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ON THE BLOCKING FORCE OF STEADY-STATE FLOW OF
HERSCHEL-BULKLEY FLUID

Hibat Errahmane Ben Messaoud', Farid Messelmi, and Zohra Bendaoud

ABSTRACT. The paper is devoted to the study of the blocking force of Herschel-
Bulkley fluid in the case of steady-state flow. To this aim, we consider a mathemat-
ical model which describes the steady-state flow of a Herschel-Bulkley fluid in a
bounded domain. We give the mathematical formulation of the blockage phenom-
enon and we establish the existence of blocking force. We also focus on behaviour
of the flow with respect to the blocking force.

1. INTRODUCTION

The Herschel-Bulkley fluid is the most generalized model describing the be-
havior of Non-Newtonian viscoplastic fluids, this incompressible fluid has been
studied and used by mathematicians, physicists and engineers. While this model
describes adequately a large class of flows. It has been used to model the flow of
metals, plastic solids and a variety of polymers. Due to existence of yield limit,
the model can capture phenomena connected with the development of discontin-
uous stresses. Physical experiments and numerical studies of the flow of Herschel-
Bulkley fluids prove that when the yield stress increases, the rigid zones become
larger and may completely block the flow. This property is called the blocking phe-
nomenon. The literature concerning this topic is extensive; see e.g. [|5-7,9-12].
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Our paper deals with the steady-state flow of Herschel Bulkley. The main object
is the study the behaviour of the flow. We provide a generalization of a result
obtained by Mihai, Patrick et al. [[14] for Bingham fluid to the steady-state flow
of Herschel-Bulkley model, An important property of the Herschel-Bulkley model
concerns the existence of rigid zones which are located in the interior of the flow.
As the external loads decrease the rigid zones become larger and may completely
block the flow if the forces become lower than a certain value which stands for a
maximal blocking force.

The paper is organized as follows. In Section 2 we present the mechanical
problem of the steady-state flow of Herschel-Bulkley fluid in a bounded domain
2 C R™. We introduce some notations and preliminaries. In addition, we derive
the variational formulation of the problem. In Section 3, we show the mathemat-
ical formulation of blockage phenomenon and we prove the existence of blocking
force. Section 4 is devoted to study of the behaviour of the flow with respect to
the blocking force.

2. PROBLEM STATEMENT

We consider a mathematical problem modelling the steady-state flow of the
rigid viscoplastic and incompressible Herschel-Bulkley fluid in a bounded domain
Q C R™ (n =2, 3), with the boundary T’ of class C'. The fluid is acted upon by
given volume forces of density f. On I" we suppose that the velocity is equal to
Zero.

We denote by S,, the space of symmetric tensors on R". We define the inner
product and the Euclidean norm on R" and S,,, respectively, by

u-v=wy, Yu, veR" and o-7=0y7; Vo, 7€S,.

1 1
luf=(u-u)? YueR" and |o|=(0-0)> Vo€ S5,.
Here and below, the indices i and j run from 1 to n and the summation conven-
tion over repeated indices is used. We denote by o” the deviator of o = (0;;) given

by

D

o = (o0), o Tk
Y

i) %ij = %5 T T O3

where § = (§;;) denotes the identity tensor.
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Let 1 < p < 2. We consider the rate of deformation operator defined for every

u e Wt (Q)" by
1
D(w) = (Dy (w),  Dij(u) = 3 (uij + i)

The steady-state flow of Herschel-Bulkley fluid can be described the following
mechanical problem.

Problem P1. Find the velocity field u = (u;) : 2 — R" and the stress field
o = (045) : @ — S, such that

2.1) u-Vu=dive +fin Q.
_ D(u) .
D _ p—2
o mHD@P D@ i D@20 |
P < g if |D(u)]=0
(2.3) divu = 0 in €.
2.4 u=0onT.

Here dive = (0;;;) and divu = u,;. The flow is given by the equation
where the density is assumed equal to one. Equation represents the consti-
tutive law of Herschel-Bulkley fluid where 1 > 0 and ¢g > 0 represent respectively
the consistency and yield limit of the fluid, 1 < p < 2 is the power law index. (2.3)
represents the incompressibility condition. (2.4]) gives the adherence condition on
the boundary I'.

Remark 2.1.

1. The Bingham fluid represents a particular case of Herschel-Bulkley fluid corre-
sponding to p = 2.

2. In the constitutive law of Herschel-Bulkley fluid (2.2]), the viscosity and hydro-
static pressure are given, respectively, by

1
(2.5) n=p|D)"? and 7 = ~ Ok

Let us introduce the function spaces

(2.6) Wdw = {v € Wy (Q)" : div(v) = 0in Q},
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W,,.div is @ Banach space equipped with the norm
(2.7) H"pr’div = HVHWLP(Q)” J

Moreover, Korn’s inequality holds in the space W, 4iv, see [[12]], which means
that there exists a positive constant C depending only on €2 and I" such that

Denoting by p’ the conjugate of p. We introduce the convective operator

(2.9) B : W, div X Wydiv X Wyaiy — R, B(u,v,w) = / u-Vv-wdzr.
Q

We begin by recalling the following lemma see [12], which gives some proper-
ties of the convective operator B.

Lemma 2.1. Suppose that

(2.10)

<p<2.
n+2_p_

Then, B is trilinear, continuous on W, giv X W aiv X W), giy. Moreover, ¥V (u,v,w) €
Wh.div X Wp.div X Wy aiv we have B (u,v,w) = —B (u,w, V).

For the rest of this paper, we choose < p < 2. The use of Green’s for-

mula permits us to derive the following variational formulation of the mechanical
problem (P1), see [12].

Problem P;. For prescribed data f € W)
tional inequality

Find u € W, 4iy satisfying the varia-

Jdiv*

B(u,u,v—u)—l—,u/\D(u)\p2D(u)-D(v—u)dm

(2.11) 2

+g/|D(V)\da:—g/\D(u)|da:2/f-(v—u)da: Vv € W, div.
Q Q Q

By taking v = 0, respectively v = 2u in (2.11)), the following equation holds
(2.12) u/ \D(u)|pd$+g/ |D (u)|dz = / f-udx.
Q Q Q

This implies using again (2.11))
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B(u,u,v)w/ D@2 D (u)- D (v)de
(2.13) .
Q Q

Consequently, the steady-state flow of Herschel-Bulkley fluid can be also de-
scribed by the system (2.12), (2.13)

3. BLOCKAGE PROPERTY

This section is consecrated to the study of blockage property of Herschel-Bulkley
fluid. To do this, let us recall the following standard definition, see [[14].

Definition 3.1. We will say that the fluid is blocked in the domain ) if u = 0 a.e. in
() is solution to the variational problem (Py).

We prove the following proposition, which gives the variational interpretation
of blockage property.

Proposition 3.1. The fluid is blocked in the domain §2 if and only if

(3.1) g/ |D (v)|dx 2/f~vdx Vv € W, div.
Q Q

Proof. The first implication is an immediate consequence of the definition of block-
age property. For the second one, we proceed as follows. Suppose that (3.1]) holds.
In particular, we have

(3.2) g/ |D (u)| dz > / f-ude.
Q Q
Subtracting the inequalities (2.12) and (3.1) , we find

u [ 1D P de < B(uuv)+p [ [D@P2D(w)-D(v)de
oy J

—l—g/|D(v)|das—/f~vdm Vv € W, div.
Q Q

Thus, the result can be obtained by setting v = 0 as test function in (3.3]) and
using Korn’s inequality. O
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Hence, the mathematical study of blockage property consists in finding the re-
lationship between the yield limit g and the density of volume forces f such that
the inequality holds.

We say that f is a blocking force if the inequality is satified.

We suppose from now on that

(3.4) fe L (Q)".

Proposition 3.2. Denote by j the functionel given by j : W, 4iv — [0, +00],

i¥) =g [ 1D @)]de v € Wy,
Q
Then the set j(0) of all blocking forces is nonempty closed and convex.

Proof. Since j(v) > 0 for any v € W, 4iv, we deduce that 0j(0) contains f = 0.
According to [6] the set 05(0) is closed and convex. O

Proposition 3.3. Let f € 05(0), f # 0 and set M = sup{\ > O|A\f € 9j(0)}. Then
M < 400 and Mf € 95(0).

Proof. The set {A > 0 | Mf € 0j(0)} is nonempty since it contains A = 1 (in
fact it contains |0, 1]). Since f # 0, there is vy € W, 4 satisfying (f,vy) > 0. If
Ao is large enough we have (\of,vy) > j(vg)so that \of ¢ 0j(0). Consequently
{A>0| M €9j(0)} C]0, [ and M < Ny < +oo. Let (\,), be a sequence con-
verging towards M and verifying \,f € 05(0). Hence \,f — Mf and since 0;(0)
is closed we deduce that Mf € 95(0). O

Definition 3.2. Let f be a blocking force and let M be defined as in the Proposition
4. We call f = Mf the maximal blocking force associated with f.

Proposition 3.4. Let f € 95(0),f # 0. Then the maximal blocking force is given by
f= M, f where .
j(v)

(£, 0)]
Proof. Remark that f € 05(0) iff |(f,v)| < j(v) Yv € W, 4 and observe that M =
My, where M = sup{\ > 0| \Mf € 95(0)}. O

My = in f(g )40

Let f be a blocking force. We denote by C' the set

(3.5) C = {V € W, div | g/ |D (v)|dx = / f-vdx}.
Q Q
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It is straightforward to verify that the set C is a convex cone in W), 4.

4. BEHAVIOUR OF THE FLOW
Let us introduce for £ > 0 the perturbed blocking force
(4.1) f.= (14T,

and denote by u. the solution of the corresponding problem, i.e.

B(u.,u.,v—u.)+ u/ 1D (u.)[" D (u.) - D (v —u.)de
Q

(4.2) -m/ﬁpwnm—g/}pmguxz/g.w—ugm:vVeme
Q Q Q
The above inequality can be written in equivalent form
(4.3) u/ﬁnmgwm+g/ﬂ0mmdw_/guﬂﬁ
Q Q Q
Blueu) [ [D@)P?D(w)-Dv)dtg [ [D()|ds
) 9)

(4.4) > /Q f.vde Vv € W, 4.

Setting now

(4.5) mz%,%>0

In the following we establish a convergence result for (w.)_., when ¢ tends to 0.

Theorem 4.1. Suppose that f is a blocking force. Then, (w.).. , convergences strongly
when, ¢ tends to 0, in W), 4iy to w solution of the following variational inequality

(4.6) wGC‘,LL/|D(W)‘p_2D<W)'D(V—W)d$Z/f‘(V—W)d$ Vv e C.
Q Q

Proof. The system becomes, taking into account (4.5

(4.7) uepl/ ]D(wg)\pdx+g/ |D (w.)|dx = (1+€p1)/f-wgdx,
Q Q Q
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2B (w., w., V) + pue?™? / |D (w.)|" > D (w.) - D (v)daz+
0

g/ D (v)|dx > (14¢e"") / f-vdr YveW,q.
Q Q
Equation (4.7) gives
/usp_l/ \D(W5)|pdx+g/ |D(WE)|dx—/f-wedx

Q Q 9)
(4.8) = / f -w.dr

Q

Suppose that f is a a blocking force, then (4.8) gives
(4.9 n [IDwards <g [ 1wl da.
Q Q

We deduce makig use Korn’s inequality and some algebraic manupilations that

(4.10) HWEHWP i S 6
Hence, we can extract a subsequence still denoted by (w.)_., such that
4.11) w. — w in W, 4y weakly.

Rellich-Kondrachof’s compactness theorem allows us to get after a new extrac-
tion

(4.12) w. — win L? (Q)" strongly and a.e. in .

Therefore, equation (4.8)) gives again
g/ 1D (w.)|dz < (14¢e"7) / f we.dz.
Q Q

There by allowing to find

(4.13) glim/ |D (w.)| dzx < lim inf/ f- w.dz.
Q Q

This yields

(4.14) g/\D(W)]dxg/fwvdx.
Q Q
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Consequently, since f is a blocking force, the following equation holds
(4.15) g/ |D(w)|dx:/f~wdx.

9) Q
Taking w as test function in inequality (4.8), it implies that

2B (we, we, w) + pe! / D (w)["2 D (w.) - D (w) dz
Q

+g/Q|D(W)]de (1+£p_1)/9f-wdx
This gives, making use
(4.16) & PB(w.,w., W)+ ,u/Q |D (w.)[""*> D (w.) - D (w)dz > g/Q |D (w)|dx
Moreover, Lemma 1 permits us to obtain the estimate
(4.17) 1B (we,we, )| < [wellfy Wil

From another hand, it is well known that the non linear terme 1. [, | D (w.)|" D (w.)
‘P

D (w)dx converges to j [, |D (w)
passing to the limit, one can find, keeping in mind account (4.17),

(4.18) u/ D (w)]? da zg/ D (w)] da.
0 QO
We get thanks to (4.9)
liminf,u/ |D (w.)[P dz < gliminf/ |D (w.)|dz.
0 Q

So, using (4.13) we can infer that

dx, see the reference [4]]. Consequently, by

lim infu/Q |D (w.)|” dz < lim inf/Qf - wedx
Which implies that
(4.19) M/Q\D(w)|pdx < /Qf-wdx
Putting together (4.15)), and we obtain
(4.20) u/Q\D(W)\pdac:g/Q|D(W)\dx:/Qf-de
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Which implies in particular that w € C. Furthermore, by (4.8) we get

"B (w., w.,Vv) + ,u/ |D (w.)[""> D (w.) - D (v)da+
Q

1
g (g/ |D(V)|d:13—/f-vdm) Z/f-vdx Vv € W, div-
Q Q Q

By choosing v € C' in the above inquality, the passage to the limit leads to

(4.21) u/\D(W)\p_2D(W)~D(V)de/f-vdx Vv e C.
0 Q

Combining (4.20) and (4.21) yields the inequality (4.6)).

Our object now is to prove the strong convergence. For this aim, we procede as
follows. The use of (4.7) and (4.8) permits us to affirm that for every v € W, giy
we have

2B (W, We, V) + el / D (w.)["*D(w.)-D (v —w.)d
Q

> (1—|—€p1)/Qf~(v—ws)dx—g(/Q|D(v)\dx—/Q|D(Ws)!d:c)

It follows, by setting v = w

—&’B (w., w., w) + peP™? / |D (w.)["* D (w.) - D (w. — w)dz
Q

(4.22) < (14771 /

- (w. = wyde + [ (1D ()] = 1D (wo)) de

Further, since f is a blocking force and w € W, 4y, one can verify that
g [P =IDwadr < [ £(w = wi)da
Consequently, inequality (4.22)) becomes

M/Q\D(WE)|p_2D(W€)'D(Ws—w)dxS/Qf- (w. — W) dz

+e¥PB (w., w., W) .

(4.23)

This becomes
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i [ (DGwP 2D (w) = D)2 D(w) - D w. — w)ds
Q
@20 < [twowdsp [ D@ DW)D(w. ~w)ds
Q Q
b wely Il

Let us observe now that for every z,y € R",

. _ 7 -y’
o2 — g y) - > e <
( ) (2| + y))*"

So, applying the above inequality, (4.24) can be rewritten as

‘D(WE_W)‘Z dr < c f-(w. —w)dzx
Bl T G = e

JeedP ”WEH?/Vp,div HW”Wp,div +cu ‘/Q |D (W)‘p*Q D (w)D (w. —w)dz|.

Which gives exploiting Korn’s and Holder’s inequalities

2—p

e = wity, < ([ D+ wras)

R

2

+ Il Iy, [ IDOOP D) D v, ) )

Passing to the limit, we conclude, using (4.11) and taking into account the fact
that | D (w)|’~* D (w) belongs is bounded of L*' (Q)" that

w. — w in W, giy strongly.

Which permits us to achieve the proof. O

Corollary 4.1. Denoting by w the unique solution of the variational equation given
by

(4.25) i / D (W) 2 D (wo) - D (v) dr / £.vde Vv € W, an.
Q Q

Then, the following estimates hold
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(4.26) 1D (W) Lo (qyrxn < [[D (Wo)|l 1o (qynxn and /f -wdz < / f-wodx.
Q Q

Proof: We can infer by setting w as test function in (4.25) that

p 1D ()P D wo) - Dwy o = | £

Q

This yields, using Holder’s inequality

—1
T e T el ey

Which allows us to get the first estimate. The second estimate becomes an imme-

diate consequence of the first one. O
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