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UNCERTAINTY PRINCIPLES FOR A NONCOMMUTATIVE HYPERGROUP

Kouakou Germain Brou!, Pie Coulibaly, and Kinvi Kangni

ABSTRACT. Let G be a locally compact hypergroup and let K be a compact sub-
hypergroup of G. (G, K) is a Gelfand pair if M.(G//K), the algebra of measures
with compact support on the double coset G//K, is commutative for the convolu-
tion. In this paper, assuming that (G, K) is a Gelfand pair, we establish uncertainty
principles for the pair (G, K).

1. INTRODUCTION

Hypergroups generalize locally compact groups. They appear when the Banach
space of all bounded Radon measures on a locally compact space carries a con-
volution having all properties of a group convolution apart from the fact that the
convolution of two point measures is a probability measure with compact support
and not necessarily a point measure. The intention was to unify harmonic analysis
on duals of compact groups, double coset spaces G//H (H a compact subgroup
of a locally compact group (), and commutative convolution algebras associated
with product linearization formulas of special functions. The notion of hypergroup
has been sufficiently studied (see for example [2,5,(7,8]]). Harmonic analysis and
probability theory on commutative hypergroups are well developed meanwhile
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where many results from group theory remain valid (see [1]]). When G is a com-
mutative hypergroup, the convolution algebra M,.(G) consisting of measures with
compact support on G is commutative. The typical example of commutative hy-
pergroup is the double coset G//K when G is a locally compact group, K is a
compact subgroup of G such that (G, K) is a Gelfand pair. In [5], R. I. Jewett has
shown the existence of a positive measure called Plancherel measure on the dual
space G of a commutative hypergroup G; he has also established many properties
of the Fourier and the inverse Fourier transform. In [[11], Michael Voit relying on
these results, has established an uncertainty principle for a commutative hyper-
group GG. When the hypergroup G is not commutative, it is possible to involve a
compact sub-hypergroup K of GG leading to a commutative subalgebra of M.(G).
In fact, if K is a compact sub-hypergroup of a hypergroup G, the pair (G, K) is
said to be a Gelfand pair if M.(G//K) the convolution algebra of measures with
compact support on G//K is commutative. The notion of Gelfand pairs for hyper-
groups is well-known (see [3,/9,(10]). When (G, K) i a Gelfand pair; it has been
shown in [4] the existence of a Plancherel measure on G. The goal of this paper is
to extend Voit’s work by obtaining a quantitative uncertainty princilple for Gelfand
pair associated with noncommutative hypergroup. This result will generate a cer-
tain qualitative uncertainty principle. In the next section, we give notations and
setup useful for the remainder of this paper. In section 3, we give some properties
of the Fourier transform and it reverse. Finally, thanks to these properties, we
prove a quantitative and a qualitative uncertainty principles for the paire (G, K).

2. NOTATIONS AND PRELIMINARIES

We use the notations and setup of this section in the rest of the paper without
mentioning. Let G be a locally compact space. We denote by:

- C(G) (resp. M(G)) the space of continuous complex valued functions (resp.
the space of Radon measures) on G,

- Cy(Q) (resp. M,(G)) the space of bounded continuous functions (resp. the
space of bounded Radon measures) on G,

- K(GQ) (resp. M.(G)) the space of continuous functions (resp. the space of
Radon measures) with compact support on G,

- Cp(G) the space of elements in C'(G) which are zero at infinity,



UNCERTAINTY PRINCIPLES FOR A NONCOMMUTATIVE HYPERGROUP 383

- (@) the space of compact sub-space of G,
- ), the point measure at = € G,

- spt(f) the support of the function f.

- spt(u), the support of the measure .

Let us notice that the topology on M ((G) is the cone topology [5] and the topology
on €(@) is the topology of Michael [6].

Definition 2.1. G is said to be a hypergroup if the following assumptions are sat-
isfied.
(H1) There is a binary operator * named convolution on M,(G) under which
M,(G) is an associative algebra such that:
i) the mapping (u,v) — p * v is continuous from M,(G) x M,(G) in
My(G).
ii) Vz,y € G, §, * 0, is a measure of probability with compact support.
iii) the mapping: (z,y) — supp(d, * d,) is continuous from G x G in
(G).
(H2) There is a unique element e (called neutral element) in G such that 6,%d. =
0 ¥ 0, = 0.,V € G.
(H3) There is an involutive homeomorphism: » —— 7 from G in G, named
involution, such that:
) (0; x 0,)” = 05 * 0z, Vo,y € G with p=(f) = p(f~) where f~(z) =
f(@),vf e C(G)and u € M(G).
ii) Vz,y,2 € G, z € supp(d, * d,) if and only if x € supp(d, * dy).

The hypergroup G is commutative if 6, * §, = 6, * 0,,Vx,y € G. For z,y € G,
x * y is the support of ¢, * ¢, and for f € C(G),

f(xxy) = (05 % 0y) /f d(dy * 0,)(2).

The convolution of two measures y, v in M,(G) is defined by: Vf € C(G)

(i * v)( //5*5 Fdu(z)dv(y //fx*ydu )du(y),

For u in M,(G), p* = ()~. So M,(G) is a *-Banach algebra.

Definition 2.2. H C G is a sub-hypergroup of G if the following conditions are
satisfied.
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(1) H is non empty and closed in G,
(2) Ve HT € H,
(3) Va,y € H, supp(d, *9,) C H.

Let us now consider a hypergroup G provided with a left Haar measure ;g and
K a compact sub-hypergroup of G with a normalized Haar measure wg. Let us
put M, (G) the space of measures in A,(G) which are absolutely continuous with
respect to ug. M,,(G) is a closed self-adjoint ideal in M, (G). For « € G, the dou-
ble coset of x with respect to K is K x {z} * K = {ky % x % ko; k1, ko € K}. We write
simply Kz K for a double coset and recall that Kz K = |J supp(dx, * 0z * Op,)-

k1,ko€eK
All double coset form a partition of G and the quotient topology with respect to

the corresponding equivalence relation equips the double cosets space GG//K with
a locally topology ( [1]], page 53). The natural mapping px : G — G//K defined
by: px(z) = KzK ,x € G is an open surjective continuous mapping. A function
f € C(G) is said to be invariant by K or K — invariant if f(k; * x x ko) = f(z)
for all z € G and for all kj,k, € K. We denote by C%(G), (resp. K*(G)) the
space of continuous functions (resp. continuous functions with compact support)
which are K —invariant. For f € C*(G), one defines the function f on G//K by
f(KzK) = f(z) Vz € G. [ is well defined and it is continuous on G//K. Con-
versely, for all continuous function ¢ on G//K, the function f = ¢ o px € CHG).
One has the obvious consequence that the mapping f —> [ sets up a topo-
logical isomorphism between the topological vector spaces C*(G) and C(G//K)
(see [9,/10]). So, for any f in C“(G), f = fo pk. Otherwise, we consider
the K-projection f — f* (by identifying f* and f%) from C(G) into C(G//K)
where for z € G, f(z) = [, [, [(k1 * @ % ko)dwg (k1)dw (ko). If f € K(G), then
/' € K(G//K). For a measure u € M(G), one defines p* by 1(f) = pu(f*) for
f € K(G). p is said to be K—invariant if ;* = ; and we denote by M* (@) the
set of all those measures. Considering these properties, one defines a hyper-
group operation on G//K by: dx.x * 5KyK(f) = [ [z x k x y)dwi (k) (see [9]
and [[1]). This defines uniquely the convolution (KzK) * (KyK) on G//K. The
involution is defined by: KxK = KZK and the neutral element is K. Let us put
m = [, 0karduc(x), m is a left Haar measure on G//K. We say that (G, K) is a
Gelfand pair if the convolution algebra M.(G//K) is commutative. M .(G//K) is
topologically isomorphic to M’ (G). Considering the convolution product on K(G),
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K(G) is a convolution algebra and K*(G) is a subalgebra. Thus (G, K) is a Gelfand
pair if and only if K?(G) is commutative ( [3]], theorem 3.2.2).

3. UNCERTAINTY PRINCIPLE

Let put G the space of continuous, bounded function ¢ on G such that:
(i) ¢ is K- invariant,
(i) ¢(e) =1,
(i) [y 0@ % b x y)dwc (k) = $(x)é(y) Yo,y € G,
(iv) ¢(T) = ¢(x) Vx € G.

The function 1 : z — 1 belongs to G.

Equipped with the topology of uniform convergence on compacta, Gisa locally
compact Hausdorff space. G is the dual space of the hypergroup G (see [4]).

3.1. Fourier transform and inverse Fourier transform.
For (3 belongs to M,(G), the Fourier transform of 3, is the mapping

B:G —s C defined by : 3(¢) = / o(T)dB(z)
e
The Fourier transform of f € K(G) is defined by

7(6) = Fac(o / (@) f (@)duc (@),

{f, fe IC(G)} is a sup-norm dense subspace of Cy(G). (For more detail on the
Fourier transform, see [4]]).

Definition 3.1. Leto € Mb(@ ), we call inverse Fourier transform of o, the mapping
o : G —» C defined by : o(z) = /@ o (z)do (o)
The inverse Fourier transform of ¢ € L1 , ) is defined by
bla) = / 8(x)p(6)dn (),
where 7 is the Plancherel measure (see [4]) on G.

For o € M,(G), o is K — invariant and belongs to Cy(G). (K(G))Y is a sup-norm
dense subspace of Cy(G). If f € K¥(G) with f € Ly(G, ), then f¥ = f.
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Let us establish some properties of the Fourier transform and the inverse Fourier
transform.

Proposition 3.2. The Fourier transform is a bijective isometry from L;(G, ) onto
Ly (G, 7).

Proof In the usual way: for f € L3(G, ug), f is defined as the Ly(G, m)-limite of a
sequence (fn)n in Ly(G, ) where (f,), C KXG) satisfies f = lim f,, in Ly(G, juc).
Since f = J?U for f € Ly(G, ue), then the Fourier transform is extended to the
whole space L, (G, i) and by the Plancherel theorem, it defines an isometry from
Li(G, ug) into Ly(G, 7). Otherwise, let ¢ belongs to Ly(G, 7); since IC/“(E) is dense
in Ly(G, ), then ¢ = lim f, in Ly(G, =) where (f,), C K#(G). By the isometry,

(fn)n converges to a certain f in Lo(G, u¢). As above, f=fi=lmf,in LQ(CAJ, ),
that is ¢ = f*, so the surjection. O

Proposition 3.3. Let 1 < p < 2 and q such that 110 + é =1.

() If | € L,(G. ), then [ € Ly(@.x) and |[J]| <1,
(i) If ¢ € L,(G.m), then ¢ € Ly(G.puc) and ||| <[l

Proof. (i) Let f € K(G). We have

(fa

~

ol aw) =([_|F@

GJJK

(
=(/Gﬁﬁ<&5>

(

(

9 _\g
d%(gz&)) (see [4]])

q

q

i)

=

p

/G » fﬂ(KxK))p dm(Ka:K))

That is,

f

_ AhH < .
=] <,
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V > o~ ~
(ii) Let us show that ¢ = gvo for ¢ € K(G). In fact, since ¢ € K(G) then = CE(G)
— \Y% N
and ¢ € K(G//K). So ¢ and gvo belong to C,(G//K). For Kz K € G//K, we have

F(KzK) = /A S K)F(D)dR()

GJ/K
- /G o) ()d(0)
= p(x)

= g(KmK).

~

If p € K(G), then

(/.

1

dm(KxK))

P(KzK)

P(x)

' dNG<J7>> l =

VRS
T
<
=

q

B(KzK)

dm(KxK))

= llell, in Ly(G, ).

So H%H < [l¢l, and the proof is complete. O
q

3.2. A quantitative and a qualitative uncertainty principles.
Letlﬁpﬁ?andqsuchthat%jté:1.
Let us fixe the sets 7' C G and U C G such that ug(7T) < oo and 7(U) < oo.
Let 17 and 1y be their respective indicator functions. Let us define the operators
P = Prand Q = Qu by

Pf=1r.f and Qf = (1y.f)" for f € L,(G, uc).

In the following theorems we establish some properties of these operators.
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Theorem 3.4. Let 1 < p < 2, s > 1; f € L,(G,ug) and ¢ : G — [0;+00] a
continuous function, then

ICPQIIL < [(Cpe) TN 7 (U) 7|1,
In particular, for p = s we have the operator norm inequality

I1PQIl, < pa(T)Pr(U)Y?.

Proof. For x € G, we have

= Ja¢(x) (¢) ( )
3.1) = Ja f) fG @) ¢(x)1u(d)dn(0))dna(y)

= (f, k,) with k,(y) = f@ 7)o(x)1y(p)dm (o).
Since ¢ € @ then

= J5 [ O(x * kx5 dk1y(p)dm ()

= Jx Jo Ja 9(2)1u(d)dm(9)d(dy * oy * d7)(2)dwy

= Jye Jo (), 5 8 5 63)(2)

Thanks to Jensen’s inequality we have
ke < [ | f 1 (2)d(0g # 65, % 05)(2)|* duwy,
(3.2) < Jie Jo 115(2)|* d(0g * Oy * 0y) (2)duwy,
= [i |1 (% k% 9)| dwy.

Since G is unimodular, then
1l < 1115, -

So by the Holder inequality we deduce that
Qf () = |(f k)]
< A, 1151, -
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Otherwise, we have

CPQI@) < (@)1r(a)) u@fu;, that is

16PQIl, < 1QF e (i [N 17 ()" dpigr)
<NQf Nl (fr IS cw”s
<Qf e (Cpe)(T))?
< II£1, 1151, (CPpc) ()
<11, Il (e )T
= I£1l, (@ (UDY? (e )(T))*

Theorem 3.5. Let 1 <p <2; s >qand f € L,(G, i), then

@ [|QPfIl, < pa(T) w07 | f],;
(D) [|QPfl, < pa(T)V/Pr(U)VP||Pf],.

Proof. (i) By (3.1), we have QP f(z) = Q17 f(z) = (17, k.) = ([, 1rk,) Vz € G.
Using (3.2), we have

= (i () ko) dpic(y)) "
(IG 1T Yy fK|1 x*k*y)dwkdﬂc( ))1/q
< (

fK fG Ir(y) 15 (2 k *7)dpa(y )dwk)l/q
= ([ (11" = 17) x*k)dwk) e

kel

IN

Thanks to the Holder inequality and using the ineqality above, we have
[QPfl, = (Jo|QPF@I* duc)"”
< (Jo (171, Nkl ) ()
<1l (fi (81 1) 5 )wn) ™ ()

1/s
<|If1, (fG (11417 % 17) (2))*/ d,ug(m)) , since G is unimodular

1/q
= |71, (e« 1l )
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Since [1}}|? € L1(G, u¢) and 17 € Ly /o(G, pe), then

1P, <Al (1)l ely,)
= 11, 11, s (T)
<1l 1l i (T)
= 1, 7(U) P (T

(ii) Using P? = P, we can replace f by Pf in the first inequality. This leads to

IQPfIl, < IPfIl, (U)Puc(T)">.

Moreover, let us put r = s/p and 7’ such that 1/r+1/r" = 1. Since |Pf|" € L.(G, uc)
and 17 € L/(G, i), we have

IPfIE = Jolr(@) [Pf(2)]" dpa(x)

= [z [P£"lly
< [zl PFF,
= 1zl I1PFILS -

This implies
1P£I, < IPFI, (lrl,)"?

= |Pflly na(T)7"

= Pl p(T)VP=15.

Hence
1QPFfll, < NPfll, ua(T)/P=1om(U) P pug(T)*

= Pl ua(T) /Pm(U)V7,
and the proof is complete. O

Let 7', U and p giving as above; for £, > 0, let us remind those definitions.

Definition 3.6. f € L,(G, uc) is called e-concentrated on T'if || f — Pf||, < e[| f]],
and ¢-bandlimited to U if there exists fy € L,(G, ue) with {gb € G E((b) # 0} C
Uand | f = full <4/,

Letus put Ay = {z € G; f(z) # 0} and By = {qﬁ € @; f(qﬁ) #+ O}. Thanks to the
results above, we establish the following results which are uncertainty principles.
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Theorem 3.7.

(i) Let 1 <p<2ande,é > 0. If f € L,(G, pe) with f # 0 is e-concentrated on
T and é-bandlimited to U, then

l—e—9
> —
1PQl, >
(ii) Let f be a K—invariant function belongs to L,(G,ug) N Lo(G, pe).  If
[Lg(Af)W(Bf) <1, then f = 0.

Proof. (DUsing fy = Qfy and ||P|[, = sup |Pf|, <1, we have
[1£1l,<1

£,

Ifll, = 1PQAN, < IIf = PRSI,
<|f =Pfl, +1Pf—Pfoll, + 1PQfv — PRSI,
<ellfll, + S lLfl, + 1P, S 1£1],
= (e+0+5[PQI) I, -

Thus | PQfl, = (1 —e = =3 |PQ],) [If]l,, hence |PQI|, > 555

(ii) By their definitions, P4, f = f and 1Bff: f. So Qp,f = (1BffA)V = (]?)V =f
since f is K —invariant.

If pe(As) =0, then f = 0. If x(B;) = 0, then f = 0, thus f = 0.

Let suppose pg(Af) # 0 and w(By) # 0. puc(Ap)n(By) < 1 = ug(Ay) < oo
and 7(By) < oco. Since P4, f = f and Qp,f = f, then f is 0—concentrated
on A; and 0—bandlimited to B;. If f # 0, by theorem 3.4 and (i), we have
1 < ||PQ|, < pue(T)V*7(U)Y? < 1, which is absurd, hence f = 0. O

Remark 3.8. In the theorem above, (i) is a quantitative uncertainty principle and
(ii) is a qualitative one.
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