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A WELL-POSEDNESS RESULT FOR A STOCHASTIC CAHN-HILLIARD
EQUATION

Meryem Adja and Samira Boussaïd1

ABSTRACT. This paper is about the study of the well-posedness of a stochastic
Cahn-Hilliard equation driven by white noise induced by a Q-Brownian motion.
The proof of the existence of a unique global solution relies on the Galerkin
method together with a monotonicity method.

1. INTRODUCTION

The Cahn-Hilliard equation was presented by J. W. Cahn and J. E. Hilliard [3]
in 1958, describing spinodal decomposition of binary mixtures that apears, for
example, in cooling process of alloys, glasses or polymer mixtures. The unknown
is the concentration u which satisfies the equation

(1.1)
∂u

∂t
+∆2u+∆f(u) = 0.

The function f is the derivative of the homogeneous free energy F . In its original
form, F contains a logarithmic term with singularities, which makes the study
of this equation delicate. In some circumstances, F can be approximated by a
polynomial of even degree with a strictly positive dominant coefficient. Equation
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(1.1) has been studied by a number of researchers and the reader is refered to
[2,7,9–11,18,19,23].

In 1996 G. DaPrato and A. Debussche [6] considered a stochastic version of the
Cahn-Hilliard equation

(1.2) du+ (∆2u−∆f(u))dt = dW,

defined in a domainG = Πn
i=1]0, Li[⊂ Rn with a polynomial free energy. This equa-

tion was associated with a Neumann boundary condition or a periodic boundary
condition and supplemented with an initial condition u(0, x) = u0(x).

The existence results for Problem (1.2) was given by the Galerkin method in two
cases: the first one was when W is a cylindrical white noise process, then for any
initial data u0, F0 measurable with values in H1(G), u ∈ C ([0, T ];H1(G)) a.s. The
second result of existence was given when the Weiner process has a covariance
matrix Q satifying

(1.3) Tr(Aδ−1Q) < +∞,

for some δ > 0, where A is the realization of the Laplace operator on L2(G) with
Neumann boundary condition.

In this work we study the former problem

(P )



vt +∆2v −∆f(v) = Wt, x ∈ D, t > 0

∂v

∂ν
=
∂∆v

∂ν
= 0, x ∈ ∂D, t ≥ 0

v(x, 0) = v0(x), x ∈ D

,

where D is an open bounded set of Rn with a smooth boundary ∂D. The function
f is such that f(s) = s3 − s and the function W = W (x, t) is a Q-Brownian
motion. More precisely, let Q be a nonnegative definite symmetric operator on
L2(D), {el}l≥1 be an orthonormal basis in L2(D) diagonalizing Q and {λl}l≥1 be
the corresponding eigenvalues, so that

Qel = λlel,
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for all l ≥ 1. Since Q is of trace-class, it follows that

(1.4) TrQ =
∑∞

l=1⟨Qel, el⟩L2(D) =
∑∞

l=1 λl ≤ Λ0,

for some positive constant Λ0. We suppose furthermore that el ∈ H1(D) ∩ L∞(D),
for l = 1, 2, . . . and that there exist positive constants Λ1 and Λ2 such that

(1.5)
∑∞

l=1 λl∥el∥2L∞(D) ≤ Λ1

and

(1.6)
∑∞

l=1 λl∥∇el∥2L2(D) ≤ Λ2.

Let (Ω, F, P ) be a probability space equipped with a filtration (Ft) and {Bl(t)}l≥1

be a sequence of independent (Ft)-Brownian motions on (Ω, F, P ). The Q-Wiener
process W is defined by

(1.7) W (x, t) =
∑∞

l=1Bl(t)Q
1/2el(x) =

∑∞
l=1

√
λlBl(t)el(x),

in L2(D). We recall that a Brownian motion B(t) is called an (Ft) Brownian motion
if it is Ft−adapted and the increment B(t) − B(s) is independent of Fs for every
0 ≤ s < t. where ν is the outer normal vector to ∂D.

The initial function v0 is such that v0 ∈ L2(D).

We denote by m(v) =
1

|D|
∫
D
v(x)dx and define the following spaces H = {v ∈

L2(Ω × D),m(v) = 0}, V = {v ∈ H2(D),
∂v

∂ν
= 0 on ∂D} and Z = V ∩ L4(D),

where ∥.∥ is the norm corresponding to the space H. We also define ⟨., .⟩Z∗,Z as
the duality product between Z and its dual space Z∗ = V ∗ + L

4
3 (D). The proof of

the existence and uniqueness of the solution of Problem (P ) is based on a Galerkin
method together with a monotonicity argument simillar to that used in [16].

The rest of this paper is organized as follows: In section 2 a stochastic aux-
iliary problem is introduced with a change of function to obtain an equation
without the noise term, which simplifies later the use of the Galerkin method.
Then the existence and uniqueness of the solution of the auxiliary problem is
proved. In section 3, uniform bounds are obtained for the approximate solution in
L∞(0, T ;H) ∩ L2(Ω × (0, T );V ) ∩ L4(Ω × D × (0, T )), to deduce that the approx-
imate weak solution converges weakly along a subsequence to a limit. After that
the limit of the reaction term should be identified by the monotonicity method.
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Finally the uniqueness of the weak solution which in turn implies the convergence
of the whole sequence is proved.

2. A PRELIMINARY CHANGE OF FUNCTIONS

Define the linear unbounded operator on H by

Av = −∆v, v ∈ D(A) = V,

and consider the linear equation

(P1)



∂WA

∂t
+ A2WA = Wt, x ∈ D, t > 0

∂WA

∂ν
=
∂AWA

∂ν
= 0, x ∈ ∂D, t ≥ 0

WA(x, 0) = 0, x ∈ D

.

Definition 2.1. We say that WA is a strong solution of Problem (P1) if

(i)WA ∈ L∞(0, T ;L2(Ω×D)) ∩ L2(Ω× (0, T );H2(D));

(ii)WA ∈ L2(Ω;C([0, T ];L2(D)));

(iii)WA satisfies a.s. for all t ∈ (0, T ) the problem
WA(t) = −

∫ t

0

A2WA(s)ds+W (t), in L2(D),(2.1)

∂WA

∂ν
=
∂AWA

∂ν
= 0, in suitable sense of trace on ∂D.

The unique solution WA of Problem (P1) exists strongly, more precisely

(2.2) WA ∈ L∞(0, T ;L4(Ω×D)).

A result of existence and uniqueness of the solution WA of Problem (P1) will be
proved in this section. To that puropose some a priori estimates for a Galerkin
approximation in L∞(0, T ;L2(Ω×D))∩L2(Ω×(0, T );H1(D))∩L2(Ω×(0, T );H2(D))

as in [13](p.2363 (2.13)) will be used.

Theorem 2.1. There exists a unique solution to Problem (P1).

Proof. We use a Galerkin approximation. Let m ∈ N and define Pm as the orthog-
onal projection on Hm = span{ω1, . . . , ωm}, where Pma :=

∑m
j=1(

∫
D
aωj)ωj for
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a ∈ L2(D). The Galerkin approximation of WA is given by Wm
A = PmWA, such that

(2.3) Wm
A (t) = −

∫ t

0

Pm[A
2Wm

A (s)]ds+
m∑
l=1

Pm(
√
λlel)βl(t) a.s.

Note that (cf. [4] p.193)

(2.4) ∥Pma∥H1(D) ≤ ∥a∥H1(D)

and that (cf. [13] Remark 2.3)

(2.5) Pma −→ a, in H1(D) as m −→ ∞.

This implies in particular that

(2.6) Pma −→ a, in L2(D) as m −→ ∞.

In addition

(2.7) PmAum = Aum.

The next Lemma gives a priori estimates for a Galerkin approximation.

Lemma 2.1. There exists a positive constant K such that

sup
t∈(0,T )

E
∫
D

(Wm
A )2dx ≤ K,(2.8)

E
∫ T

0

∫
D

(Wm
A )2dxdt ≤ K,(2.9)

E
∫ T

0

∫
D

|AWm
A |2dxdt ≤ K,(2.10)

E
∫ T

0

∥Pm(A
2Wm

A )∥2L2(D) ≤ K.(2.11)

Proof. Recall that Itô’s formula is established, as in [20] p 16-17, which is based
on [14] (p 153, Theorem 3.6). It is applicable to systems of stochastic ordinary dif-
ferential equations (S.O.D.E), presented in the following Lemma, which is equiva-
lent to Lemma 1.5.3 of [8].
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Lemma 2.2. For a smooth vector function h and an adapted process (g(t), t ≥ 0)

with
∫ T

0
|g(t)|dt <∞ a.s., set

X(t) :=

∫ t

0

g(s)ds+

∫ t

0

hdW (s), 0 ≤ t ≤ T, for all T > 0,

where h is a vector of components hl, l = 1, ..,m and dW is a vector of components
dβl, l = 1, ..,m with βl a one-dimensional Brownian motion. Then, for F twice
continuously differentiable in X and continuously differentiable in t, one has

F (t,X(t)) = F (0, X(0)) +

∫ t

0

Ft(s,X(s))ds+

∫ t

0

Fx(X(s))g(s)ds(2.12)

+

∫ t

0

Fx(X(s))h(s)dW (s) +
1

2

m∑
l=1

∫ t

0

Fxx(X(s))h2l ds.

Next we apply Lemma (2.2) to equation (2.3) with hdW =
∑m

l=1 Pm

√
λleldβl(s)

and hl = Pm

√
λlel. Supposing that F does not depend on time and setting

X(t) =Wm
A (t),

F (X(t)) =(X(t))2,

Fx(X(t)) =2X(t),

Fxx(X(t)) =2,

g(s) =− Pm(A
2Wm

A (s)),

where in this case F does not depend on t. We integrate on D and we obtain
almost surely, for all t ∈ [0, T ]∫

D

Wm
A (x, t)2dx = −2

∫ t

0

∫
D

Wm
A Pm[A

2Wm
A (s)]dxds

+ 2
m∑
l=1

∫ t

0

∫
D

Wm
A Pm(

√
λlel)dxdβl(s)(2.13)

+

∫ t

0

m∑
l=1

∥Pm(
√
λlel)∥2L2(D)dxds.

Substituting (2.7) into (2.13) and taking the expectation with the relation
2E[

∑m
l=1

∫ t

0

∫
D
Wm

A

√
λleldxdβl(s)] = 0 ( [15] Theorem (2.3.4) p 11), we obtain
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E∥Wm
A (t)∥2L2(D) + 2E

∫ t

0

∫
D

(AWm
A (s))2dxds

= E
∫ t

0

m∑
l=1

∥Pm(
√
λlel)∥2L2(D)dxds.

(2.14)

Using (2.4), (1.4) and (1.6) yields

(2.15)
m∑
l=1

∥Pm(
√
λlel)∥2L2(D) ≤

m∑
l=1

(∥
√
λlel∥2L2(D)+∥∇(

√
λlel)∥2L2(D)) ≤ (Λ0+Λ2).

Taking the supremum of equation (2.14) and substituting (2.15) into (2.14) we
obtain

sup
t∈(0,T )

E∥Wm
A (t)∥2L2(D) ≤ T (Λ0 + Λ2) ≤ K.

This completes the proof of (2.8).
From equation (2.3), we have for x ∈ D

AWm
A (t) = −

∫ t

0

A{Pm(A
2Wm

A )}ds+
m∑
l=1

∫ t

0

A{Pm[
√
λlel]}dβl(s).(2.16)

Fix x ∈ D and apply again Itô’s formula in Lemma (2.2) to the integral equation
(2.16), for hdW = −

∑m
l=1A{Pm

√
λlel}dβl(s) and hl = −A{Pm

√
λlel}

X(t) = −AWm
A (x, t),

F (X(t)) = (X(t))2,

Fx(X(t)) = 2X(t),

Fxx(X(t)) = 2,

g(s) = A{Pm(A
2Wm

A (x, s))}.

After integrating over D, we obtain almost surely, for all t ∈ [0, T ]∫
D

(AWm
A (x, t))2dx = −2

∫ t

0

∫
D

A2Wm
A (x, s)PmA

2Wm
A (x, s)dxds

− 2
m∑
l=1

∫ t

0

∫
D

∇(AWm
A (x, s))∇{Pm(

√
λlel)}dxdβl(s)

+
m∑
l=1

∫ t

0

∫
D

|∇Pm(∇(
√
λlel))|2dxds.
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In view of (2.7) and (2.4) we have that∫
D

(AWm
A (t))2dx ≤ −2

∫ t

0

∥PmA
2Wm

A (s)∥2L2(D)ds

− 2
m∑
l=1

∫ t

0

∫
D

∇(AWm
A (x, s))∇{Pm(

√
λlel)}dxdβl(s)(2.17)

+
m∑
l=1

∫ t

0

∫
D

|∇(∇(
√
λlel))|2dxds.

Thus, taking the expectation of (2.17) and using (1.6) knowing that

E[
m∑
l=1

∫ t

0

∫
D

∇(AWm
A (x, s))∇{Pm(

√
λlel)}dxdβl(s)] = 0,

we obtain

E
∫
D

(AWm
A (t))2dx+ E

∫ t

0

∥PmA
2Wm

A (s)∥2L2(D)ds

≤ Λ2

m∑
l=1

E
∫ t

0

∥∇(
√
λlel)∥2L2(D)ds.

(2.18)

Adding (2.14) to (2.18), using again (2.4) and (1.6) yields

E
∫
D

(AWm
A (t))2dx+ E∥Wm

A (t)∥2L2(D)

+ 2E
∫ t

0

∫
D

(AWm
A (s))2dxds+ 2E

∫ t

0

∥PmA
2Wm

A (s)∥2L2(D)ds

≤ E
∫ t

0

m∑
l=1

∥Pm(
√
λlel)∥2L2(D)dxds+ Λ2

m∑
l=1

E
∫ t

0

∥∇(
√
λlel)∥2L2(D)ds

≤ c0E
∫ t

0

(
m∑
l=1

λl∥el∥2L2(D) +
m∑
l=1

λl∥∇el∥2L2(D))ds

≤ c0T (Λ0 + Λ2),

where c0 = max(1; Λ2). Which completes the proof of (2.9)-(2.11) and ends the
proof of Lemma (2.1).

□
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Hence there exists a subsequence which we denote again by Wm
A and a function

WA ∈ L2(Ω× (0, T );H2(D))
⋂
L∞(0, T ;L2(Ω×D)) such that as m −→ ∞

Wm
A ⇀WA, weakly in L2(Ω× (0, T );H2(D)),(2.19)

Wm
A ⇀WA, weakly star in L∞(0, T ;L2(Ω×D)),(2.20)

PmA
2Wm

A ⇀ A2WA, weakly in L2(Ω× (0, T );L2(D)).(2.21)

In addition, we have the following result.

Lemma 2.3. [8]

(2.22)
m∑
l=1

Pm(
√
λlel)βl(t) −→

∞∑
l=1

√
λlelβl(t), in L∞((0, T );L2(Ω;L2(D))),

as m −→ ∞.

Let y be an arbitrary bounded random variable and let ψ be an arbitrary bounded
function on (0, T ). We multiply equation (2.3) by the product yψ, integrate on D

between 0 and T and take the expectation to obtain

E
∫ T

0

∫
D

yψ(t)Wm
A wjdxdt = E

∫ T

0

yψ(t){−
∫ t

0

⟨Pm(A
2Wm

A ), wj⟩ds}dt

+ E
∫ T

0

yψ(t){
∫
D

m∑
l=1

Pm(
√
λlel)βl(t)wjdx}dt.

Passing to the limit when m −→ ∞, using (2.19)-(2.22) (where the linear combi-
nitions of wj are dense in H2(D)), yields

E
∫ T

0

∫
D

yψ(t)WAw̃dxdt = −E
∫ T

0

yψ(t){
∫ t

0

⟨A2WA, w̃⟩ds}dt

+ E
∫ T

0

yψ(t){
∫
D

∞∑
l=1

(
√
λlel)βl(t)w̃dx}dt,

for all w̃ ∈ H2(D). Therefore, we deduce that

(2.23) WA(t) = −
∫ t

0

A2WA(s)ds+
∞∑
l=1

√
λlelβl(t), on Ω× (0, T )×D.

One finally concludes that WA satisfies Definition (2.1).
We prove bellow that WA is in L∞(0, T ;L4(Ω × D)) (this result is based on [1]

and [8]).
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Theorem 2.2. Let WA be a solution of Problem (P1) then WA ∈ L∞(0, T ;L4(Ω×D)).

Proof. We define the function Φk : R → R for all positive constant k, by

Φk(y) =

{
|y|4, if 0 ≤ |y| < k

6k2y2 − 8k3|y|+ 3k4, if k ≤ |y|
,

where Φk is a convex C2 function and Φ′
k is a Lipschitz-continuous function with

Φ′
k(0) = 0. The function Φk satisfies

0 ≤ Φ′
k(y) ≤ c(k)y and 0 ≤ Φk(y) =

∫ y

0

Φ′
k(ζ)dζ ≤

c(k)

2
y2for all y ∈ R+.

Then, we deduce from the Definition (2.1) (i) that

E
∫
D

Φk(WA(x, t))dx ≤ c(k)

2
E
∫
D

W 2
A(x, t)dx ≤ c̄(k), for a.e. t ∈ [0, T ].

Lemma 2.4.

(i) One has 0 ≤ Φ′′
k(y) ≤ c(k) for all y ∈ R where ck is a positive constant

depending on k.
(ii) For any y ∈ R, one has 0 ≤ Φ′′

k(y) ≤ 12(1 + Φk(y)).

Proof. (i) We have

Φ′′
k(y) =

 12|y|2, if 0 ≤ |y| < k

12k2, if k ≤ |y|
.

Thus Φ′′
k(y) ≤ 12k2 =: ck.

(ii) If |y| < k, Φ′′
k(y) = 12|y|2. But if 1 ≤ |y| < k, |y|2 ≤ |y|4 which gives the result

and if 0 ≤ |y| < 1, |y|4 ≤ |y|2 < 1 then |y|2 ≤ 1 + |y|4. If |y| ≥ k, Φ′′
k(y) − 12(1 +

Φk(y)) ≤ 0. □

Lemma 2.5. Let h be an L2(D)-valued progressively measurable Bochner integrable
process. Consider the following well defined process

X(t) =

∫ t

0

h(s)ds+W (t), t ∈ [0, T ].
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Assume that a function F : [0, T ] × L2(D) −→ R and its partial derivatives Ft,
Fx, Fxx are uniformly continuous on bounded subsets of [0, T ] × L2(D) and that
F (X(0), 0) = 0. Then, a.s. for all t ∈ [0, T ]

F (t,X(t)) =

∫ t

0

Ft(s,X(s))ds+

∫ t

0

⟨Fx(s,X(s)), h(s)⟩L2(D)ds

+

∫ t

0

⟨Fx(s,X(s)), dW (s)⟩L2(D)ds+
1

2

∫ t

0

Tr[Fxx(s,X(s))Q]ds,

where

Tr[Fxx(X(s))Q] =
∞∑
l=1

⟨Fxx(s,X(s))Qel, el⟩L2(D)

and
⟨u, v⟩L2(D) =

∫
D

u(x)v(x)dx,

where TrA =
∑∞

l=1⟨Ael, el⟩L2(D) is a bounded linear operator on L2(D).

Applying Lemma 2.5 to equation (2.1), with the supposition that F does not
depend on time and setting

X(t) = WA(t),

F (X(t)) =

∫
D

Φk(X(t))dx,

Fx(X(t)) = Φ′
k(X(t)),

h = −A2WA,

Fxx(X(t)) = Φ′′
k(X(t)).

Taking the expectation, applying Green’s formula and considering the fact that
E
∫ t

0

∫
D
Φ′

k(WA)dW (s) = 0 (see [15] Theorem (2.3.4) p 11), gives

E
∫
D

Φk(WA(t))dx ≤ 1

2
Λ1E

∫ t

0

∫
D

Φ′′
k(WA(t))dxds.

Using Lemma (2.4) (ii) and the Gronwall’s Lemma we obtain

E
∫
D

Φk(WA(t))dx ≤ 6Λ1t|D| exp(6Λ1t).

Since Φk(WA(x, t)) converges to |WA(x, t)|4 for a.e. x and t when k goes to infinity,
it follows from Fatou’s Lemma for all t > 0 that
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E
∫
D

|WA(x, t)|4dx = lim
k→∞

inf E
∫
D

Φk(WA(x, t))dx ≤ 6Λ1t|D| exp(6Λ1t).

Therefore, WA ∈ L∞((0, T );L4(Ω×D)). □

To prove the uniqueness of the solution WA of Problem (P1), suppose the exis-
tence of two solutions of Problem (P1), W 1

A = W 1
A(ω, x, t) and W 2

A = W 2
A(ω, x, t)

satisfying

W i
A(ω, ., .) ∈ L∞(0, T ;L2(D)) ∩ L2(0, T ;H2(D)), for i = 1, 2.

So in L2(D × (0, T ))

W 1
A −W 2

A = −
∫ t

0

{A2W 1
A(s)− A2W 2

A(s)}ds.(2.24)

Taking the duality product of this equation with W 1
A − W 2

A ∈ L2((0, T );H2(D))

gives

∥W 1
A −W 2

A∥2L2(D) ≤ −
∫ t

0

∥A(W 1
A −W 2

A)∥2L2(D),(2.25)

which implies that
W 1

A = W 2
A a.e. in D × (0, T ).

This completes the proof of Theorem (2.1). □

We perform the change of functions u(t) := v(t) −WA(t), then v is a solution of
(P ) if and only if u satisfies

(P2)



∂u

∂t
+∆2u−∆f(u+WA) = 0, x ∈ D, t > 0

∂(u+WA)

∂ν
=
∂∆(u+WA)

∂ν
= 0, x ∈ ∂D, t ≥ 0.

u(x, 0) = v0(x), x ∈ D

This model is mass conserved, namely

1

|D|

∫
D

u(x, t)dx =
1

|D|

∫
D

v0(x)dx, a.s. for a.e. t ∈ R+.

The function f satisfies the following hypotheses

(H1) −C3s
4 − C4 ≤ −f(s)s ≤ −C1s

4 + C2,
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(H2) |f(s)| ≤ C5|s|3 + C6,
(H3) f

′(s) ≥ C
′
1s

2 − C
′
2,

(H4) |f ′(s)| ≤ C
′
3s

2 + C
′
4,

(H5) f
′(s) > C

′
5,

for Ci > 0, ∀i = 1, · · · , 6 and C ′
j > 0, ∀j = 1, · · · , 5.

Definition 2.2. We say that u is a solution of Problem (P2) if

(i) u ∈ L∞(0, T ;H) ∩ L2(Ω× (0, T );V ) ∩ L4(Ω× (0, T )×D);

(ii) u satisfies almost surely the problem, for all t ∈ (0, T ):

(2.26)



u(t) = v0 −
∫ t

0

∆2uds+

∫ t

0

∆f(u+WA)ds,

in the sense of distributions,

∂(u+WA)

∂ν
=
∂∆(u+WA)

∂ν
= 0,

in a suitable sense of trace on ∂D.

3. EXISTENCE AND UNIQUENESS OF A SOLUTION OF PROBLEM (P2)

3.1. Existence of a solution to Problem (P2).
The following theorem contains the main result of this paper.

Theorem 3.1. There exists a unique solution of Problem (P2).

Proof. We apply the Galerkin method to prove the existence of a solution to Prob-
lem (P2).

Denote by 0 < γ1 < γ2 ≤ . . . ≤ γk̃ ≤ . . . the eignvalues of the operator −∆

with homogenous boundary conditions and by wk̃, k̃ = 0, . . . the corresponding
unit eigenfunctions in L2(D). Note that they are smooth functions.

We look for an approximate solution of the form

um(x, t) =
m∑
i=1

dim(t)wi,

such that the function um satisfies the equations∫
D

∂um(x, t)

∂t
widx+

∫
D

∆2umwidx−
∫
D

∆f(um +WA)widx = 0,(3.1)
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for all i = 1, . . . ,m. Remark that um(x, 0) =
∑m

i=1⟨v0, wi⟩wi converges strongly to
v0 in L2(D) as m→ ∞.

Problem (3.1) is an initial value problem for a system of m ordinary differential
equations. So that, it has a unique solution on some interval (0, Tm), Tm > 0. We
multiply (3.1) by dim = dim(t) and sum on i = 1, . . . ,m to obtain∫

D

∂um(x, t)

∂t
umdx+

∫
D

∆2umumdx =

∫
D

∆f(um +WA)umdx,(3.2)

an integration by parts yields

1

2

d

dt

∫
D

u2mdx+

∫
D

(∆um)
2dx =

∫
D

f(um +WA)∆umdx.(3.3)

Using the Green’s formula and by the Neumann boundary condition we have∫
D

f(um +WA)∆umdx =−
∫
D

f ′(um +WA)|∇um|2

−
∫
D

f ′(um +WA)∇um∇WAdx

= I1 + I2.

For I1 an application of (H3) and the Poincare’s inequality: {∃C ′
= CΩ > 0 :∫

D
u2mdx ≤ C

′ ∫
D
|∇um|2} yields

I1 ≤ −C
′
1

C ′

∫
D

u4mdx+
C

′
1

C ′

∫
D

u2mW
2
Adx+

∫
D

|(2C
′
1

C ′ WA)um +
C

′
2

C ′ |u2mdx

and by Cauchy Shwartz’s inequality and Young’s inequality it will be

I1 ≤ −C
′
1

C ′

∫
D

u4mdx+ (
3

2
+ ε)

∫
D

u4mdx+
1

2
[(
C

′
1

C ′ )
2

+ 2(
C

′
1

C ′ )
4]

∫
D

W 4
Adx+ [Cε +

1

2
(
C

′
2

C ′ )
4]|D|.

Moreover by (H5), Green’s formula and Young’s inequality I2 satifies

I2 ≤ ε

∫
D

(∆um)
2dx+

(C
′
5)

4

2

∫
D

W 4
Adx+ Cε|D|.
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Thus

I1 + I2 =

∫
D

f(um +WA)∆um

≤ −(
C

′
1

C ′ −
3

2
− ε)

∫
D

u4mdx+ ε

∫
D

(∆um)
2dx+ [

(C
′
5)

4

2
+

1

2
(
C

′
1

C ′ )
2

+
1

2
(
C

′
1

C ′ )
4]

∫
D

W 4
Adx+ [

1

2
(
C

′
2

C ′ )
4 + 2Cε]|D|,

where ε > 0 is given such that (
C

′
1

C′ − 3
2
− ε) > 0. Set C̃ε =

C
′
1

C′ − 3
2
− ε, C̃1 =

(C
′
5)

4

2
+ 1

2
(
C

′
1

C′ )2 + 2(
C

′
1

C′ )4, C̃2 =
1
2
(
C

′
2

C′ )4 + 2Cε, to conclude that∫
D

f(um +WA)∆um ≤ −C̃ε

∫
D

u4mdx+ ε

∫
D

(∆um)
2dx

+ C̃1

∫
D

W 4
Adx+ C̃2|D|,

(3.4)

then (3.3) will be

1

2

d

dt

∫
D

u2mdx+ C̄ε

∫
D

(∆um)
2dx+ C̃ε

∫
D

u4mdx ≤ C̃1

∫
D

W 4
Adx+ C̃2|D|,(3.5)

with ε > 0 is such that C̄ε = 1− ε, (ε < 1 and ε <
C

′
1

C′ − 3
2
).

(i) A priori estimates
In what follows, we derive a priori estimates for the function um.

Lemma 3.1. There exists a positive constant ϱ such that

sup
t∈[0,T ]

E
(∫

D

(um)
2dx

)
≤ ϱ,(3.6)

E
(∫ T

0

∫
D

|∆um|2dxdt
)

≤ ϱ,(3.7)

E
(∫ T

0

∫
D

(um)
4dxdt

)
≤ ϱ,(3.8)

E
(∫ T

0

∫
D

(∆f(um +WA))
4
3dxdt

)
≤ ϱ.(3.9)
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Proof. Integrating in time (3.5) and taking the expectation, we deduce thanks to
(2.2) that for all t ∈ [0, T ]

1

2
E
(∫

D

u2m(t)dx

)
+ C̄εE

(∫ t

0

∫
D

(∆um)
2dxds

)
+ C̃εE

(∫ t

0

∫
D

u4mdxds

)
≤ 1

2
∥u0|2L2(D)dx+ C̃2|D|T + c̃1T ≤ K,

thus

E
(∫

D

u2m(t)dx

)
≤ 2K, ∀t ∈ [0, T ],

E
(∫ T

0

∫
D

(∆um)
2dxdt

)
≤ K

C̄ε

,

E
(∫ T

0

∫
D

u4mdxds

)
≤ K

C̃ε

.

Therefore um is bounded independently of m in L∞((0, T );H)∩L2(Ω×(0, T );V )∩
L4(Ω×D × (0, T )).

By hypothesis (H2) we deduce that

E
(
∥f(um +WA)∥

4
3

L
4
3 (D×(0,T ))

)
≤ 2

1
3E

(∫ T

0

∫
D

C̃5

[
(|um|+ |WA|)3

] 4
3 dxdt

)
+ C̃6|D|T,

where C̃5 = C
4/3
5 and C̃6 = 2

1
3 × C̃6

4/3
. By Minkowski’s inequality for c5 = 2

1
3 × C̃5

E
(
∥f(um +WA)∥

4
3

L
4
3 (D×(0,T ))

)
≤ c5E

(∫ T

0

∫
D

|um|4dxdt
)

+ c5E
(∫ T

0

∫
D

|WA|4dxdt
)
+ C̃6|D|T.

In view of (3.8) and (2.2) we have

E
(
∥f(um +WA)∥

4
3

L
4
3 (D×(0,T ))

)
≤ K1.

Then

E
(
∥∆f(um +WA)∥

4
3

L
4
3 (D×(0,T ))

)
≤ K1.

□
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Hence there exists a subsequence which we denote again by {um} and a function
u ∈ L2(Ω× (0, T );V ) ∩ L4(Ω×D × (0, T )) ∩ L∞(0, T ;H) such that as m −→ ∞

um ⇀ u weakly in L2(Ω× (0, T );V ) and L4(Ω× (0, T )×D),(3.10)

um ⇀ u weakly star in L∞(0, T ;H),(3.11)

∆f(um +WA)⇀ ∆χ in L
4
3 (Ω× (0, T )×D).(3.12)

Integrating in time equation (3.1) yields∫
D

um(x, t)wj =

∫
D

um(0)wjdx−
∫ t

0

⟨∆2um, wj⟩(3.13)

+

∫ t

0

∫
D

∆f(um +WA)wjdxds,

for all j = 1, . . . ,m. Let y = y(ω) be an arbitrary bounded random variable and let
ψ be an arbitrary bounded function on (0, T ). We multiply equation (3.13) by the
product yψ, integrate between 0 and T and take the expectation to deduce that

E
∫ T

0

∫
D

yψ(t)um(t)wjdxdt

= E
∫ T

0

∫
D

yψ(t)um(0)wjdxdt

− E
∫ T

0

yψ(t){
∫ t

0

⟨∆2um, wj⟩ds}dt(3.14)

+ E
∫ T

0

yψ(t){
∫ t

0

∫
D

∆f(um +WA)wjdxds}dt.

for all j = 1, . . . ,m. Next we pass to the limit in (3.14) (we only give the proof of
convergence for the last term using the a priori estimates and Hölder’s inequality)
to get

|ψ(t)E
∫ t

0

∫
D

∆f(um +WA)ywjdxds|

≤ ∥y∥L∞(Ω)|ψ(t)|
(
E
∫ t

0

∫
D

|∆f(um +WA)|
4
3dxds

) 3
4
(
E
∫ t

0

∫
D

|wj|4dxds
) 1

4

≤ C̄∥y∥L∞(Ω)∥ψ∥L∞(0,T ).
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This shows that |ψ(t)E
∫ t

0

∫
D
∆f(um + WA)ywjdxds| is uniformly bounded by a

function belonging to L1(0, T ). In addition using (3.12) we have that

ψ(t)E
∫ t

0

∫
D

∆f(um +WA)ywjdxds −→ ψ(t)E
∫ t

0

∫
D

∆χywjdxds

for a.e. t ∈ (0, T ). Applying Lebesgue’s dominated convergence gives

lim
m−→+∞

∫ T

0

ψ(t)dtE
∫ t

0

∫
D

∆f(um +WA)ywjdxds

=

∫ T

0

lim
m−→+∞

ψ(t)E
∫ t

0

∫
D

∆f(um +WA)ywjdxdsdt

= E
∫ T

0

yψ(t)dt{
∫ t

0

∫
D

∆χwjdxds}.

Performing a similar proof for each term in (3.14), passing to the limit by using
Lebesgue’s dominated convergence Theorem, yields

E
∫ T

0

∫
D

yψ(t)u(t)wjdxdt

= E
∫ T

0

∫
D

yψ(t)v0wjdxdt(3.15)

− E
∫ T

0

yψ(t){
∫ t

0

⟨∆2u,wj⟩ds}dt

+ E
∫ T

0

yψ(t){
∫ t

0

∫
D

∆χwjdxds}dt, for all j = 1, . . . .,m.

We remark that the linear combinations of wj are dense in V ∩ L4(D), so that

E
∫ T

0

∫
D

yψ(t)u(t)w̃dxdt = E
∫ T

0

∫
D

yψ(t)v0w̃dxdt

− E
∫ T

0

yψ(t){
∫ t

0

⟨∆2u, w̃⟩ds}dt+ E
∫ T

0

yψ(t){
∫ t

0

∫
D

∆χw̃dxds}dt,

for all w̃ ∈ V ∩ L4(D), y ∈ L∞(Ω) and ψ ∈ L∞(0, T ). This implies that for a.e.
(w, t) ∈ Ω× (0, T )

⟨u(t), w̃⟩ = ⟨v0, w̃⟩ −
∫ t

0

⟨∆2u, w̃⟩ds+
∫ t

0

⟨∆χ, w̃⟩ds(3.16)

for all w̃ ∈ V ∩ L4(D).
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Lemma 3.2. [22] The function u is such that u ∈ C([0, T ];L2(D)) a.s.

It remains to prove that ⟨∆χ, w̃⟩ = ⟨∆f(u +WA(t)), w̃⟩, for all w̃ ∈ V ∩ L4(D);
which is by the monotonicity method.

(ii) The monotonicity argument
Let ω be such that ω ∈ L2(Ω× (0, T );V )∩L4(Ω× (0, T )×D) and let c be a positive
constant which will be fixed later. We define

Om = E[
∫ T

0

exp(−cs){2⟨−∆2um − (−∆2ω), um − ω⟩Z⋆,Z

+ 2⟨∆f(um +WA)−∆f(ω +WA), um − ω⟩Z⋆,Z

− c∥um − ω∥2}ds]

= J1 + J2 + J3,

where

J1 = E
∫ T

0

exp(−cs){2⟨−∆2um − (−∆2ω), um − ω⟩Z⋆,Z}ds,

J2 = E
∫ T

0

exp(−cs){2⟨∆f(um +WA)−∆f(ω +WA), um − ω⟩Z⋆,Z}ds,

J3 = E
∫ T

0

exp(−cs){−c∥um − ω∥2}ds.

Lemma 3.3.
Om ≤ 0.

Proof. First we estimate J1

J1 = E
∫ t

0

exp(−cs){−2⟨∆um −∆ω,∆um

−∆ω⟩Z⋆,Z} = −2E
∫ T

0

exp(−cs)∥∆(um − ω)∥2 ≤ 0.

To estimate J2, we use the Green’s formula and (H5), where

J2 = −2E
∫ T

0

exp(−cs)⟨f ′(um +WA)∇(um +WA)

− f ′(ω +WA)∇(ω +WA),∇um −∇ω⟩Z⋆,Zds

≤ −2C
′

5E
∫ T

0

exp(−cs)||∇(um − ω)||2ds ≤ 0.
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Finally,

J3 = −cE
∫ T

0

exp(−cs)∥um − ω∥2ds ≤ 0.

□

We integrate in time equation (3.1) to obtain∫
D

um(x, T )wjdx =

∫
D

um(0)wjdx−
∫ T

0

⟨∆2um, wj⟩(3.17)

+

∫ T

0

∫
D

∆f(um +WA)wjdxdt,

for all j = 1, . . . ,m. Next we recall a chain rule formula, which can be viewed as a
simplified Itô’s formula.

Proposition 3.1. Let X be a real valued function such that

X(t) = X(0) +

∫ t

0

h(s)ds, 0 ≤ s ≤ t

and suppose that h is measurable in time such that h ∈ L1(0, T ). Suppose that the

function F : [0, T ] × R → R and its partial derivatives
∂F

∂t
and

∂F

∂X
are continuous

on [0, T ]× R. Then for all t ∈ [0, T ]

F (t,X(t)) = F (0, X(0)) +

∫ t

0

∂F

∂t
(s,X(s))ds+

∫ t

0

∂F

∂X
(s,X(s))h(s)ds.(3.18)

Applying (3.18) to the m equations in (3.17) with

Xj =

∫
D

umwj, j = 1, . . . ,m, F (s, q) = exp(−cs)q2

and
h(s) = ⟨−∆2um + f(um +WA), wj⟩Z⋆,Z ,

gives

exp(−cT )(
∫
D

um(x, T )wj)
2

= (

∫
D

um(0)wj)
2 − c

∫ T

0

exp(−cs)(
∫
D

umwj)
2ds−(3.19)
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− 2

∫ T

0

exp(−cs){
∫
D

umwj}⟨∆2um, wj⟩+

+ 2

∫ T

0

exp(−cs){
∫
D

umwj}⟨f(um +WA), wj⟩,

for all j = 1, . . . ,m.

In what follows, we will use the identity

Lemma 3.4. Let F ∈ Z⋆ and Bm =
∑m

j=1⟨Bm, wj⟩wj. Then

(3.20)
m∑
j=1

⟨F,wj⟩⟨Bm, wj⟩ = ⟨F,Bm⟩.

Summing each term of (3.19) on j = 1, . . . ,m and applying (3.20) yields

exp(−cT )
m∑
j=1

⟨um(x, T ), wj⟩⟨um(x, T ), wj⟩ = exp(−cT )||um(x, T )||2.

Doing the same to obtain ||um(0)||2 and −c
∫ T

0
exp(−cs)||um(s)||2ds. Also

−2

∫ T

0

exp(−cs)
m∑
j=1

⟨um, wj⟩⟨∆2um, wj⟩ = −2

∫ T

0

exp(−cs)⟨∆2um, um⟩

and

2

∫ T

0

exp(−cs)
m∑
j=1

⟨um, wj⟩⟨∆f(um +WA), wj⟩

= 2

∫ T

0

exp(−cs)⟨um,∆f(um +WA)⟩.

Then

E(exp(−cT )∥um(T )∥2) = E(∥um(0)∥2)− cE(
∫ T

0

exp(−cs)∥um(s)∥2ds)

− 2E(
∫ T

0

exp(−cs)⟨∆2um, um⟩Z⋆,Zds)(3.21)

+ 2E(
∫ T

0

exp(−cs)⟨∆f(um +WA), um⟩Z⋆,Z).
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Set Om in the form Om = O1
m +O2

m where

Omx‘x
1 = E

[ ∫ T

0

exp(−cs){2⟨−∆um, um⟩Z∗,Z(3.22)

+ 2⟨∆f(um +WA), um⟩Z∗,Z − c∥um∥2}ds
]
.(3.23)

It follows from (3.23) and (3.21) that

lim sup
m→∞

O1
m = E[exp(−cT )∥u(T )∥2]− E[∥u(0)∥2] + δ exp(−cT ),(3.24)

where
δ = limm→∞ supE[∥um(T )∥2]− E[∥u(T )∥2] ≥ 0.

On the other hand, equation (3.16) implies that

u(t) = v0 −
∫ t

0

∆2uds+

∫ t

0

∆χds, ∀t ∈ [0, T ](3.25)

a.s. in Z⋆ = V ⋆ + L
4
3 (D).

Next we recall a second variant of the chain rule formula, which can be viewed
as a simplifide Itô’s formula as in [21](p 75 Theorem (4.2.5)). Consider the
Gefland triple

Z ⊂ H ⊂ Z⋆,

where Z = V ∩ L4(D) and Z⋆ are defined in the introduction.

Proposition 3.2. Let X ∈ L2(0, T ;V ) ∩ L4(0, T ;L4(D)) and Y ∈ L2(0, T ;V ∗) +

L
4
3 (0, T ;L

4
3 (D)) be such that

X(t) := X0 +

∫ t

0

Y (s)ds, t ∈ [0, T ].

Suppose that the function F : [0, T ]×Z → R and its partial derivatives
∂F

∂t
and

∂F

∂X
are continuous on [0, T ]× Z. Then for all t ∈ [0, T ]

F (t,X(t)) = F (0, X(0)) +

∫ t

0

∂F

∂t
(s,X(s))ds+

∫ t

0

⟨Y (s),
∂F

∂X
(s,X(s))⟩Z⋆,Zds.

(3.26)

Applying Proposition 3.2 to equation (3.25) and seting

X(t) = u(t), F (s, q) = exp(−cs)∥q∥2 and Y (s) = −∆2u+∆χ,
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in (3.26) to deduce that

E[exp(−cT )∥u(T )∥2] = E[∥v0∥2]− cE[
∫ T

0

exp(−cs)∥u(s)∥2ds]

− 2E[
∫ T

0

exp(−cs)⟨∆2u, u⟩Z⋆,Zds]

+ 2E[
∫ T

0

exp(−cs)⟨∆χ, u⟩Z⋆,Zds],

which we combine with (3.24) to deduce that

lim
m→∞

supO1
m = −2E[

∫ T

0

exp(−cs)⟨∆2u, u⟩Z∗,Zds] + 2E[
∫ T

0

exp(−cs)⟨∆χ, u⟩Z∗,Zds]

(3.27)

− cE[
∫ T

0

exp(−cs)∥u(s)∥2ds] + δ exp(−cT ).

It remains to compute the limit of O2
m. For this reason, we first simplify Om

Om = −2E
∫ T

0

exp(−cs)⟨∆2um, um − ω⟩Z⋆,Z + 2E
∫ T

0

exp(−cs)⟨∆2ω, um − ω⟩Z⋆,Z

+ 2E
∫ T

0

exp(−cs)⟨∆f(um +WA), um − ω⟩Z⋆,Z

− 2E
∫ T

0

exp(−cs)⟨∆f(ω +WA), um − ω⟩Z⋆,Z − cE
∫ T

0

exp(−cs)∥um − ω∥2

= −2E
∫ T

0

exp(−cs)⟨∆2um, um⟩Z⋆,Z + 2E

∫ T

0

exp(−cs)⟨∆2um, ω⟩Z⋆,Z

+ 2E
∫ T

0

exp(−cs)⟨∆2ω, um⟩Z⋆,Z − 2E
∫ T

0

exp(−cs)⟨∆2ω, ω⟩Z⋆,Z

+ 2E
∫ T

0

exp(−cs)⟨∆f(um +WA), um⟩Z⋆,Z

− 2E
∫ T

0

exp(−cs)⟨∆f(um +WA), ω⟩Z⋆,Z

− 2E
∫ T

0

exp(−cs)⟨∆f(ω +WA), um⟩Z⋆,Z
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+ 2E
∫ T

0

exp(−cs)⟨∆f(ω +WA), ω⟩Z⋆,Z

− cE
∫ T

0

exp(−cs)∥um∥2ds− cE

∫ T

0

exp(−cs)∥ω∥2ds

+ 2cE
∫ T

0

exp(−cs)⟨um, ω⟩Z⋆,Zds.

Here

−O1
m = 2E

∫ T

0

exp(−cs)⟨∆2um, um⟩Z⋆,Z − 2E
∫ T

0

exp(−cs)⟨∆f(um +WA), um⟩Z⋆,Z

+ cE
∫ T

0

exp(−cs)∥um∥2ds.

Then

O2
m = Om −O1

m = E
∫ T

0

exp(−cs){2⟨∆2um, ω⟩Z⋆,Z + 2⟨∆2ω, um⟩Z⋆,Z

− 2⟨∆2ω, ω⟩Z⋆,Z − 2⟨∆f(um +WA), ω⟩Z⋆,Z

− 2⟨∆f(ω +WA), um⟩Z⋆,Z + 2⟨∆f(ω +WA), ω⟩Z⋆,Z

− c∥ω∥2ds+ 2c⟨um, ω⟩Z⋆,Z}ds.

Thus,

O2
m = E

∫ T

0

exp(−cs){2⟨∆2ω, um⟩Z⋆,Z + 2⟨∆2um −∆2ω, ω⟩Z⋆,Z

− 2⟨∆f(ω +WA), um⟩Z⋆,Z − 2⟨∆f(um +WA)−∆f(ω +WA), ω⟩Z⋆,Z

− c∥ω∥2ds+ 2c⟨um, ω⟩Z⋆,Z}ds.

In view of (3.10) and (3.12), we deduce that

lim
m→∞

O2
m = E

∫ T

0

exp(−cs){2⟨∆2ω, u⟩Z⋆,Z + 2⟨∆2u−∆2ω, ω⟩Z⋆,Z(3.28)

− 2⟨∆f(ω +WA), u⟩Z⋆,Z − 2⟨∆χ−∆f(ω +WA), ω⟩Z⋆,Z

− c∥ω∥2ds+ 2c⟨u, ω⟩Z⋆,Z}ds.
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Combining (3.27) and (3.28), (where Om ≤ 0), yields

E
∫ T

0

exp(−cs){−2⟨∆2u−∆2ω, u− ω⟩Z⋆,Z

+ 2⟨∆χ−∆f(ω +WA), u− ω⟩Z⋆,Z − c∥u− ω∥2}+ δ exp(−cT ) ≤ 0.

Let υ ∈ L2(Ω× (0, T );V ) ∩ L4(Ω×D × (0, T )) be arbitrary and set

ω = u− λυ, with λ ∈ R+.

We obtain

E
∫ T

0

exp(−cs)
{
− 2⟨λ∆2υ, λυ⟩Z⋆,Z + 2⟨∆χ−∆f(u− λυ +WA), λυ⟩Z⋆,Z

− c∥λυ∥2
}
≤ 0.

Dividing by λ and letting λ→ 0, we find that

E
∫ T

0

exp(−cs)⟨∆χ−∆f(u+WA), υ⟩Z∗,Zdt ≤ 0.

Thus, for all υ ∈ L2(Ω× (0, T );V ) ∩ L4(Ω×D × (0, T ))

(3.29) ∆χ = ∆f(u+WA) + θ(ω, t),

a.s. a.e. in D× (0, T ). Taking the duality product of (3.29) with ω̃ ∈ V ∩L4(D), to
obtain

⟨∆χ, ω̃⟩Z∗,Z = ⟨∆f(u+WA) + θ(ω, t), ω̃⟩Z∗,Z(3.30)

= ⟨∆f(u+WA), ω̃⟩Z∗,Z .

Substituting (3.30) in (3.16) we deduce that for a.e. (ω, t) ∈ Ω× (0, T ),

⟨u(t), ω̃⟩ = ⟨v0, ω̃⟩ −
∫ t

0

⟨∆2u, ω̃⟩Z∗,Zds+

∫ t

0

⟨∆f(u+WA), ω̃⟩Z∗,Zds,(3.31)

for all ω̃ ∈ V ∩ L4(D).

This completes the identification of the limit reaction term by the monotonicity
method.

Next, we prove that u satisfies equation (2.26) in Definition (2.2). Set V =

H2(D) ∩ L4(D). Equation (3.31) implies that a.s. in V∗ = (H2(D))′ + L
4
3 (D)
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u(t) = v0 −
∫ t

0

∆2uds+

∫ t

0

∆f(u+WA)ds,(3.32)

for all t ∈ [0, T ] .

3.2. Uniqueness of the solution to Problem (P2).
Let ω be given such that there exists two pathwise solutions of Problem (P2),

ui = ui(ω, x, t) for i = 1, 2, satisfying

ui(ω, ., .) ∈ L∞(0, T ;L2(D)) ∩ L2((0, T );H2(D)) ∩ L4(D × (0, T )),

∆f(ui +WA) ∈ L
4
3 ((0, T )×D),

where u1(., 0) = u2(., 0) = v0. Then, for i = 1, 2

ui(x, t) = ui(x, 0)−
∫ t

0

∆2ui +

∫ t

0

∆f(ui +WA).

Thus,

u1(t)− u2(t) = −
∫ t

0

[∆2u1 −∆2u2]ds(3.33)

+

∫ t

0

[∆f(u1 +WA)−∆f(u2 +WA)]ds

in L2((0, T );V ∗) + L
4
3 ((0, T )×D).

Next we recall a simplified Itô’s formula as in [17] (Theorem (4.2.5)).

Theorem 3.2. Let X ∈ L2(0, T ;V ) ∩ L4(D × (0, T )) and Y ∈ L2(0, T ;V ∗)

+ L
4
3 (D × (0, T )), ς ∈ L2(D × (0, T )), both progressively measurable, such that

X(t) := X(0) +

∫ t

0

Y (s)ds+

∫ t

0

ς(s)dW (s), t ∈ [0, T ].

Then the following Itô’s formula holds for the square of its H-norm P-a.s.

||X(t)||2H := ||X0||2H +

∫ t

0

(2⟨Y (s), X(s)⟩Z∗,Z + ||ς(s)||2L2(D×(0,T )))ds(3.34)

+ 2

∫ t

0

⟨X(s), ς(s)dW (s)⟩H .
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Applying (3.34) to equation (3.33) with

X(t) =u1(t)− u2(t),

Y (s) =− [∆2u1 −∆2u2] + [∆f(u1 +WA)−∆f(u2 +WA)],

ς(s) =0,

yields for all t ∈ (0, T )

∥u1 − u2∥2L2(D) = −2

∫ t

0

∫
D

(∆(u1 − u2))
2dxds− 2

∫ t

0

⟨f ′(u1 +WA)∇(u1 +WA)

− f ′(u2 +WA)∇(u2 +WA),∇u1 −∇u2⟩ds

≤ −2

∫ t

0

∥∆(u1 − u2)∥2L2(D)ds− 2C
′

5

∫ t

0

∥∇(u1 − u2)∥2L2(D)ds.(3.35)

By the Poincare’s inequality

−2C
′

5

∫ t

0

∥∇(u1 − u2)∥2L2(D) ≤ −2C
′
5

C ′

∫ t

0

∥u1 − u2∥2L2(D),(3.36)

with α = |−2C
′
5

C ′ |, relation (3.35) will be∫
D

(u1 − u2)
2(x, t)dx ≤ α

∫ t

0

∫
D

(u1 − u2)
2(x, t)dxds for all t ∈ (0, T ),

which in turn implies by Gronwall’s Lemma that u1 = u2 a.e. in D × (0, T ). □
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