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SYMBOLIC APPROACH TO THE QUADRATIC DECOMPOSITION OF APPELL
SEQUENCES

Safia Mekhalfa! and Mohamed Cherif Bouras

ABSTRACT. In this paper, we characterize the four derived sequences obtained by
the symbolic approach to the quadratic decomposition of Appll sequences. More-
over, we prove that the two monic polynomial sequences associated to such qua-
dratic decomposition are also Appell sequences.

1. INTRODUCTION

Let P be the linear space of polynomials in one variable with complex coeffi-
cients and let P’ be its algebraic dual. (u, f) denotes the action of v in P’ on f in
P and by (u), := (u,z™), n > 0, the moments of u with respect to the monomial
sequence {z"},>o. When (u)y = 1, the linear functional « is said to be normalized.
In this work we need to recall some operations in P’, (see [4,6]). For any  in P/,
any ¢ in P, let Du = v'and qu be respectively the derivative, the left multiplication
of the linear functionals defined by duality:

(' f) == (u, 1),
(qu, f) = (u, qf) .
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Recall that a linear operator L : P — P has a transpose ‘L : P’ — P’defined by
(1.1) ('L(u), fy="(u, L(f)), ue P, feP,

then D is the differential operator. Thus, the differentiation operator D on forms
is minus the transpose of the differentiation operator D on polynomials.

The linear functional v is called regular (quasi-definite) if we can associate with
it a polynomials sequence {P,}, ., such that

with k, # 0, for every n,m > 0, { P}, is said to be orthogonal with respect to
u [4,/6,/71.

Definition 1.1. [4] A sequence of monic polynomials {P,}, -, is called orthogonal
with respect to the linear functional u if the following orthogonality conditions hold

(u, Py (2) P () =0, n#m,
(u, P (2)) #0,  n=>0,

where deg P, = n, for every n > 0.

In this case, {P,}, ., satisfies the following two order recurrence relation:

Poni(z) = (x = Bp) Pa(z) — valooa(z), n>1,
Py(x) =1, Pi(x)=x— [y

(u, 2P (x)) (u, Py(2))

_ _ > ().
where = Py 4 T ) 702
We will denote as {P,[L”} the M PS obtained from given M PS by a single
n>0
differentiation P." (x) := %P[L 41 (), n>0.
n
Denote by (a), the Pochhammer symbol defined by
1 ifn=20
1.3 n = ’ ’
(1.3) (@) {a(a—l)(a—Q)...(a—n+1), ifn > 1.

Definition 1.2. A linear mapping M of P into itself is called lowering operator when
M(1) = 0 and deg(M(z")) =n—1,n> 1.

Definition 1.3. An Appell sequence is a MPS {P,},., such that plM (x) =
—=P .y (z),n>0,[1,14,9].

n+1" n+l
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Definition 1.4. A M PS {P,},. is called an M—Appell sequence with respect to a
lowering operator M if P,(z) = plY (x; M) for all integers n > 0, [12,3]

2. SYMBOLIC APPROACH OF APPELL SEQUENCES

Let {P.},>, @ M PS, it is always possible to associate with it two M PS {Q},,,
and {R,}, ., and two sequences {S,},-, and {7, },, such that

2.1 Py, () = Qu(2* + a) + xS, _1(2* + a),

(2.2) Pony1(2) = Tp(2? 4+ a) + 2Ry (2% + a).

where deg S,, < n, deg T,, <n,n >0, S_1(x) =0, [45].
As a consequence, a M PS {P,}, ., is symmetric, that is P,(—z) = (=1)"P, (),
n > 0, if and only if S, (z) = T,,(x) = 0, n > 0, [5,8].

Theorem 2.1. Let { P, }, ., an appell polynomials sequence satisfied (2.1)) and (2.2)),
then the sequences {Qn},50, {0} ;50 {Sntnso and {1}, },,5, are given by

1
(23) Qn(x) = (2TL ¥+ 1)(n + 1) (L—lQn+1)7 n Z 07
1
1
Sale) = (2n+3)(n + 2) (LSnsa) 20,
Tn(l') = ! (L—lTn—H) y n Z 0,

where the operateur L, with o = 1 or « = —1 defined by
L,=2L+ aD,
where L = D(x — a)D.
Proof. By differenting , we have
2Py () = 20nQ) 4 (2% + a) + Suoa(2? + @) + 2228, (2 + a),
replacing n by n + 1, we obtain

2(n + 1)P2[711]+1(x) = 2z(n+ 1)QW (2 + a) + S, (2% + a) + 2228, (2% + a),
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using , we get
2(n+1) [Tn(2* + a) + 2Ry_1 (2 + a)]
=2z(n+ 1)QW(2? + a) + S, (2 + a) + 2225, (2 + a),

then /
{Q(n + )T, (2 + a) = Sp(2* + a) + 2225, (2* + a)

R, 1(z® +a) = QW (2* 4 a)
2? + a to replace by x, we have

(2.4) 2(n+ DT, (z) = Sp(x) + 2(z — a)S,, (z), n >0,

(2.5) Rya(x) =QW(z), n>0
By differenting (2.2) , we have

(2n+ 1) P (z) = 22T (2? + a) + Ro(2® + a) + 2na® R | (4® + a),
using ([2.1]) , we get

(2n+ 1) [Qu(2® + a) + £S,-1(2” + a)]
= 22T (2* + a) + Ru(2® + a) + 2n2®RY | (4 + a),

then
2n+1)Q,(2* +a) = Ry(z* +a) + 2nx2RLlll(x2 +a),

(2n+1) S, 1 (2 + a) = 2T, (2* + a),
22 + a to replace by x, we have

(2.6) (2n+ 1) Qn(x) = Ry(x) + 2n(x — a)REL(m), n >0,

(2.7) (2n+1)Sn_1(z) =2T,(z), n>0.
n to rplace by n + 1 in , we obtain

(20 +3) Quiar (¥) = Roi (2) +2(n + 1)(w —a) R (x),  n 20,
by differentiating, we get

(20 +3) (n + DQENw) = Ry () +2 (& = ) By (0)
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Using , then
2.8) (204 3) (1 + 1) Ra(a) = R () +2 (& a)R;LH(x))/ .
From ([2.6|)

2n+ 1) Qu(z) = QU(z) + 2n(z — a) R | (2)

B Q/nJrl(x)
 on+1

= Dl oy — ) (@)

Q@ |y (@;H(x))’

n—+1 n—+1

+2(x —a)R, ()

!/

= (2n+1) (n+ 1)Qu(z) = Q11 (z) + 2(z — )@, 4 (2),

so,
2.9) (204 1) (1 + 1)Qu(r) = (2o ~ ) Qi (2)) ~ Qs a).
From and can be write
1 2
R,(x) = Gn )t D) [2(z — a)D* 4+ 3D] Ry1 (),
and .
Qn(r) = 2(x — a)D? + D] Quy1(x).

2n+1)(n+1)
Further, n to replace by n + 1 in({2.7)) , we find

(2n + 3) Su(x) = 2T, ., (2),

replacing the above expression in ([2.4]) , we obtain

/ /

(204 3) (1 + 1To(x) = Tyya (&) + 200 = 0) (Tpia (@)

/ /

= The) 42| (0~ L)) = Tl

/

=2 (e = 0T @) = Tha(a).

Hence
2

(2n+3)(n+1) [

T,(x) = (z — a)D* + D] T4 ().
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From (2.7 and on account of (2.4) , can be write
(204 3) S, () = 2T, (x)

n

1 /

= o (Sn+1($) +2(z — G)Snﬂ(x))/
1

N (2n+3)(n+2) {(2(38 - a)S;wrl(ﬁ))/ + S;H(x} )

Proposition 2.1. Let {P,},., an appell polynomials sequence satisfied (2.1)) and
(2.2) , then either {P,},., is symmetric or there exists an integer p > 0 such that
Sp(x) # 0 (respectively, T,(z) # 0). In this case, we have

T.(z) = 0, 0<n<p—-1,p>1,

5y
(2.11) Spn() = (”+p+ 1) (p;r 2)”Spsn(a;), n >0,
n (2)11
5
(2.12) Tyon(z) = (” “’) (pT—Q)”Tan(:U), n>0,
n <§)n

where S, and T,, are two monic polynomials fulfilling deg §n(:z:) = nand deg Tn(x) =
n, n >0, (a), is given by (|1.3).

Proof. Firstly, If { P, },., is a symmetric sequence, then
Sp(z) =T,(z) =0, n>0.
Reciprocally, if S, () = 0, n > 0, then from ({2.4)
T.(z) =0, n > 0.

Moreover, if T,,(x) = 0, n > 0, then from (|2.7))
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Now, if {P,},., is not a symmetric sequence, then it exists the smallest integer
p > 0 such that

Sy(a) # 0
and
Sn(z) = 0, 0<n<p-1,p>1.
From (2.7)), we have
T, (z) = constant, 0<n<np.
On the other hand, using , We obtain
T.(z) = 0, 0<n<p-1,
and
200+ 1T, = Sp(x) +2(x — a)Sp(x),

this leads to
Sy(z) = constant = S, # 0,
with
Sp=(p+1)T,.

Taking into account (2.4)) and ({2.7)) , we have
deg(Snip) = n, n>0

deg(Thyp) = n, n>0.
Therefore, it exists two nonzero sequences {&, },>o and {v, },>o such that

Snip(x) = §n§n(x), n >0,
Toip(z) = Vn’fn(m), n >0,

where S, and 7,, are two monic polynomials of degree n, n > 0, § = 7, and vy
=2(p+ 1)7T,,.
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According to (22.4) and (2.7)) , we deduce that

+1+ +3
& = (” p)%fm
n (E)n
n—l——
v, = n—l—p-l-lgm n20

O

Now, given a M PS {P,}, ., , we construct the sequence (P M) },>0 defined
by
(2.13) Pl (z; M) = xo(MP, 1) (x), 1 >0,
where y, € C — {0}, n > 0, is chosen for making P."(.; M) monic. Thus, we have
1
(n+1)2(n+1)+a]
where o # —2(n + 1), n > 0. Consequently, relations (2.13) and (2.14) become

Qu(z) = QW(z;Ly), n >0,
R,(x) = RL”(x;Ll), n > 0.

(2.14) P (z: L,) = (LaPoy1)(z), n>0.

According to the definition[1.4] the Theorem|2.1]allows us to conclude that {Q,.},,
is L_y—Appell and {R,,},~¢ is L1 —Appell.

Moreover, from (2.3)) and (2.11] - (2.12)) given in Proposition 2.1, we may say that
the sequences {Sn}nzo and {Tn}nzo are L, and L_,—Appell, respectively.

3. L,—APPELL SEQUENCES

Let {P,},>0 be a M PS with dual sequence {u,},>o and let {uQ]La}nzo be the
dual sequence of {PJLH(.; Lo) Yo -
From (|1.1]), the transpose *L,, defined by
("Lau,p) = (u,Lap) = (u, (2L + aD)p)
= ((2'L —aD)u,p), peP,

then
‘L, =2'L —aD.
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And as'D = —D this leads to 'L = L. Thus, 'L, := L_, where L, is defined on P
and P.
Now it is easy to prove that
(3.1) La(pg) = p(Laq) +q(Lap) +42p¢,  p, ¢E P,
(3.2) Lo(pu) = u(Lap) + p(Lou) +4ap'y’, peEP,ucP.

Lemma 3.1. The sequence {uE](La)}nzo satisfies
(3.3) L_o(ul(Ly) = (n+1)[2(n+1) + o] upgs, n > 0.
Proof. According to (|1.2)) , we have

WL, U@ L) = Gum 1m0,

(u(Lo), La(Pmy1)) = m+1) 2+ 1) +a]6pm n, m >0,
(3.4) <L_a(u£3](La), Pm+1> = (n+1)2n+1)+a]dpm n, m>0.
In particular,

(L_o(u(La)), Lams1) = 0, m>n+1, n>0.

This implies [9,(10]

n+1

L—a(unl](La)) = Z,unak Uk, n=>0
k=0

with p,, = <L,a(u£}}(La)), Pk>, 0 < k < n + 1. Consequently, from (3.3),we get
B3). 0

Proposition 3.1. Let {P,},>0 be a M PS, {P,},>o is a L, —Appell sequence if and
only if its dual sequence {u, },>o satisfies
1

3.5 =" : > 0.
( ) U nlon (1 + %)n a(UO) n

Proof. Necessary condition, from (3.3)), the sequence {u, },>¢ satisfies

(3.6) L o(uy)=(n+1)2(n+1)+ a)] ups1, n > 0.
For n = 0, we have
! L
u; = ——L_4up.
1T 5 0
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By recurrence, we obtain (3.5).
Sufficient condition, from ({3.5)), we have ({3.6) is satisfied. Comparing (3.6|) with
(3.3), we obtain
L o(u(Ly) =L qu,, n>0.
The operator L, satisfies L,(P) = P and L_, is on P. Then ug](La) = Uy, N >
0.

O
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