), £z (1), Fou,re (1 =g +1+q)t)}

2 min{(FzQw (t), FQw7Z(2t)}.

Therefore, F,.(kt)> F. gu(t)= Fouw:(t), which implies Quw = z , by Lemma
2.1.

Again, since () and R are weakly compatible mappings of type (P) and Qu =
Rw = z, by Proposition 2.4, we have for every € > 0, 1 = Foguw, rrw(€)>FQu,ruw(€)-
Hence, Quw = QQw = RRw = Rw. Finally, by relation (3.4) with z = z,y = Sz =
z, we have
FQz,z<kt> :FQZ,SZ(kt)Z min{(FRz,Qz(t)7 FTZ,Z(t)) FTZ,Qz(at)) FRZ,Z(Q_a>t)7 FRz,Tz(t)}

> min{(Fozq=(t), Fr2 (1), Frqz(at), Foz2(2 — a)t), Fo. -(1)}

> min{(Foz.. (o), F>:(2 — a)t), Fo.- (1)}

> min{(Fo.q.(at + 2t — at), Fg, .(t)}
or, F,..(kt)> Fq..(t). Therefore, Qz = 2. Hence, Qz = Sz = Rz = Tz = z. That
is, z is common fixed point of given mappings @), S, R and 7.

Uniqueness: Suppose z; be other point inK'such that z; = Qz; = Sz; = Rz =
Tz,. Then, putting z = z and y = z;,« = 1 in (3.4), we get

FQz,Sz1 (k't) = Fz,zl (kt) > min{<FRz»Qz (t)’ FTzleZl (t)’ FTzl’QZ(t)7
FRZ,SZ1 (t)’ FszTzl (t)}
or, FZ,Z1 (kt> > min{(Fz,zq (t)v Fz,z(t)}: o1, Fz,z1 (kt)z FZ,Z1 (t> By Lemma 2.1, 2 = 2;.
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Hence, = = )z = Sz = Rz = Tz and z is unique common fixed point for
@,S,R,Tin K.
This completes the proof. O

4. VERIFICATION AND APPLICATION
We verify our Main Theorem (3) with following example:
Example 4. Let (K, d) be metric space where K = [0, 2Jwith usual metric d(z,y) =
|z — y| and distribution function F' is defined by

d(z,y)
et fort>0

0 fort:07
forall x,y € K. Let Q, R, S, T : K — K be defined by

Foy (t) =

11—z forxe|0,

)

[

QK) = ,
1 forz € [3,2]
S(K) = $—Z fora:E[O,%)’
1 forz € [1,2]
() x forzel0,3)
1 forze[3,2]
and
T(K) = 0 forzel0,3)

1 forze[i,2] .
We take sequence {k,} in K where k, = % — %, n € N. Then Q, S, R and T satisfy all
the conditions of the above Theorem 3 and have a unique common fixed point x = 1
in K.

Our established Theorem 3 may apply in consequences results in metric space
in four self mappings and also may use to prove following corollaries.

In the Theorem 3, if we take () = S, T = R, then we have

Corollary 4.1. Let (K, F,t) be a complete Menger space with continuous t(x,y) =
min(x,y) forall z,y € [0,1] and Q, R : K — K be mappings such that
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B.1) Q(K) € R(K),

(3.2) the pairs (Q, R) be weakly compatible mappings of type (P),
(3.3) R be continuous, and

(3.4) there exists a constant k € (0,1) such that

FQu,y(kt) > min{(Frae,e(t), Fryqy(t), Fryqe(at), Freqy(2 — a)t), Frery(t)}

forall z,y € K, € (0,2) and t > 0.

Then, () and R have a unique common fixed point in K.

5. CONCLUSIONS

In a conclusion our result extends and generalize the results of Jungck et.al [7],
[9] and of Chaudhary et al. [6]. This result also generalizes and improve the result
of Pathak et.al. [12], Stojavic, et.al. [2] and other similar results in literature.
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