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HOMMOGENOUS WEIGHTS ON THE RING
R5,3 = F5 + U1F5 + U2F5 + U3F5

Ouarda Haddouche, Hanifa Zekraoui, and Karima Chatouh1

ABSTRACT. In this paper, we investigate linear codes over the ring R5,3 = F5 +

u1F5 + u2F5 + u3F5, and we determine the homogeneous weight of this ring, to
derive some properties corresponding to these codes.

1. INTRODUCTION

In 1990 researchers became aware of the importance of linear codes over finite
rings in algebraic coding theory, and several mathematical techniques have been
developed. For example, the distance function in the alphabet is not given by the
usual Hamming metric but by the homogeneous weight. So the homogeneous
weight was introduced in the context of coding over the finite ring and integer
residues ring for the first time by Constantinescu and Heise [4]. Then generalized
to arbitrary finite rings by Greferath and Schmidt [5]. However, homogeneous
weight only exists over finite Frobenius rings this is what led to the work on other
rings like non-chain rings, especially in [1,2,6].

This paper aims to develop the fundamentals of linear codes over a class of finite
rings given by the following form R5,3 = F5 + u1F5 + u2F5 + u3F5, with u2

i = ui
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and uiuj = ujui = 0, for 1 ≤ i ̸= j ≤ 3. The homogeneous weight may be thought
of as a generalization of the Hamming weight for finite rings, thus we give a vast
space in the present paper to study this weight on R5,3, and to determine the
homogeneous weight on R5,3, we use the definition of homogeneous weight on
F5.

The rest of the paper is organized as follows. In Section 2, we give some
definitions and properties of linear codes over R5,3 = F5 + u1F5 + u2F5 + u3F5.
In particular, the Gray map and the Gray images and generator matrix of these
codes. In section 3, we introduce some results about the homogeneous weight
R5,3 = F5 + u1F5 + u2F5 + u3F5, we complete this section by some useful example.

2. LINEAR CODES OVER R5,3

Linear codes C of length n over R5,3, is an R5,3-module of Rn
5,3, where

(2.1) R5,3 = {ω̄i = ξi0 + u1ξ
i
1 + u2ξ

i
2 + u3ξ

i
3 | ξi0, ξi1, ξi2, ξi3 ∈ F5, 1 ≤ i ≤ 625}

is a commutative Frobenius ring with characteristics 5, where |R5,3| = 54 = 625.
Let x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) be any two elements of Rn

5,3, we
define the inner product over R5,3 as, ⟨x, y⟩R5,3 =

∑i=n
i=1 xiyi. The dual code C⊥ of

C is defined by C⊥ = {x ∈ Rn
5,3|⟨x, y⟩Rp = 0 for all y ∈ C}. If C ⊂ C⊥, we say the

code is self-orthogonal, and if C = C⊥ then, the code C is self-dual.
Following [3], the element x in R5,3 can be written by

(2.2) x = (1 + 4u1 + 4u2 + 4u3)a0 + u1(a1 + a0) + u2(a2 + a0) + u3(a3 + a0).

Let C be a linear code of length n over R5,3, there exists C0, C1, C2, C3 are linears
codes of length n over F5, in fact the code C can be uniquely expressed as

(2.3) C = (1 + 4u1 + 4u2 + 4u3)C0 ⊕ (u1)C1 ⊕ (u2)C2 ⊕ (u3)C3,

where

C0 = {a0 ∈ Fn
5 ,∃a1, a2, a3 ∈ Fn

5 , a0 + u1a1 + u2a2 + u1a3 ∈ C},

C1 = {a0 + a1 ∈ Fn
5 ,∃a2, a3 ∈ Fn

5 , a0 + u1a1 + u2a2 + u1a3 ∈ C},

C2 = {a0 + a2 ∈ Fn
5 ,∃a1, a3 ∈ Fn

5 , a0 + u1a1 + u2a2 + u1a3 ∈ C},

C3 = {a0 + a3 ∈ Fn
5 ,∃a1, a32 ∈ Fn

5 , a0 + u1a1 + u2a2 + u1a3 ∈ C}.
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Theorem 2.1. Let C = (1 + 4u1 + 4u2 + 4u3)C0 ⊕ (u1)C1 ⊕ (u2)C2 ⊕ (u3)C3 be a
linear code of length n over R5,3, then

C⊥ = (1 + 4u1 + 4u2 + 4u3)C
⊥
0 ⊕ (u1)

⊥C1 ⊕ (u2)C
⊥
2 ⊕ (u3)C

⊥
3 .

Corollary 2.1. If G0, G1, G2, G3 are generator matrices of linear codes C0, C1, C2, C3

respectively, then the generator matrix of C is

(2.4) G =


(1 + 4u1 + 4u2 + 4u3)G0

u1G1

u2G2

u3G3

 .

Example 1. Consider

G0 =

[
1 2 3

0 0 2

]
, G1 =

[
0 2 0

2 0 2

]
,

Gg2 =

[
1 4 0

0 1 2

]
, G3 =

[
1 1 0

0 1 1

]
,

are generator matrices of linear codes C0, C1, C2, C3 then the generator matrix of C
can be written as

G =



1 + 4u1 + 4u2 + 4u3 2 + 3u1 + 3u2 + 3u3 3 + 4u1 + 4u2 + 4u3

0 0 2 + 3u1 + 3u2 + 3u3

0 2 + 3u1 + 3u2 + 3u3 0

2 + 3u1 + 3u2 + 3u3 0 2 + 3u1 + 3u2 + 3u3

1 + 4u1 + 4u2 + 4u3 4 + u1 + u2 + u3 0

0 1 + 4u1 + 4u2 + 4u3 2 + 3u1 + 3u2 + 3u3

1 + 4u1 + 4u2 + 4u3 1 + 4u1 + 4u2 + 4u3 0

0 1 + 4u1 + 4u2 + 4u3 1 + 4u1 + 4u2 + 4u3


.

Next, we formulate the following definition of the Gray map

(2.5)
Ψ : R5,3 → F4

5

x 7→ Ψ(x),

with
Ψ(x = a0 + u1a1 + u2a2 + u3a3) = (a0, a0 + a1, a0 + a2, a0 + a3).

This map can be extended to
(
Rn

5,3, d
)

from (F4n
5 , dHam) .
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According to the above results, we can establish the following theorems.

Theorem 2.2. If G0, G1, G2, G3 are a generator matrices of linear codes C0, C1, C2, C3

respectively, then Ψ(G) is a generator matrix of Ψ(C)

(2.6) Ψ(G) =


G0 0 0 0

G0 G1 0 0

G0 0 G2 0

G0 0 0 G3

 .

Example 2. In R5,3, if Gi =

[
1 3

3 1

]
, are generator matrices of Ci, for i = 0, 3 then

the code Φ(C) generated by

Φ(G) =



1 3

3 1

0 0

0 0

0 0

0 0

0 0

0 0

1 3

3 1

1 3

3 1

0 0

0 0

0 0

0 0

1 3

3 1

0 0

0 0

1 3

3 1

0 0

0 0

1 3

3 1

0 0

0 0

0 0

0 0

1 3

3 1


.

Theorem 2.3. Let C = (1 + 4u1 + 4u2 + 4u3)C0 ⊕ (u1)C1 ⊕ (u2)C2 ⊕ (u3)C3 be a
linear code of length n over R5,3. Then,

(2.7) Ψ(C) = C0 ⊗ C1 ⊗ C2 ⊗ C3

and

(2.8) C = |C0||C1||C2||C3|.

Corollary 2.2. Let C be a linear code of length n over R5,3, then Φ(C⊥) = [Φ(C)]⊥.
Further, C is a self-dual code if and only if Φ(C) is a self-dual code.

Corollary 2.3. Let C = (1+4u1+4u2+4u3)C0⊕(u1)C1⊕(u2)C2⊕(u3)C3 be a linear
code of length n over R5,3, where Ci are [n, ki, di]-linear codes over F5, for 0 ≤ i ≤ 3.
Then Ψ(C) is [4n,

∑3
i=0 ki, d = min(d0, d1, d2, d3)]-linear code over F5.
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3. HOMOGENEOUS WEIGHT ON THE RING R5,3

Based on the simplistic representation of [8], we will compute the homogeneous
weight on the ring R5,3. These results will be used later on to define and examine
several applications.

The homogeneous weight ω on R5,3, with generating character χ is given by

(3.1)
ω : R5,3 −→ R

x −→ ω(x) = η.(1− 1

|R×
5,3|

.
∑

u∈R×
5,3

χ(xu)),

where R×
5,3 is the group of units of R5,3.

The method in [7], leads to

1. The finite direct sum of Frobenius rings as the Frobenius ring.
2. If the Frobenius rings R1, R2, R3, R4 each have right generating characters

χ1, χ2, χ3, χ4, then R = R1 ⊕ R2 ⊕ R3 ⊕ R4 has generating character χ =∏4
i=1 χi.

3. The generating character of

4︷ ︸︸ ︷
F5 × F5 × F5 × F5 is defined as

(3.2) χ :

4︷ ︸︸ ︷
F5 × F5 × F5 × F5 −→ T
x = (x1, x2, x3, x4) −→ χ(x) = e

2iπ
5

tr(x1+x2+x3+x4),

where tr is the function trace and T is the multiplicative group of unit
complex numbers, which is also a one-dimensional torus.

Theorem 3.1. If R1, R2, . . . , Rn are rings with identity and I an ideal in
∏n

j=1Rj,
then I =

∏n
j=1 Aj with Aj is an ideal in Rj, where

(3.3)
n∏

j=1

Rj = {(x1, x2, . . . , xn)| xj ∈ Rj}.

In this case, using similar arguments as in Theorem 3.1, we can establish the
representation of the ideals of F4

5 by the following sets.

1.

4︷ ︸︸ ︷
F5 × F5 × F5 × F5 = ⟨(x1, x2, x3, x4)⟩, x1, x2, x3, x4 ̸= 0

2. F5 × {0} × {0} × {0} = ⟨(x1, 0, 0, 0)⟩, x1 ̸= 0

3. {0} × F5 × {0} × {0} = ⟨(0, x2, 0, 0)⟩, x2 ̸= 0

4. {0} × {0} × F5 × {0} = ⟨(0, 0, x3, 0)⟩, x3 ̸= 0
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5. {0} × {0} × {0} × F5 = ⟨(0, 0, 0, x4)⟩, x4 ̸= 0

6. {(0, 0, 0, 0)} = ⟨(0, 0, 0, 0)⟩

Remark 3.1. The number of zero divisors of F5 × F5 × F5 × F5 are 16, and the
number of unites of this product are |{F5 × F5 × F5 × F5}×| = 44. Moreover the
ideals I1 = ⟨(x1, 0, 0, 0)⟩, I2 = ⟨(0, x2, 0, 0)⟩, I3 = ⟨(0, 0, x3, 0)⟩, I4 = ⟨(0, 0, 0, x4)⟩ in
F5 × F5 × F5 × F5 are maximals.

Finally, to summarize these pieces of information, we formulate the following the-
orem for calculating homogeneous weight on R5,3.

Theorem 3.2. The homogeneous weight on R5,3 is given by

ωhom(x) =


0 if x = 0

65

64
η1 if x is divisor of zero

255

256
η2 if x is unit .

Proof. Let H∈ F4
5. According to Equation 3.2, the homogeneous weight of

x = (x1, x2, x3, x4) ∈ H

is

(3.4) ωhom(x) = ηj.(1−
1

44

∑
a∈(H)×

e
2iπ
5

tr(a1x1+a2x2+a3x3+a4x4)), for j = 1, 2.

In the following, we calculate the homogeneous weight on three cases.
In case 1: if (x1, x2, x3, x4) = (0, 0, 0, 0), we have tr((0, 0, 0, 0)) = 0, and

(3.5) ωhom((0, 0, 0, 0)) = η1.(1−
1

44

∑
a∈(H)×

e0),

then

ωhom((0, 0, 0, 0)) = η1.(1−
44

44
),

so that

(3.6) ωhom((0, 0, 0, 0)) = 0.
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In case 2: if x = (x1, x2, x3, x4) ∈ H is a zero divisor. Assume that x2, x3, x4 = 0

and x1 ̸= 0 (that means x1 ∈ F∗
5) and |F∗

5| = 4, we have

tr(⟨a, x⟩R5,3) = tr(a1x1), a = (a1, a2, a3, a4) ∈ (H)×.

The number of elements ρ ∈ F∗
5, such that tr(ρ) = 0 is 0, for j = 1, 2, 3, 4, the

number of elements ϱ ∈ F∗
5, such that tr(ϱ) = j is 1. Using Equation 3.2, we obtain∑
a∈(H)×

e
2iπ
5

tr(ax) = 0 + 4
4∑

j=1

e
2iπ
5

j

= −1,

as well as

(3.7) ωhom(x1, x2, x3, x4) =
65

64
η1.

In case 3: If x = (x1, x2, x3, x4) ∈ H is a unit. Since the set (H)× form a group
under the multiplication, for 0 ≤ ji ≤ 4 and 1 ≤ i ≤ 4 .

Consider the following disjoint subsets of (H)×

B0000 = ⟨(x1, x2, x3, x4)⟩, tr(xi) = 0, i ∈ {1, 2, 3, 4},
Bj1000 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = j1, tr(xi) = 0, i ∈ {2, 3, 4},
B0j200 = ⟨(x1, x2, x3, x4)⟩, tr(x2) = j2, tr(xi) = 0, i ∈ {1, 3, 4},
B00j30 = ⟨(x1, x2, x3, x4)⟩, tr(x3) = j3, tr(xi) = 0, i ∈ {1, 2, 4},
B000j4 = ⟨(x1, x2, x3, x4)⟩, tr(x4) = j4, tr(xi) = 0, i ∈ {1, 2, 3},
Bj1j200 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = j1, tr(xi) = 0, i ∈ {3, 4},
Bj10j30 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = j1, tr(xi) = 0, i ∈ {2, 4},
Bj100j4 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = j1, tr(xi) = 0, i ∈ {2, 3},
B0j2j30 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = j1, tr(xi) = 0, i ∈ {1, 4},
B0j20j4 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = j1, tr(xi) = 0, i ∈ {1, 3},
B00j3j4 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = j1, tr(xi) = 0, i ∈ {1, 2},
Bj1j2j30 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = j1, tr(x2) = j2, tr(x3) = j3, tr(x4) = 0,

Bj1j20j4 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = j1, tr(x2) = j2, tr(x3) = 0, tr(x4) = j4,

Bj10j3j4 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = j1, tr(x2) = 0, tr(x3) = j3, tr(x4) = j4,

B0j2j3j4 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = 0, tr(x2) = j2, tr(x3) = j3, tr(x4) = j4,

Bj1j2j3j4 = ⟨(x1, x2, x3, x4)⟩, tr(x1) = j1, tr(x2) = j2, tr(x3) = j3, tr(x4) = j4,
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we can obtain the following relationship

(3.8) |B0000| = 0, |Bj1000| = 0, |Bj1j200| = 0, |Bj1j2j30| = 0 and |Bj1j2j3j4 | = 1.

We calculate,∑
a∈(H)×

e
2iπ
5

tr(⟨a,x⟩R5,3
)

= |B0000|e
2iπ
5

0 +
4∑

j1=1

|Bj1000|e
2iπ
5

j1 + · · ·+
4∑

j4=1

|B000j4 |e
2iπ
5

j4

+
4∑

j1=1

4∑
j2=1

|Bj1j200|e
2iπ
5

(j1+j2) + · · ·+
4∑

j3=1

4∑
j4=1

|B0j3j4|e
2iπ
5

(j3+j4)

+
4∑

j1=1

4∑
j2=1

4∑
j3=1

|Bj1j2j30|e
2iπ
5

(j1+j2+j3) +
4∑

j1=1

4∑
j3=1

4∑
j4=1

|Bj1j2j30|e
2iπ
5

(j1+j3+j4)

+
4∑

j1=1

4∑
j2=1

4∑
j4=1

|Bj1j20j4|e
2iπ
5

(j1+j2+j4) +
4∑

j2=1

4∑
j3=1

4∑
j4=1

|B0j2j3j4 |e
2iπ
5

(j2+j3+j4)

+
4∑

j1=1

4∑
j2=1

4∑
j3=1

4∑
j4=1

|Bj1j2j3j4|e
2iπ
5

(j1+j2+j3+j4)

= 0 + 0..+
4∑

j1=1

e
2iπ
5

j1

4∑
j2=1

e
2iπ
5

j2

4∑
j3=1

e
2iπ
5

j3

4∑
j4=1

e
2iπ
5

j4

= (−1)(−1)(−1)(−1) = 1

Then, we find the following result.

(3.9) ωhom(x1, x2, x3, x4) =
255

256
η2.

□

Example 3. Let C0, C1, C2, C3 are [4, 2]-linear codes over R5,3, with generator matri-
ces

G0 =

[
2131

1322

]
, G1 =

[
0221

1120

]
, G2 =

[
1031

0103

]
,

and

G3 =

[
1011

0112

]
.
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Assume that ε = 1 + 4u1 + 4u2 + 4u3, the generator matrix G is computed as follows

G =



2ε ε 3ε ε

ε 3ε 2ε 2ε

0 2u1 2u1 u1

u1 u1 2u1 0

u2 0 3u2 u2

0 u2 0 3u2

u3 0 u3 u3

0 u3 u3 2u3


.

If η1 = 0 and η2 =
512

255
, for all c ∈ C, then we have

whom(c) ∈ {6, 8, 10, 14, 16}.

Furthermore

Ψ(G) =



2131

1322

0000

0000

0000

0000

0000

0000

2131

1322

0221

1120

0000

0000

0000

0000

2131

1322

0000

0000

1031

0103

0000

0000

2131

1322

0000

0000

0000

0000

1011

0112


.

Example 4. Let C0, C1, C2, C3 are [26, 4]-linear codes over R5,3, with generator ma-
trices

Gi =


00142323230023014140231414

00002233112344122334001144

10111111222222333333444444

01111111111111111111111111

 , for 0 ≤ i ≤ 3.

Assume that ε = 1 + 4u1 + 4u2 + 4u3, then the generator matrix of C, is given as
follows

G =
[
G G

]
,

with
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G =



0 0 ε 4ε 2ε 3ε 2ε 3ε 2ε 3ε 0 0 2ε

0 0 0 0 2ε 2ε 3ε 3ε ε ε 2ε 3ε 4ε

ε 0 ε ε ε ε ε ε 2ε 2ε 2ε 2ε 2ε

0 ε ε ε ε ε ε ε ε ε ε ε ε

0 0 u1 4u1 2u1 3u1 2u1 3u1 2u1 3u1 0 0 2u1

0 0 0 0 2u1 2u1 3u1 3u1 u1 u1 2u1 3u1 4u1

u1 0 u1 u1 u1 u1 u1 u1 2u1 2u1 2u1 2u1 2u1

0 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1

0 0 u2 4u2 2u2 3u2 2u2 3u2 2u2 3u2 0 0 2u2

0 0 0 0 2u2 2u2 3u2 3u2 u2 u2 2u2 3u2 4u2

u2 0 u2 u2 u2 u2 u2 u2 2u2 2u2 2u2 2u2 2u2

0 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2

0 0 u3 4u3 2u3 3u3 2u3 3u3 2u3 3u3 0 0 2u3

0 0 0 0 2u3 2u3 3u3 3u3 u3 u3 2u3 3u3 4u3

u3 0 u3 u3 u3 u3 u3 u3 2u3 2u3 2u3 2u3 2u3

0 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3


and

G =



3ε 0 ε 4ε ε 4ε 0 2ε 3ε ε 4ε ε 4ε

4ε ε 2ε 2ε 3ε 3ε 4ε 0 0 ε ε 4ε 4ε

2ε 3ε 3ε 3ε 3ε 3ε 3ε 4ε 4ε 4ε 4ε 4ε 4ε

ε ε ε ε ε ε ε ε ε ε ε ε ε

3u1 0 u1 4u1 u1 4u1 0 2u1 3u1 u1 4u1 u1 4u1

4u1 u1 2u1 2u1 3u1 3u1 4u1 0 0 u1 u1 4u1 4u1

2u1 3u1 3u1 3u1 3u1 3u1 3u1 4u1 4u1 4u1 4u1 4u1 4u1

u1 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1 u1

3u2 0 u2 4u2 u2 4u2 0 2u2 3u2 u2 4u2 u2 4u2

4u2 u2 2u2 2u2 3u2 3u2 4u2 0 0 u2 u2 4u2 4u2

2u2 3u2 3u2 3u2 3u2 3u2 3u2 4u2 4u2 4u2 4u2 4u2 4u2

u2 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2 u2

3u3 0 u3 4u3 u3 4u3 0 2u3 3u3 u3 4u3 u3 4u3

4u3 u3 2u3 2u3 3u3 3u3 4u3 0 0 u3 u3 4u3 4u3

2u3 3u3 3u3 3u3 3u3 3u3 3u3 4u3 4u3 4u3 4u3 4u3 4u3

u3 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3 u3



.

If η1 = 64
65

and η2 =
768
255

, for all c ∈ C, we then have whom(c) ∈ {75, 150, 183}.



HOMMOGENOUS WEIGHTS ON THE RING R5,3 = F5 + U1F5 + U2F5 + U3F5 1113

Moreover, The generator matrix of Ψ(C) is defined by Ψ(G) =
[
D1 D2

]
, where

D1 =



00142323230023014140231414 00000000000000000000000000

00002233112344122334001144 00000000000000000000000000

10111111222222333333444444 00000000000000000000000000

01111111111111111111111111 00000000000000000000000000

00142323230023014140231414 00142323230023014140231414

00002233112344122334001144 00002233112344122334001144

10111111222222333333444444 10111111222222333333444444

01111111111111111111111111 01111111111111111111111111

00142323230023014140231414 00000000000000000000000000

00002233112344122334001144 00000000000000000000000000

10111111222222333333444444 00000000000000000000000000

01111111111111111111111111 00000000000000000000000000

00142323230023014140231414 00000000000000000000000000

00002233112344122334001144 00000000000000000000000000

10111111222222333333444444 00000000000000000000000000

01111111111111111111111111 00000000000000000000000000


and

D2 =



00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00000000000000000000000000 00000000000000000000000000

00142323230023014140231414 00000000000000000000000000

00002233112344122334001144 00000000000000000000000000

10111111222222333333444444 00000000000000000000000000

01111111111111111111111111 00000000000000000000000000

00000000000000000000000000 00142323230023014140231414

00000000000000000000000000 00002233112344122334001144

00000000000000000000000000 10111111222222333333444444

00000000000000000000000000 01111111111111111111111111
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4. CONCLUSION

In this paper, we considered linear codes over a specific Frobenius ring R5,3 =

F5 + u1F5 + u2F5 + u3F5, with u2
i = ui and 1 ≤ i ≤ 3, that is endowed with duality

and distance preserving Gray map. Also, we mainly investigate the structural
properties of the constructed homogeneous weight on this ring.
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