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ABSTRACT. Our aim in this paper is to give an example of locally conformally
symplectic manifolds.

1. INTRODUCTION

The notion of locally conformally symplectic manifold was introduced in [6]]
and has been studied extensively by Vaisman and many others (see e.g. [1,2,5,
10,/13]]). Locally conformally symplectic manifolds are generalized phase spaces
of hamiltonian dynamical systems since the form of the hamiltonian equations is
then preserved by homothetic canonical transformations [13]]. We recall that a
smooth manifold M is a locally conformally symplectic manifold if there exist a
d-closed 1-form

a: X(M) — C™(M),

and a nondegenerate 2-form
Q:xX(M) x X(M) — C™(M),

such that
dQ) = —a A,
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where d is the exterior differentiation operator. The 1-form « is called the Lee
form [6,(13]. The triple (M, o, Q?) is called a locally conformally symplectic man-
ifold. In particular, if « is an exact 1-form on M, i.e., @ = df for some smooth
function f on M then (2 is called globally conformally symplectic form on M and it
is straightforward to verify that e~/ - Q is a symplectic form on M. The 1-form « is
unique. This implies that « is uniquely determined by 2 on a smooth manifold M
of dimension at least 4. The dimension of a locally conformally symplectic mani-
fold has to be even. Since 2" is nowhere vanishing, a locally conformally symplec-
tic manifold possesses a canonic orientation [9]]. For first properties and examples
of locally conformally symplectic manifolds, we refer the reader to [3,|7,8,12].
We organize this paper as follows. In Section 2, we study some properties of the
Lichnerowicz-de Rham differential. Section 3 deals with the study of example for
locally conformally symplectic manifolds.

2. PROPERTIES OF THE COHOMOLOGY OPERATOR d,,
A differential form 7 of degree p defines a multilinear skew-symmetric function

0 X(M) % - - x Z(M) — C=(M).

S

TV
p times

Its exterior derivative dn is defined as follows:
dn:X(M) x -+ x X(M) — C*°(M)

-~

(p+1) times

is the function defined by the formula
p+1

(@) (X, Xpr) = (D)X, [n(xl,...,)?i,...,xpﬂ)

=1
+ Y (D)X XL X X X X
i<j
for any Xi,..., X, 11 € X(M), where the sign ~ indicates the absence of the respec-
tive arguments [11].

Proposition 2.1. When A(M) is the C*°(M)-module of differential forms on M and
when d is the exterior differentiation operator then for any n € A(M), we have
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don =dn+aAn.
Corollary 2.1. The 1-form « is d,-closed if, and only if, « is d-closed.
Corollary 2.2. The 1-form « is d-closed if, and only if, d, o d, = 0.

Proposition 2.2. We have the following properties:

(1) do1 =«

() da(§ A7) = (dal) Ay + (=1)FIEA (doy) = (=1)FE Ay A dal;
for any £ and ~ homogeneous.

Proof. One uses the Proposition 2.1, we have first
dyl=dl+1-a=oa.
And for any ¢ and v homogeneous
do(E A7) = (&) Ay + (“D)FIEA (dy) +anEAY.
That ends the proof. O

The essential difference between d and d,, is that d, does not satisfy a Stokes’
theorem. Let us introduce the linear map

7:C®(M) — Ham(M), f — Xy,

where Ham(M) is the Lie algebra of hamiltonian vector fields on M, for more
details see [4].

Theorem 2.1. Define I, := {f € C*(M), d.f = 0}.
(1) The set I, is an ideal of the Lie algebra (C*(M),{,}) and this ideal is the

kernel of the homomorphism 7.
(2) The quotient C*°(M)/1, is a Lie algebra.

3. STUDY OF THE EXAMPLE OF LOCALLY CONFORMALLY SYMPLECTIC MANIFOLDS

We denote (ey, €y, ..., €2,) the canonical basis of R*" and (e}, €5, ..., ¢5,,) the dual
basis. For i = 1,2, ..., 2n, ¢! is the canonical projection

pri R2n — R, (t17t2, ...,t2n) — ;.
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Qo vg

Let ap = dej,, and y = Z daoef Ndey, ;.

Proposition 3.1. For any vector field X on R*", we have

ix$ = — ZX (i) - de]

+) <X (e) + e - X (e5) — by - [Z e X (e;;ﬂ.)]) e, .

i=1

Proof. Since

ixQo = ZQD ( ) de; + ZQO ( ) de; ;.
n+z
0 & 0
K ]: 1

) . ]
O | X = doge: Nd X,
0< ’ae;:+i> (; o€ e"ﬂ)( ae;;i)

n

= Z (de; +e - dey,) (X) - 0y
j=1

- * * * a *
_Z (dej e de?n) (a * ) - X (en+j)
j=1

n+z

we have

and

n

_ X(e;f)+e;-X(e;n)—5m-Ze;-X(e;ﬂ.).

=1

The result follows.
Proposition 3.2. The 2-form (), is nondegenerate.

Proof. The map
X (R™) — A (R™), X — ixQg
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is injective. Indeed ixQy = 0 implies X (e} ;) = 0 for any i = 1,2,...,n and
n
X (ef)+er- X (e5,) = ni- [2 e X (e;ﬂ.)] =0foranyi=1,2,..,n.
j=1

Since X (e;,;) = 0,i = 1,2,...,n then X (e3,) = 0 and X (e}, ;) = 0 for all
j=1,2,...,n. We deduce that X (¢f) =0fori=1,2,...,n,50 X = 0.
The map
X (R™) — A" (R*™), X — ixQ
is surjective.
For ¥ € A! (R?"), we verify that if

n n 8 n a
V=3 |0 () + el 0(e) = bui (Ze;w(e;))] e 20D G
=1 n-+1

j=1 i =1
we obtain
iy Qo = 1.
The proof is complete. O
Proposition 3.3. We get
do, (£20) = 0.

Proof. Since

doy () = da, (Zdaoef/\de;Jri)
=1

= =) [day€] Aoy (def ;) + 0o Adage} Ades,]
= 0, -
as desired. O
Theorem 3.1. The triple (R*", oy, ) is a locally conformally symplectic manifold.
Proof. Indeed
dog = d(des,) =d*(e},) = 0.

This completes the proof. O



192

[1]

(2]

(3]

(4]

(5]

(6]

(71

(8]

(91

[10]

[11]

[12]

[13]

Servais Cyr Gatsé

REFERENCES

A. BANYAGA: Quelques invariants des structures localement conformément symplectiques, C.
R. Acad. Sci. Paris, 332 Série 1, (2001), 29-32.

A. BANYAGA: Some properties of locally conformal symplectic structures, Comment. Math.
Helv,, 77 (2002), 383-398.

S. DRAGOMIR AND L. ORNEA: Locally conformal Kaehler geometry, Progress in Math., 55,
Birkhauser, 1998.

S. C. GATSE: Hamiltonian Vector Field on Locally Conformally Symplectic Manifold, Interna-
tional Mathematical Forum, 11(19) (2016), 933-941.

S. HALLER, T. RYBICKI: On the group of diffeomorphisms preserving a locally conformal
symplectic structure, Ann. Global Anal. Geom., 17 (1999), 475-502.

H. C. LEE: A kind of even-dimensional differential geometry and its application to exterior
calculus, Amer. J. Math., 65 (1943), 433-438.

J. LEFEBVRE: Propriétés du groupe de transformations conformes et du groupe des automor-
phismes d’une variété localement conformément symplectique, C. R. Acad. Sci. Paris, 268 Série
A, (1969), 717-719.

P. LIBERMANN: Sur les structures presque complexes et autres structures infinitésimales
réguliéres, Bull. Soc. Math. France, 83 (1955), 195-224.

J. MOSER: On the volume elements on a manifold, Trans. Amer. Math. Soc., 120 (1965),
286-294.

E. OKASSA: Algébres de Jacobi et algébres de Lie-Rinehart-Jacobi, Journal of Pure and Applied
Algebra, 208 (2007), 1071-1089.

I. VAISMAN: Cohomology and Differential forms, Pure and Applied Mathematics, Marcel
Dekker, 1973.

I. VAISMAN: On locally conformal almost Kaehler manifolds, Israel J. of Math., 24 (1976),
338-351.

I. VAISMAN: Locally conformal symplectic manifolds, Internat. J. Math. & Math. Sci., 8(3)
(1985), 521-536.

FACULTE DES SCIENCES ET TECHNIQUES
UNIVERSITE MARIEN NGOUABI

BP:69, BRAZZAVILLE,

REPUBLIC OF CONGO.

Email address: servais.gatseQumng.cg



	1. Introduction
	2. Properties of the cohomology operator  d
	3. Study of the example of locally conformally symplectic manifolds
	References

