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EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR FRACTIONAL BSDES
WITH WEAK MONOTONICITY COEFFICIENTS

Mostapha Abdelouahab Saoulit

ABSTRACT. In this paper, we deal with the fractional backward stochastic differen-
tial equations (F-BSDEs in short) with Hurst parameter H € (%, 1) when the driver
g is weak monotone. Via an approximation theory, we derive the existence and
uniqueness of solutions to F-BSDEs. The comparison theorem is also established.

1. INTRODUCTION

In the 20th century, a new concept was born in the field of fractional calculus
it is called fractional Brownian motion (fBm in short), which presented by Kol-
mogorov [10] as a method to generate a spirals Gaussians in Hilbert spaces. After
some years, Mandelbrot and Van Ness [11] studied their properties and incorpo-
rated a concept fBm into financial models, we also inform you that there are many
fields of application of fBm, for example: physics , hydrology, economy, telecom-
munications.
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The fBm with Hurst parameter H € (0, 1) is a continuous normal process B =
{BE t > 0} whose covariance is given by:

E(BEBE) = 4 (27 + 52 — |t = sP").

For H = 3, the process B is a standard Wiener process. However, since BY
with /I > 1 is not a Markov process, nor a semi-martingale, we cannot use the
classic technique of stochastic calculus to find a concept for the stochastic integral
associated to fBm. Basically, two different kinds of integrals were identified and

developed in relation to fBm:

- The first kind is Stieltjes-Riemann integral (see Young, [[15]).

- The second class of these integrals presented by Decreusefond [5] in (1998)
is the Skorokhod integral, it has been defined as the adjoint of the deriva-
tive in the cadre of the Malliavin calculus.

Linear backward stochastic differential equations (LBSDEs in short) were stud-
ied by Bismut in (1973) [4] and for the non-linear case with non-stochastic termi-
nal time were first presented by Pardoux-Peng in (1990) [13] where they get the
existence and uniqueness results. Since then, these pioneering works have been
widely used in many areas such as: optimal control [7]], financial mathematics [6]]
and in the probability representation to the solutions of PDEs.

Backward stochastic differential equations (BSDEs for short) driven by fBm were
studied by several authors. However, compared to the extensive search for back-
ward SDEs driven by the standard Brownian motion (Bm in short), only a few
were accomplished and there are many questions remain open, because we can-
not directly apply the usual methods here and the main drawback to this is that
fBm is neither a semimartingale, nor a Markov process. The BSDEs driven by frac-
tional Brownian motion (F-BSDEs for short) were first studied by Biagini et al. []3]]
with Hurst parameter H greater than % In 2005 Bender [2] studied a linear F-
BSDEs with Hurst index 0 < H < 1. After several years, Hu & Peng [9] studied
a linear and a non-linear F-BSDEs associated to the stochastic integral is the Sko-
rokhod integral, for that, they use the technique of quasi-conditional expectation
and Malliavin calculus. In this paper we study the BSDEs driven by fBm with Hurst
parameter H greater than 1. We establish existence and uniqueness of solutions of
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this kind of equation under weak monotonicity condition and establish a compar-
ison theorem, which indicates that our assumptions are much weaker than those
in the paper of Hu & Peng [9]].

The organization of our paper is as follows: In section 2, we give some def-
initions and results about fractional stochastic integral, which will be needed
throughout this paper. The existence and uniqueness result for the solution of
backward SDE driven by fBm under weak monotonicity condition is given in sec-
tion 3. Finally, we prove the comparison theorem in section 4.

2. BACKGROUND ON FBM AND FRACTIONAL STOCHASTIC CALCULUS

In this section we will present some basic concepts related to fractional stochas-
tic calculus and fractional Browian motion.

Let (Q,G,P,G,,t > 0) be a stochastic space such that G, is an increasing family
contains all P-null elements of G;, also we assume that the filtration G, is governed
by a fBm B# = {B t > 0}.

We suppose H € (3,1) during all this paper. For y is real, we put ¢ (y) =
H (2H — 1) [y 2.

Let v and x be two measurables functions on [0, 7], we define

(V,K)y = fo fo u) VpRydrdu,

and (v,v); = ||v||7 . Note that, V¢ € [0,T], (v, k), is a product space of Hilbert.

Let Q be the completion of the measurable functions on [0, 7] under ||-||-. The
components of Q can be distributions.

We note by Vr the set of all polynomials which can be written in the following
form

K (@) =k (@ dBf, - [ v, () Bl

where £ is a polynomial of p variables and p > 0.

Then, for a component F belong in V their Malliavin derivative D is defined
as follows:

DIK =377 18m (fo vy ( ,---7f0Typ(t)dBtH> vy (s), s €[0,T].

Because the non-convergence operator D% : 1.2 (Q,G,P) — (2,G, Q) is not open-
able. So, we can consider the completion of V; by the space D*? endowed with
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the following norm
2
K[}, = EIK]” + E[[DIK|[;.
We can now give another derivative
DIK = [/ ¢ (t — s) DI Kds,
Let L{, the space of process K defined on (Q2,G,P) and has a value in Q such that
E (115 + fy fy |DH | dsdt) < oc.
The following propositions are well famous now.
Proposition 2.1. Let K € LL{,, then the integral fOT K,dB exists in 1.2 (9, G, P).
Moreover, we have
E ( 7 K. dBH ) —0,
and
T H 2 2 T T ~NH H
E (fo K.dB! ) —E (HK||T+f0 I pH K, D] stsdt).
The following proposition given in ( [8, Theorem 11.1]) would be helpful below.

Proposition 2.2. Let 9, (s), 0, (s) be in D and EfOT (195 ()] +16; (s)") ds <
oo, where j = 1,2.Assume that DHv, (s) and DH, (s) are continuously differ-
entiable with respect to (s,t) € [0,7T] for almost all w € (), suppose also that
E [ [ |DMY; (s)|2dsdt < o0o. Denote

X;(t) = [10;(s)ds+ [;9;(s)dBF, 0<t<T.

Then

X (t) Xo (t) :/0 X ()60 (s) ds+/0 X (s) U5 (s) dBf+/0 Xy (s)0; (s)ds

+ /t X, (s) 0 (s) dB + /t DI X, (5) 0, (s)ds + /t DI X, (5) 0, (s) ds.

Let’s end this section by presenting an It6 formula for the non-convergence type
integral (see [8, Theorem 10.3]).

Proposition 2.3. Let ¥, 0: [0,7] — R be two non-stochastic measurable functions.

If
Xy = Xo+ [y 0sds + [ 9,dBH, 0 <t < T,
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where X, is a constant and K € C'* ([0, T] x R), then we have Vt € [0,T],

"OK "OK
K(t,Xt)—K(O,Xo)—f-A g(S7XS)dS+A a—x<S,XS)dZE
0?K d 9
vy [ G e (S o1 as).

LI = 2[5 Jo v (r— w) O dydrdu = 20, 5 ¢ (r — s) O,dr.

where

By the preliminary results mentioned previously, we are now able to study our
main results.

3. FRACTIONAL BSDE WITH WEAK MONOTONOCITY COEFFICIENT

In this section, we study the results of the existence and uniqueness solution to
the weak monotone backward SDEs associated to fBm. We use the approximation
technic to proof it.

Assume that

- Ko is a constant.

- 0,9: [0,T] — R are two measurables non-stochastic functions, ¥ is dif-
ferentiable and such that ¢ (t) # 0 V¢ € [0,T]. Note that, since |[J||; =
HQH-1) [y [ ]r— u|2H_219(r)19( ) drdu, we have
4 (I9IE) = 0 (60 (1) 2 0, with 0 (1) = fy o (¢ — u) 0 (u) du

In the following, let (k;),.,. be a solutlon of the following stochastic differential
equation associated by fBm:

dr; = 0 (t)dt + 9 (t) dB/,
{ Ko = To.
Now, we Introduce the following backward SDE driven by fBm
—dY; = g(t, ke, Yy, Z,)dt — Z,dB[
{ Yr =¢.
Throughout this paper, for § > 0, we will use the following spaces of processes

- Let L2 (9, Gr, P) is the space of Gr-measurable non-deterministic variables
§: Q — Rwith E (7 |§|2) < 00
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- We denote by C;7 ([0, T] x R) the space of all C**-applications over [0,77] x
R, such that it and its derivatives have polynomial growth.

- Vory ={Y =0 (-,k); ¥ €C ([0,T] x R)}, %is bounded, ¢ € [0, 77.

- The completion of Vi 1) is noted by V[O,T] and endowed with the following

norm:

1 1
||YHU _ <IE foT eOt42H—1 \Y}\th> 2 _ <E foT eOty2H—1 W (tw‘it>|2 dt> 2

Definition 3.1. A solution of the equation (3.1) is a pair of processes (Y, Z) € fi[
fi[{{ 7 and satisfies the equation (3.1).

Also, we have the following proposition. It’s proof follows the same way as
in [1, Proposition 3.6].

Proposition 3.1. Assume the pair (Y:, Z;),c(o 7y is a solution of the BSDE driven by
fBm (3.1). Then:
(a) We have the following non-deterministic representation

Dﬁnzggz, 0<t<T.

(b) There is a strictly positive constant M such that

S <23 <ai,  0<t<T

Now, we suppose that the coefficient ¢ satisfy the following assumptions (H):
(H1.1) For any fixed ¢, g(t,-, -, -) is continuous.
(H1.2) There exist a constant v € [0, 1) and strictly non-negative constant C
such that
l9(t, 0.0, 2)| < C(L+ Jo| + X" +[s]").
(H1.3) There exists a nondecreasing and concave function p(-) : R, — R,
with p (0) = 0, p(v) > 0 forv > 0 and [;, 75 = +oo such that dP x dt — a.c.

(x = X) (9t 0,x.9) — g(t, 0,%,9)) < p (Ix — XI°) .

for all (Qv X7 X7 §) 6 R4'
(H1.4) There exists a positive constant C' such that for any (o, 4,5, <) € R*

lg(t, 0,x,6) —g(t, 6, x,$) < C(lo—4| +|s —<I).
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When the assumption (H1.1) and (H1.2) are satisfied, we can define the
family of semi norms (®,, (g))

n

2

q)n(g):(EfoT sup Ig(t,g,x7<)|2dt>

lel,Ixls]<n

Remark 3.1. Since |n|” < (1 + |n]) for v € [0,1) then assumption (H1.2) implies
that

l9(2, 0,0 2)] < C(4+ lo| + x| + <)) -

Now, we mention an estimate for the distance between two solution of F-BSDE
(3.1). This estimate is very important to study the existence and uniqueness of the
solution, we then consider the our main result.

Proposition 3.2. We assume ¢!, €2 € 1.2 (Q, Gr, )1 P) and g, g satisfy the hypothesis
(H). Let for j = {1,2}, (Y7, Z7) belong in B> = f/g X V[O 71 has a unique solution
of the following BSDEs driven by fBm
=&+ [T g(u ke, VI, Z)du — [ ZIdBE,  t€[0,T).
Then, we find
E (e v = 2P+ f e V= 2P dut f) et | Z) - 22 du)
G- <C (EG‘ST €' — & + s + Px (1 — 92)) -

Proof. Applying It&’s formula to ‘Y;j 2, we get

Y71 =181+ 2 [ Yig(u, m, Yi, Zi)du — 2 [T Y Z3dBE — 2 [T DHY] Z3du.
Using the integration by part formula, we get
T T
YY)+ 5/ Vi du =" | + 2/ Y g(u, w, Y], Z3)du
t t

T T
—2 / Y ZidBH — 2 / e DEYI 73 du.
t t
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By hypothesis (H1.2), Young’s inequality and Remark 3.1, we have

T T
2/ Y3 g(u, ki, Y, Z2)du < 26’/ Y] (4 + |kl +|YI| + |Z1])) du
t t

g M
§O+/ e’ <1+02+20+ C)\Yﬂ\ du
t

T
1 12
u 2 u —
+/t " Ky | du—l—M/t ey I‘Zqﬂ du.

Therefore, using Proposition 3.1, we can write
E<€‘”\Yj\ +68 [T e Vi du+ 2 [T ePuy2t—1 yzg;ﬁm)
(3.2) < BT[] +C+E( Tt (1407 420 + M) V[ du)
+E (J;T e [y |* du + & [T et i1 | Z3 du)

By Gronwall’s inequality, we find for M > 1

E (7))

<O1,T,C,M,E&) x exp (( L O 4 20)T + MC?%) < o0
And by (3.3) also, one has
E [ 175 du < © (¢, T,C, M, H, &) < oo

Now, we set

B ={(w,u), Y|+ Y|+ |Z] + 23] + |ru|l = N}, B = Q\ B.
Again by (a), (b) in Proposition 3.1 and It&’s formula, we obtain

E <e<5t VL= Y246 [ ety — Yjﬁd@
(3.3) +2E (] ettt 2L - 22 du)
§E<€6T|51_§2| ) Y QNI L Ry C Y £

where
I'=2E ftT e’ (Yul o Yu2) (gl (’U,, Ko, Yu17 Zi) o gQ(”’ K, Yu27 Zg)) 1Bdu7
I? =2E ftT 65u (Yul - Yu2> (gl (’U,, R, Yu17 Z&) — 0 ('LL, Ry Yu27 Z&)) 1Bcdu7
I? =2E ftT e (Y —Y2) (g1(u, ki, Y2, ZL) — 91(u, Ky, Y,2, Z2)) 1 gedu,
I* =2E ftT e (Y —Y2) (g1(u, ki, Y2, Z2) — go(u, ky, Y,2, Z2)) 1 gedu.
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We now need to estimate ', /2, I® and I*.
It follows from the assumption (H1.2) and (X + T + ¥ + A)? < 4(X2 4+ 12 +
U2 + A?) that Ve > 0
I' <R (fT S|yl -y 1Bdu>
(3.4) FE ([T e (14 [kl + [V +12Y) 1pdu
+3CE (f, e (1+ |ra* + V27 + | 22) 1pdu

By inequality (3.3) , Holder’s inequality and Chebyshev’s inequality, then
(3.5) I' < &R (ftT v Yu2|2du) + =
The assumption (H1.3) give

(3.6) > <9E (ftTp (e&‘ v — Y3|2) du) .

Due to the assumption (H1.4) and Young’s inequality that Ve > 0,

T
1 2
3 212 ou 1 2
I SeCE(/t e —r | Y — Y| du)

1 T 2
+ 5 E (/ duy 21 ’Z; — ZS! du) .
€ ¢

Finally by inequality 2ab < a? + b?, we have

(3.7)

(3.8) I<E ([ = Y2 du) + 0 (g1 - ).
Combining (3.4) and (3.6) — (3.9), we conclude that
E (V) =Y +6 [T eV — V2 du+ (2 - L)
<E ()¢ - &) + it + ok (01 = )
+E ftT (2p (e‘”‘ Y1 — Y2 > <1 + € + S 1> e |Vl — Yu2|2> du,

Now for M > 0 choosing € > 0 such that 2 — &4 > 1and C. ¢,y (u) = 1+ € +
UQH r > 2foru e [t,T], we get

[T etu2H1 | 71— 72)? du)

t

E (e Y, — Y2’ +ftT buq2H-1 | 71 —Zg|2 du)
<E eéT ’fl _ ‘2) + N2(1 3 + pN (91 92)
HE [ Cocn (w) (p (712 = Y2P) + v} = ¥2[") d
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,3?5) = 400, from Fubini’s theorem

Taking p (v) = p (v) + v, for v > 0, such that [
and Jensen’s inequality, we have
E (5| — V2 +ftT g 2H-1| 71 —Zﬁ]Qdu)

<E ()¢ - &) + b + ok (91— 92)

+ [T Con( p<E (eMYl Y2+ [T edup2ti- 1\Zg—zz|2dr>)du
using Bihari’s inequality, wz conclude that

E (¥ = V2P + [ et 7] - 22 du)
<Ce.cmur (E <€5T & — &7 ) + =y + P (o — 92)) :

Therefore, the proof of Proposition 3.2 is completey. O

Before to state the proof of our main result, we first give the following technical
approximation lemma.

Lemma 3.1. Let g : [0, 7] x R* — R be a measurable function satisfies assumptions
(H). Then there exists the sequence of function g, such that

(i) Vt € [0,T], gn (t,-,-,-) is a continuous.

(17) Convergence : VN, ®y (gn, 9) = 0 a.s..

(7i1) ¥V n, g, is locally weak monotone in  i.e., for any n, N such that n > N, we
get

(X = X) (ga(t, 0.%,5) — gult. 0,X.<)) < p (Ix — XI%) -

for any o, x, X, ¢ satisfaying |o| < N, |x| < N, [X| < N, |¢|] < N, where p () is the
same function in assumption (H1.3).

(1v) There is a constant v € [0,1) and a constant C' > 0 such that for every
(t,0,X,5) € [0,T] x R3, the sequence of function g,, satisfy

19n (80,9 < C (4o + [x[" + [¢]") -
(v) V' n, g, is Lipschitz in ¢ and o i.e., there is a constant C,, > 0 such that

gn(t, 0,X,6) = gn(t, 6, X, <) < Cn (lo— 8| +|s —<]).

(vi) ¥ n, g, is Lipschitz in y i.e., there is a constant A,, > 0 such that

|9n(t, 0,X,6) — gn(t, 0, X,9)| < Ap|x — X].
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(vit) For any n, N with n > N, g, is locally Lipschitz in ¢ and g, i.e., for any o, ¢,
Y s and ¢ satisfying o] < N, |d] < N, [x| < N, [<| < N, |s| < N, then
|9 (¢, 0,X,5) = gnlt, 6, X, <) < C(Jo— 6+ |s = <),

where C'is the same constant in assumption (H1.4).
Proof. See, [16, Lemma 2.1]. O
We are now ready to state our main result.

Theorem 3.1. Suppose ¢ € L? (Q, G, P) and g satisfies the hypothesis (H). Then,
the pair (Y, Z) belong in B* with B* = V[O 7 X V[O 7] is a unique solution of BSDE
driven by fBm (3.1).

Proof. Choosing g; = g, and &' = ¢? and going N — oo in inequality (3.2), we can
get the uniqueness result. Let g, a sequence of function related to ¢ by Lemma
3.1. Then g, satisfies (v) and (vi) in Lemma 3.1 for each n. So, according to the
result of Hu and Peng [9]], the pair (Y, Z") belongs in B2, for each n > N is the
unique solution to the following BSDE driven by fBm

=&+ [ gulu, ki, Y2, Z0)du — [ Z0d B, tel0,77].
Appling Itd’s formula to e |Y;*|?, for M > 1, we have

(&ym +6 [T et VP du+ & [T etuy2t=t |z ? du)<@(tTCM§)<oo

t
Like the proof of Proposition 3.2, show that, for M > 2 and p, ¢ large enough
E (Y7 = VI f e Ve = YaP du+ [ et 20— 23 du)
< K(%‘F@?\T(gp—gq))-

Now going to the limit successively on p, ¢ and N, we conclude that (Y.*, Z") is
a Cauchy sequence in B2. Hence, there exists a pair of processes (Y., Z.) such that

E (e[ = Vil + f) e [V = Yo dut [ et 20 - 2, du) -0,

as n — oo. In order to verify that (Y., Z.) is a solution of the fractional BSDE (3.1),
we just have to prove that

(3.9) gn (U, Ko, Y, Z1) — g(u, Ky, Yy, Zy), @S 10— 00.
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Set
By ={(w,u), Y|+ Yol + 23] + [Zu| + |ku| = N}, By, =Q\ By
Then
E (ftT 190 (1 Fous Y, Z) — (1t b1, Y, Zo) [ du> < oIn 4 AIp + AL + 207,

where

17 = (f gnlu, w0 Y2, Z22) = gl k0, Y2 Z) 1, du)

—79 =E ftT |gn(ua Ry Yun’ ZZ}) - gn(ua Ry Yun7 Zu)|2 1B$Ldu> )

Ip=E ftT |G (U Koy Y, Z0) — g(u, b, Y, Z)) 1B%du) )

I =E ftT lg(u, K, Y, Z) — g(u, Ky, Ya, Z)| du) .

Then, we have

T
E </ lgn(u, K, Yo', Z0) — g(uy Ky, Y, Zu)|2du)
¢

C 1 r
< C E Su, 2H—1 " — 7. 2 d
(3.10) = N * ity <u21“> (/t 1 [ du

+ 493 (90 — 9)

T
4+ 2E (/ lg(u, ko, Y. Z0) — g(u, Ky, Y, Zu)\Qdu) .
t

Since

EfOT P21 zn — 7 1> du — 0, as n — oo,
there is a sub-sequence of Y, denoted by Y, such that Y — Y a.e., a.s.. There-
fore, the continuity of ¢ in y and Lebesgue’s dominated convergence theorem give
that
lim E (LT 9w, ku, Y, Z2) — g(u, K, Y, Za)| ds) = 0.

n—oo

Then, passing to the limit in inequality (3.11) respectively on n and N, we prove
that (3.10) holds.

It remains to show that the pair (Y, Z) satisfies equation (3.1) on the interval
[0, T]. We have for any ¢ € [t, T,

Y —¢€— ftT (U, Ko, Y ZM)du — Yy — € — ftT (U, Ky, Yo, Zy)du, in L2 (Q, G, P) .
n—o0
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And ZP1yr — Zdpq in L (Q,G, Q). Discussing as in the proof of Theorem
23 in [12] we prove that (Y, Z) satisfy BSDE (3.1) on [tx,T]. By repeating the
above method in finite steps to obtain a solution to the fractional BSDE (3.1) on
[tk—1,tk), [tk—2, tk—1], ..., and then on [0, T'|. Therefore, the proof of Theorem 3.1 is
complete. O

4. COMPARISON THEOREM

In this section we study a comparison theorem for one fractional BSDEs of the
following form:

(4.1) §Z+ft (u, ko, YV, Z0) du—ft ZidBE 0 <t <T.
where for any i € {1,2}, ¢' : Q x [0, 7] x R® — R. We assume in addition that
¢<e
H1.5) ¢ f'(s,8,9%2%) < f2 (s, 5,97, 2%),
V (s, &, ¥, %) €[0,T] x R
We have the following theorem.
Theorem 4.1. Suppose that (¢*, f') and (€2, f?) satisfy (H1.1)-(H1.5). If (Y7, Z}),

i =1, 2 are solutions to Eq. (4.1), then we have

Vit € (0,77, Yl <v? P—a.s.

Proof Letusdefine AY; =Y? -Y!, AZ, =7} — Z! A =¢* — ¢! and
AS (L, ke, AYy, AZ) = 2 (t ke, AY; + Y1 AZy + Z1) — fH(E ke, Y, Z1).

It follows that (AY}, AZy), ¢, 7y satisfies the fractional BSDE

telo,

AY, = Aﬁ—i—ft Af(u, Ky, AY,, AZ,) du—ft AZ,dBI 0<t<T.

, we obtain

Applying It6-Tanaka’s formula to

E(|aY [+ & f Lav,cop? 1 AZ,P du)
<E(AE) = 2E [ Liay, <) AY, Af (u, ki, AY,, AZ,) du.
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Since f? (u, ky, Yy, Z3) — fH(u, k4, Yy, Z7) > 0 and AL = & — €2 > 0, we have

E <|AY;_|2 + % ftT 1{AYH<O}U2H71 |AZu|2 du)
<2F [TAY, (f (u, ki, Y2, Z2) — [ (1, Ko, V), Z1)) du.

From (H1.3), (H1.4) and Young’s inequality, we have

2AY, [ (u, ki, Y2, Z2) — [Hu, k4, Y, Z,)

u2H71

M

< Curar () 5 ([, [7) + AZ,.

where Ci, i (u) = 3= > 2and j (v) = p (v)+v for v > Osuch that [, =t = +oc.
Then

E (|AY;|2) <E[" Cuu(u)p <|AY;|2) du,

using Fubini’s theorem and Jensen’s inequality, we get

E (|AY;|2) < [MCun (u)ﬁ(E|AYu‘|2) du.

Bihari’s inequality implies that AY; = Y? —Y,! > 0P — a.s. for all ¢t € [0, 7). O
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