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Rs.3 = F5 + UiF5 + U5 + UslFs

Ouarda Haddouche, Hanifa Zekraoui, and Karima Chatouh!

ABSTRACT. In this paper, we investigate linear codes over the ring Rs 3 = F5 +
u1F5 + usF5 + u3F5, and we determine the homogeneous weight of this ring, to
derive some properties corresponding to these codes.

1. INTRODUCTION

In 1990 researchers became aware of the importance of linear codes over finite
rings in algebraic coding theory, and several mathematical techniques have been
developed. For example, the distance function in the alphabet is not given by the
usual Hamming metric but by the homogeneous weight. So the homogeneous
weight was introduced in the context of coding over the finite ring and integer
residues ring for the first time by Constantinescu and Heise [4]. Then generalized
to arbitrary finite rings by Greferath and Schmidt [5]. However, homogeneous
weight only exists over finite Frobenius rings this is what led to the work on other
rings like non-chain rings, especially in [1,2,6].

This paper aims to develop the fundamentals of linear codes over a class of finite
rings given by the following form R ;5 = F5 + u;F5 + uslF5 + usFs, with u? = u;
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and w;u; = u;u; =0, for 1 <1 # j < 3. The homogeneous weight may be thought
of as a generalization of the Hamming weight for finite rings, thus we give a vast
space in the present paper to study this weight on R;3, and to determine the
homogeneous weight on R; 3, we use the definition of homogeneous weight on
Fs.

The rest of the paper is organized as follows. In Section |2, we give some
definitions and properties of linear codes over R 3 = F5 + u1F5 + uaF5 + uslFs.
In particular, the Gray map and the Gray images and generator matrix of these
codes. In section [3] we introduce some results about the homogeneous weight
Rs 3 = F5 + w1 Fs5 + uolF5 + uslFs, we complete this section by some useful example.

2. LINEAR CODES OVER Rj; 3
Linear codes C' of length n over fR; 3, is an R; 3;-module of R 5, where
(2.1) Rs3 = {w; = fé + Ulfi + U2§§ + U3f§ | éé?§i7§éa §§ e F5,1 <i <625}

is a commutative Frobenius ring with characteristics 5, where |R; 3| = 5* = 625.
Let x = (71,%2,...,2,) and y = (y1,%2,...,Y,») be any two elements of Rg;, we
define the inner product over Rs 3 as, (v, y)n;, = S =" 2;;. The dual code C* of
C'is defined by C* = {z € RZ4|(z,y)r, = 0 forally € C}. If C C C+, we say the
code is self-orthogonal, and if C' = C* then, the code C is self-dual.

Following [3]], the element x in R; 3 can be written by

(2.2) x = (14 4uy + 4dus + 4ug)ag + ui (a1 + ag) + uz(as + ap) + us(az + aop).

Let C' be a linear code of length n over R; 3, there exists Cy, Cy, Cy, C5 are linears
codes of length n over Fj, in fact the code C' can be uniquely expressed as

(2.3) C = (1 + 4uy + 4us + 4uz)Co & (u1)Cy ® (uz)Co @ (u3)Cs,
where
Co = {ap € Ft,3ay,as,a3 € FL, a9 + uja; + usas + wyas € C',
C1 = {ap+ay € FZ,3ay, a3 € FE, a9 + uyay + usas + ujas € C,
Cy = {ap+ay € F2,3ay,a3 € FE, a9 + ura; + usag + ujas € C},

Cg = {CL(] +as € F?, ElCLl, aso € ]Fg, ag + U1a1 + ugag + uras € C}
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Theorem 2.1. Let C' = (]_ + 4U1 + 4’LL2 + 4U3)O() D (u1)01 D (UQ)CQ D (Ug)Cg be a
linear code of length n over Rs s, then

CJ_ = (1 -+ 4U1 -+ 4U2 -+ 4%3)0&‘ D (ul)lCl D ('U/Q)C;_ D ('ng)Cg_

Corollary 2.1. If Gy, G1, G2, G5 are generator matrices of linear codes Cy, Cy, Cs, C3
respectively, then the generator matrix of C'is

(1 + 4u1 + 4U2 + 4U3)G0

G
(2.4) G = it
UQGQ
U3G3
Example 1. Consider
1 2 3 0 2 0
G(0: 3 G(1: )
0 0 2 2 0 2
1 40 1 10
G - ) - )
92 [o 1 2 o1 1]

are generator matrices of linear codes Cy, C, Cs, C3 then the generator matrix of C
can be written as

_1+4u1—|—4u2+4u3 2+ 3uy + 3us + 3us 3+ 4uq + dus + 4us
0 0 2 + 3uq + 3ug + 3us
0 2 + 3uy + 3ug + 3us 0
2+ 3uq + 3ug + 3us 0 2 4+ 3uq + 3uy + 3us
14+ 4uy + 4us +4us 4+ up +ug + us 0
0 14+ 4uq + 4dus + 4dus 2+ 3ug + 3ug + 3us
1+ 4uq + dug + 4dus 1+ 4uy + 4dug + 4us 0
0 14+ 4uq 4+ 4dus + dus 1+ 4duq + 4us + 4us

Next, we formulate the following definition of the Gray map

U . R — ¢

(2.5) >3 5
r o Ux),

with

U(x = ap + uray + ugas + uszaz) = (aog, ag + a1, ag + as, ag + az).

This map can be extended to (RZ 5, d) from (F2", diam) -
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According to the above results, we can establish the following theorems.

Theorem 2.2. If Gy, G, Gy, G3 are a generator matrices of linear codes Cy, Cy, Cy, Cs
respectively, then V (G) is a generator matrix of ¥ (C')

Go 0 0 O
Go Gi 0 O
(2.6) v ="
Go 0 Gy O
Go 0 0 Gs
. 1 3 . . —
Example 2. In R; 5, if G, = - ], are generator matrices of C;, for i = 0, 3 then
the code ®(C') generated by
13 00 00 00 ]
3 1 0 0 00 0 0
1 3 1 3 00 0 0
3 1 3 1 00 00
(G) =
13 00 13 00
31 00 31 00O
1 3 0 0 00 1 3
| 3 1 0 0 00 3 1 ]

Theorem 2.3. Let C' = (1 + 4uy + 4us + 4u3)Co & (u1)Cy & (uz)Cy & (u3)Cs be a
linear code of length n over s ;. Then,

@2.7) V() = Cy®C) @ Cy @ Cy
and
(2.8) C = |Co||C1]|Co|Cs.

Corollary 2.2. Let C' be a linear code of length n over Ry s, then ®(CL) = [®(C)]".
Further, C'is a self-dual code if and only if ®(C') is a self-dual code.

Corollary 2.3. Let C' = (1 +4U1 +4U2 +4U3)CQ ) (u1)01 &P (UQ)CQ b (U3)03 be a linear
code of length n over R; 3, where C; are [n, k;, d;|-linear codes over Fs, for 0 <i < 3.
Then U (C) is [4n, Y27, ki, d = min(dy, d1, dy, d3)]-linear code over Fs,
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3. HOMOGENEOUS WEIGHT ON THE RING R; 3

Based on the simplistic representation of [8], we will compute the homogeneous
weight on the ring R; ;. These results will be used later on to define and examine
several applications.

The homogeneous weight w on A5 5, with generating character x is given by

w:mg,’g—) R

(3.1) IS
r— w(z)=n.(1 —|9%;3|

: Zuei)%;?) X (xu) ) )

where R ; is the group of units of 9R; 3.
The method in [7]], leads to
1. The finite direct sum of Frobenius rings as the Frobenius ring.
2. If the Frobenius rings R, Ry, R3, R, each have right generating characters
X1, X2, X3, X4, then R = Ry & Ry & R3 & R, has generating character y =
4

H?:l Xi-

3. The generating character of F5 x F5 x F5 x Fs is defined as

4

A

(3.2) v :Fs x Fy x Fy x Fy —» T

297
_ _ 5 tr(v1txe+txs3+x
xr = (.1'1,1'2,.%'3,.%4) 7 X(x> =€5 (@1ta2tes 4)7

where tr is the function trace and 7 is the multiplicative group of unit
complex numbers, which is also a one-dimensional torus.

Theorem 3.1. If Ry, Rs, ..., R, are rings with identity and I an ideal in H;L:1 Rj,
then I = [[;_, A; with A; is an ideal in R;, where

n

(33) HR] = {(xl,l'g, Ce ,l’n)‘ Z; € R]}

In this case, using similar arguments as in Theorem [3.1, we can establish the
representation of the ideals of F2 by the following sets.

1. Fs x Fs ; Fs x Fs = <(x1,xg,xg,x4)>,x1,a:2,x3,x4 #0
2. F5 x {0} x {0} x {0} = ((x1,0,0,0)), 21 #

3. {0} x F5 x {0} x {0} = ((0,22,0,0)), xo #

4. {0} x {0} x F5 x {0} = ((0,0,z3,0)), z3 7& 0
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5. {0} x {0} x {0} x Fy = ((0,0,0,24)), 24 # 0
6. {(0,0,0,0)} = {(0,0,0,0))

Remark 3.1. The number of zero divisors of F5 x F5 x F5 x F5 are 16, and the
number of unites of this product are |{F5 x F5 x F5 x F5}*| = 4%. Moreover the
ideals I = ((21,0,0,0)), I, = {(0,22,0,0)), I3 = {((0,0,x3,0)), I, = ((0,0,0,24)) in
F5 x F5 x F5 x F5 are maximals.

Finally, to summarize these pieces of information, we formulate the following the-
orem for calculating homogeneous weight on fA; ;.

Theorem 3.2. The homogeneous weight on R; 5 is given by

0 ifr=0
65 e e
Whom () = 6—47]1 if x is divisor of zero
295 if x is unit
256 2 '

Proof. Let He Fi. According to Equation the homogeneous weight of
r = (21,29, 23,24) €EH
is

1 i _
B whomls) =yl Y oo for j T3

a€(H)*

In the following, we calculate the homogeneous weight on three cases.
In case 1: if (x, 29, 23,24) = (0,0,0,0), we have ¢r((0,0,0,0)) = 0, and

1
(35) Whom((o, 0, O, 0)) = 7)1(1 — E Z eO)7
ae(H)*
then
44
Whom«(), 07 07 0)) - 771(1 — E)’
so that

(3.6) Whom((0,0,0,0)) = 0.
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In case 2: if x = (21,29, 73,24) € H is a zero divisor. Assume that xo, x5, 24 = 0
and z; # 0 (that means =, € F?) and |F;| = 4, we have

tr({a, x)m,,) = tr(a121), a = (a1, az, as,as) € (H)™.

The number of elements p € F%, such that tr(p) = 0 is 0, for j = 1,2,3,4, the
number of elements o € F?, such that ¢r(¢) = j is 1. Using Equation[3.2] we obtain

Z 2”tr (az) 0+4Z 2”

ac(H)*
— 1

Y

as well as
65
(3.7) Whom (%1, T2, T3, T4) = — 1.
64
In case 3: If v = (21, %9, 73,74) € H is a unit. Since the set (H)* form a group
under the multiplication, for 0 < j; <4and 1 <i<4.

Consider the following disjoint subsets of ()*
Boooo = (w1, 12, 23, 24)), tr(z;) = 0,7 € {1,2,3,4},

Biio00 = (21, T, 3, 24)), tr(z1) = ju, tr(z;) = 0,4 € {2,3,4},
Boj,00 = (21, T, T3, 24)), tr(z2) = jo, tr(z;) = 0,4 € {1,3,4},
Boojso = (1, T2, T3, x4)), tr(zs) = js, tr(z;) = 0,1 € {1,2,4},
Boooj, = ((z1, a9, T3, 24)), tr(z4) = ja, tr(z;) = 0,4 € {1,2,3},
Bj,j,00 = (%1, Ta, 3, 24)), tr(z1) = j1, tr(x;) = 0,0 € {3,4},
Bj,0js0 = (21, X2, X3, 24)), tr(z1) = j1, tr(z;) =0, 7 € {2,4},
Bj00, = (@1, 22, x3,24)), tr(z1) = j1, tr(z;) =0, 7 € {2, 3},
Boj,is0 = (@1, T2, 3, 24)), tr(z1) = j1, tr(x;) = 0,0 € {1,4},
Bojy0is = (@1, T2, X3, 24)), tr(z1) = j1, tr(x;) =0, i € {1,3},
Boojsjs = (21, Ta, 3, 24)), tr(z1) = j1, tr(x;) = 0,0 € {1,2},
Bjijajso = (1, T2, T3, ), tr(z1) = ju, tr(22) = ja, tr(zs) = Js, tr(za) = 0,
Bjjr0is = (@1, T2, T3, 24)), tr(x1) = j1, tr(xe) = jo, tr(xs) = 0, tr(zs) = Ju,
Bj0jsjs = (21, 22, 3, 24)), tr(x1) = J1, tr(xe) =0, tr(zs) = js, tr(zs) = ja,
Bojsjsis = (21, 22, 3, 24)), tr(x1) = 0, tr(xe) = jo, tr(xs) = js, tr(zs4) = ja,
By ivisjs = (21,22, 3, 24)), tr(x1) = 1, tr(xe) = jo, tr(xs) = js, tr(z4) = ja,
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we can obtain the following relationship

(3.8)

We calculate,

z : ezmtr amm5 3)

ac(H)*

4
Bl 3 Byl 4

ji=1

4 4

Jj1=172=1

4 4 4 4 4 4
29T ( - - 27.71'
E E E o = (J1t+j2+7s)
+ ‘BJUzjsO‘e 5 + ’831]2130’6 g

J1=1j2=1j3=1

|Boooo| = 0, [Bj,000] = 0, |Bj,js00] = 0,1Bj,jajs0] = 0 and |Bj, j,js5,| = 1

4
+ > [Booosse 77"

ja=1

-+ Z Z ‘BOJsjz;’eQT

Jjz3=17ja=1

Ja+ija)

(j1+73+7a)

J1=1j3=1j4=1

4 4 4
21T 27.71'
o (j1+72+74) (J2+i3+7a)
+ E E E :‘8]1]2()]4‘6 5 + "803233]4"3 5

J1=1j2=17j4=1

4 4 4 4
+ Z Z Z Z |Bj1jagsjsl€

J1=1jo=1 j3=1 js=1

=0+0..+ 24: 5 24: e’5 2

Ji=1 Jo=1

= (-)(-D)(-1)(-1) =1

Then, we find the following result.

(3.9)

Example 3. Let Cy, C, Cy, C3 are [4,

ces
2131
GO = 3
1322

and

whom(xla T, T3, 'r4) =

Jo=1j3=1j4=1

2? (J1+72+73+74)

4
E e 27 § 62?]4

Js=1 Ja=1

255
2561

U

2]-linear codes over Rs 3, with generator matri-

[0221] 1031
Glz ) GQZ )
1120 0103

[1011]
0112
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Assume that ¢ = 1 + 4uy + 4us + 4us, the generator matrix G is computed as follows

2¢ ¢ 3 €
e 3 2 2
0 2u 2u; 1wy

up w 2u; 0

Uy 0 3us  us
0 us 0 3us

us 0 Us us

0 us us 2U3

512
Ifm =0and n, = 3EE? for all c € C, then we have

Whom(c) € {6, 8,10, 14, 16}.
Furthermore ) )
2131 0000 0000 0000
1322 0000 0000 0000
2131 0221 0000 0000
1322 1120 0000 0000
2131 0000 1031 0000
1322 0000 0103 0000
2131 0000 0000 1011
1322 0000 0000 0112]

Example 4. Let Cy, Cy, Cs, Cs are [26, 4]-linear codes over R; 3, with generator ma-

trices

00142323230023014140231414
00002233112344122334001144

G, = , for 0 <i < 3.
10111111222222333333444444

O1111111111111111111111111

Assume that ¢ = 1 + 4u; + 4uy + 4us, then the generator matrix of C, is given as

|

follows

Qll

G= [a
with
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o
o n O
o

o

Ql
Il

and

3e
4e
2e

3’11,1
4’11,1
2’U,1

U1

Qll
Il

I
4ug
2uo
U2
3us
4usg
2usg

u3

o
o
o o O

)

o

o O

u2

3e

u1
3’LL1
u1
0
U2
3UQ
U2
0
us
3U3

u3

1 and n, =
If771:65

n O M
Q)

u2

u2
u2

u3

u3

u3

2e
3e

U1
2’LL1
3U1

U1

u2
2UQ
3UQ

u2
us
2u3
3U3
u3

768

4e

4U1

Uy
U1

4U2

Uu2
Uu2

4U3

u3

us

4e
2e
3e

4uq
2uq
3uq
Cal
4ug
2u9
3ug
Uz
4ug
2usg
3us

u3

2e
2e

2u1
2u1
U1
U1
QUQ
2UQ
U2
U2

2U3

u3

us

3e
3e

U1
3U1
3U1

U1

U2
3UQ
3UQ

U2

u3
3U3
3U3

u3

3e
2e

3U1
2u1
U1
U1
3U2
2U2
U2
u2
3U3
QU3
u3

us

4e
3e
3e

duq
3uy
3uy
U
4ug
RIS
3uo
Uz
4ug
3us
3us

u3

2e
3e

2u1
3U1
U1
U1
2U2
3U2
U2
U2
2U3
3U3
u3

us

4e
3e

4U1
3U1

U1

4UQ
3UQ

u2

4U3
3U3

u3

3e
3e

£
3U1
3U1
U1
U1
3U2
3U2
U2
U2
3U3
3U3
u3

us

2e

4e

2’U,1

4U1
U1

QUQ

4ug
Uz

2us
0

4ug

u3

2e
£
2e
£
2u1
U1
2U1
U1
2U2
U2
2U2
U2
QU3
u3
QU3

us

3e

4e

3U1

4U1
ul

3UQ

4usg
Uz

3us
0

4ug

u3

. . aoul, and K. ( atou
>
O HaddOUChe H ZekI

3e
9
2e
9
3U1
U1
2u1
U1
3UQ
U2
2U2
U2
3U3
u3
2U3

u3

e
e
de
e
U1
U1
4U1
U1
U2
U2
4UQ
U2
u3
us
4U3

u3

2e
2e

2u1
2u1

U1

2U2
2U2

U2

QU3
2u;3

u3

4e
e
4e
e
4U1
U1
4U1
U1
4U2
U2
4UQ
U2
4U3
u3
4U3

u3

3¢
2e

3

3U1
2u1

U1

311,2
2U2

U2

3U3
2u;3

u3

4e
4e
e
U1
4U1
4U1
U1
U2
4U2
4U2
U2
u3
4U3
4U3

u3

2e
4e
2e
€
2uq
4uq
2uq
U1
2u9
4dug
2u9
Uz
2usg
4usg
2usg

u3

4e
4e
4e

duq
duq
duq
U1
4uo
4uo
4ug
U2
4dus
4usg
4ug

u3

183}.
5, 150,

€ {75,

have wpom ()

hen

wet

forall c € C,

2557




Moreover, The generator matrix of ¥(C') is defined by V(G) = [Dl DQ} , where

Dy

and

D,

00142323230023014140231414
00002233112344122334001144
10111111222222333333444444
01111111111111111111111111
00142323230023014140231414
00002233112344122334001144
10111111222222333333444444
01111111111111111111111111
00142323230023014140231414
00002233112344122334001144
10111111222222333333444444
01111111111111111111111111
00142323230023014140231414
00002233112344122334001144
10111111222222333333444444
01111111111111111111111111

00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00142323230023014140231414
00002233112344122334001144
10111111222222333333444444
01111111111111111111111111
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000

HOMMOGENOUS WEIGHTS ON THE RING Rs5 3 = F5 4+ U1F5 + UxF5 + UsFs

00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00142323230023014140231414
00002233112344122334001144
10111111222222333333444444
01111111111111111111111111
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000

00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00142323230023014140231414
00002233112344122334001144
10111111222222333333444444
01111111111111111111111111
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4. CONCLUSION

In this paper, we considered linear codes over a specific Frobenius ring ;3 =
Fs5 + uiF5 + usF5 + ugFs, with u? = u; and 1 <7 < 3, that is endowed with duality
and distance preserving Gray map. Also, we mainly investigate the structural

properties of the constructed homogeneous weight on this ring.
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