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EXPONENTIAL STABILITY RESULT FOR A POROUS PROBLEM WITH
FRACTIONAL TIME DELAYS

Chahrazed Messikh1, Nabila Bellal, and Soraya Labidi

ABSTRACT. In this work, we are concerned with a porous problem in a bounded
one-dimensional domain under Dirichlet boundary conditions with fractional time
delays and internal frictional dissipative terms. By a multiplier approach, an ex-
ponential stability result are obtained.

1. INTRODUCTION

The present paper is focused on the study of the stabilization of the porous
system with delay terms and frictional dampings

(P )



ρ1φtt − kφxx − µψx + a1∂
α,β
t φ (t− s) + α1φt = 0, x ∈ Ω, t > 0,

ρ2ψtt − bφxx + µφx +mψ + a2∂
α,β
t ψ (t− s) + α2ψt = 0, x ∈ Ω, t > 0

φ (x, 0) = φ0 (x) , ψ (x, 0) = ψ0 (x) , x ∈ Ω,

φt (x, 0) = φ1 (x) , ψt (x, 0) = ψ1 (x) , x ∈ Ω,

φt (x, t− s) = f0 (t− s) , x ∈ Ω, t ∈ (0, s) ,

ψt (x, t− s) = g0 (t− s) , x ∈ Ω, t ∈ (0, s) ,

φ (0, t) = ψ (0, t) = φ (L, t) = ψ (L, t) , t > 0
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where Ω = (0, L) , the variable φ and ψ represent the displacement of a solid
elastic material and volume fraction, respectively. Here ρ1, ρ2, k, µ, and m are the
constitutive coefficients whose physical meaning is well known satisfying

ρ1 > 0, ρ2 > 0, b > 0, k > 0, µ > 0, m > 0, and km > µ2.

The constant s > 0 is the time delay. The functions φ0, φ1, ψ0, ψ1, f0, g0 are the
initial data belongs to a suitable space. The notation ∂α,βt stands the generalized
Caputo’s fractional derivative (see [5] ) given by

∂α,βt u (t) :=
1

Γ (1− α)

∫ t

0

(t− s)−α e−β(t−s) us (s) ds, 0 < α < 1, β > 0.

In the recent years, an increasing number of research have been discussed the
stabilization of porous systems with several dissipative mechanisms and several
results have been established. We recall a main result for this type of problem, it’s
shown that delays may destabilize a system that is uniformly asymptotically stable
in the absence of delay, see [6] for more details.

It is important to emphasize here the particular case k = µ = m, the new system
is known as the Timoshenko system where A. Adnane et.all [2] proved a uniformly
exponential stability result by using frequency domain approach.

In absence of the delay terms, R. Quintanilla [16] considered the following
problem

(1.1)

{
ρ1φtt − kφxx − µψx = 0, x ∈ Ω, t > 0,

ρ2ψtt − bφxx + µφx +mψ + τψt = 0, x ∈ Ω, t > 0,

with some initial and boundary conditions. Employing Hurwitz theorem, he proved
that dissipative terms is not enough to obtain exponential stability when the speed
of propagation waves is different, otherwise if the speed of propagation of waves
is equal, T.A. Apalara [3] studied the same system proving that the system is expo-
nentially stable. By Adding the viscoelasticity term (γφxxt ) at the first equation of
(1.1), A. Magana and R. Quintanilla [10] showed that the system is exponentially
stable.
Note that the system (P )with fractional time delays can be looked as a porous sys-
tem with memory terms acting only on time interval (0, t − s). Regarding porous
systems with memory term, B.Feng and T.A Apalara [7] considered problem (1.1)
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with memory term, that is

(1.2)

{
ρ1φtt − kφxx − µψx = 0, x ∈ Ω, t > 0,

ρ2ψtt − bφxx + µφx +mψ +
∫ 1

0
g(t− s)ψxx ds = 0, x ∈ Ω, t > 0.

By assuming minimal conditions on the relaxation function, the authors estab-
lished an optimal explicit and general energy decay results. For various other
damping mechanisms introduced and more results on porous system, we refer
reader to [1,4,8,9,11–13,15,17,18] and the references therein.

Our goal in this paper is investigate the effect of presence of fractional time de-
lays and frictional dampings on the asymptotic behavior of solutions of the system
(P). We establish an exponential decay result under appropriate assumptions by
using the multiplier method.

The plan of this paper is as follows. In section 2, we present some assumption,
the augmented problem (P ′) and lemmas needed for this study. Section 3 is de-
voted to the proof of well-posedness result by using the semi-group method. In
section 4, we prove decay result by using the multiplier method and appropriate
Lyapunov functional.

2. PRELIMINARIES

This section is concerned with the reformulation of the problem (P ) into aug-
mented system. For that, we need the following claims.

Lemma 2.1. Let η be the function:

η (ξ) := |ξ|
2α−1

2 , ξ ∈ R, 0 < α < 1.

Then, the relationship between the "input" U and "output" O of the system

(2.1)



ϕt (x, ξ, t) + (ξ2 + β)ϕ (x, ξ, t)− U (x, t) η (ξ) = 0,

ξ ∈ R, t > 0, β > 0,

ϕ (x, ξ, 0) = 0

O (t) := (π)−1 sin (απ)

∫ +∞

−∞
ϕ (x, ξ, t) η (ξ) dξ

is given by
O := I1−α,βU,
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where

Iα,βu (t) :=
1

Γ (α)

∫ t

0

(t− s)α−1 e−β(t−s)u (s) ds.

Lemma 2.2. [2] if λ ∈ Dβ = C \ ]−∞,−β[ then∫ +∞

−∞

η2 (ξ)

λ+ β + ξ2
dξ =

π

sin (απ)
(λ+ β)α−1 .

We suppose that the constants ai, αi, satisfy the following assumption

(2.2) aiβ
α−1 < αi for i = 1, 2.

Thought this work C denotes a generic positive constant that may change line to
line.

Now, we introduce, as in [14], the new variables

(2.3) z1 (x, ρ, t) = φt (x, t− sρ) , x ∈ Ω, ρ ∈ (0, 1) , t ∈ R+,

(2.4) z2 (x, ρ, t) = ψt (x, t− sρ) , x ∈ Ω, ρ ∈ (0, 1) , t ∈ R+.

Consequently, we have for i = 1, 2

(2.5) zit (x, ρ, t) =
−1

s
ziρ (x, ρ, t) , x ∈ Ω, ρ ∈ (0, 1) , t ∈ R+.

Denoting zit =
∂

∂t
zi, ziρ =

∂

∂ρ
zi for i = 1, 2. Then, by using (2.5),(2.4) and lemma

2.1, the problem (P ) is equivalent to
(2.6)

(
P ′)



ρ1φtt − kφxx − µψx + b1ϕ1 ⋆ η + α1φt = 0, (x, t) ∈ Ω× R+
⋆ ,

ρ2ψtt − bψxx + µφx +mψ + b2ϕ2 ⋆ η + α2ψt = 0, (x, t) ∈ Ω× R+
⋆ ,

ϕit +
(
ξ2 + β

)
ϕi − zi (x, 1, t) η (ξ) = 0, for i = 1, 2, (x, ξ, t) ∈ Ω× R× R+

⋆ ,

szit (x, ρ, t) + ziρ (x, ρ, t) = 0 for i = 1, 2, (x, ξ, t) ∈ Ω× (0, 1)× R+
⋆

φ (L, t) = φ (0, t) = ψ (L, t) = ψ (0, t) = 0, t ∈ R+
⋆ ,

z1 (x, 0, t) = φt (x, t) , (x, t) ∈ Ω× R+
⋆ ,

z2 (x, 0, t) = ψt (x, t) , (x, t) ∈ Ω× R+
⋆ ,

φ (x, 0) = φ0, φt (x, 0) = φ1, x ∈ Ω,

ψ (x, 0) = ψ0, ψt (x, 0) = ψ1, x ∈ Ω,

z1 (x, ρ, 0) = f0 (x,−sρ) , (x, ρ) ∈ Ω× (0, 1) ,

z2 (x, ρ, 0) = g0 (x,−sρ) , (x, ρ) ∈ Ω× (0, 1) ,

ϕi (x, ξ, 0) = 0, for i = 1, 2, (x, ξ) ∈ Ω× R+
⋆ ,
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where ϕi ⋆ η =

∫ +∞

−∞
ϕ (x, ξ, t) η (ξ) dξ dx, and bi = (π)−1 sin (απ) ai, for i = 1, 2.

Now, let us introduce the energy associated to solution of (P ′)

E (t)

=
1

2

[
ρ1∥φt∥2 + k∥φx∥2 + ρ2∥ψt∥2 + b∥ψx∥2 + 2µ

∫
Ω

φxψ dx+m∥ψ∥2
]

+
2∑

i=1

bi
2

∫
Ω

∫ +∞

−∞
|ϕi (x, ξ, t)|2 dξ dx+

2∑
i=1

vis

∫
Ω

∫ 1

0

|zi (x, ρ, t)|2 dρ dx,

(2.7)

where vi is a positive constant verifying

(2.8) A0bi < vi < αi − biA0, i = 1, 2, with A0 =

∫ +∞

−∞

η2 (ξ)

ξ2 + β
dξ.

Remark 2.1. Under hypothesis mk > µ2, the energy E defined in (2.7) is positive.

Lemma 2.3. [2] For zi ∈ L2 (Ω) and ξϕi ∈ L2 (Ω× (−∞,+∞)) for i = 1, 2 we have∣∣∣∣∫
Ω

zi (x, ρ, t)

∫ +∞

−∞
η (ξ)ϕi (x, ξ, t) dξ dx

∣∣∣∣ ≤ A0

∫
Ω

|zi (x, ρ, t)|2 dx

+
1

4

∫
Ω

∫ +∞

−∞

(
ξ2 + β

)
|ϕi (x, ξ, t)|2 dξ dx,

where A0 :=

∫ +∞

−∞

η2 (ξ)

ξ2 + β
dξ.

Lemma 2.4. Assume that (2.2) holds, then the energy functional defined by (2.7)
satisfies

dE(t)

dt
≤ −C

2∑
i=1

∫
Ω

(
|zi (x, 1, t)|2 + |zi (x, 0, t)|2

)
dx

−
2∑

i=1

bi
2

∫ L

0

∫ +∞

−∞

(
ξ2 + β

)
|ϕi (x, ξ, t)|2 dξ dx ≤ 0,

for a positive constant C and bi = (π)−1 sin (απ) ai with i = 1, 2.

Proof. Multiplying the first equation of (P ′) by φt, integration over (0, L) , by inte-
gration by parts with boundary conditions to get
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d

dt

[
ρ1
2
∥φt∥2 +

k

2
∥φx∥2

]
+ µ

∫ L

0

ψφxt dx

+ b1

∫ L

0

ϕL ⋆ η φt dx+ α1∥φt∥2 = 0.

(2.9)

Multiplying the second equation of (P ′) by ψt, integration over (0, L) , by integra-
tion by parts and boundary condition to find

d

dt

[
ρ2
2
∥ψt∥2 +

b

2
∥ψx∥2 +

m

2
∥ψ∥2

]
+ µ

∫ L

0

φxψt dx

+ b2

∫ L

0

ϕ2 ⋆ η ψt dx+ α2∥ψt∥2 = 0.

(2.10)

Then, summing (2.9) and (2.10), we obtain

d

dt

[
ρ1
2
∥φt∥2 +

k

2
∥φx∥2 +

ρ2
2
∥ψt∥2 +

b

2
∥ψx∥2 +

m

2
∥ψ∥2 + µ

∫ L

0

ψφx dx

]
+ b1

∫ L

0

ϕ1 ⋆ η φt dx+ b2

∫ L

0

ϕ2 ⋆ η ψt dx+ α1∥φt∥2 + α2∥ψt∥2 = 0.

(2.11)

Multiplying the equation j of (P ′) by biϕi with (i, j) = (1, 3) , respectively (i, j) =

(2, 5) and integration over (0, L)× R, then we yield

bi

∫ L

0

∫ +∞

−∞
ϕitϕi dξ dx+ bi

∫ L

0

∫ +∞

−∞

(
ξ2 + β

)
|ϕi (x, ξ, t)|2 dξ dx

− bi

∫ L

0

zi (x, 1, t)

∫ +∞

−∞
η (ξ)ϕi (x, ξ, t) dξ dx = 0,

which we give

(2.12)

d

dt

[
bi
2

∫ L

0

∫ +∞

−∞
|ϕi (x, ξ, t)|2 dξ dx

]
+bi

∫ L

0

∫ +∞

−∞

(
ξ2 + β

)
|ϕi (x, ξ, t)|2 dξ dx

−bi
∫ L

0

zi (x, 1, t)

∫ +∞

−∞
η (ξ)ϕi (x, ξ, t) dξ dx = 0,
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with i = 1, 2. Multiplying the equation number j of (P ′) by 2vizi with (i, j) = (1, 4),

respectively (i, j) = (2, 6) and integrating over (0, L)× (0, 1) , we get

(2.13)
d

dt

{
svi

∫ L

0

∫ 1

0

|zi (x, ρ, t)|2 dρ dx
}

+vi
∫ L

0

[
|zi (x, 1, t)|2 − |zi (x, 0, t)|2

]
dx = 0,

for i = 1, 2. By summing (2.11), (2.12) and (2.13) and using φt (x, t) = z1 (x, 0, t)

and ψ (x, t) = z2 (x, 0, t) , we arrive at

dE(t)

dt
= −

2∑
i=1

(αi − vi)

∫ L

0

|zi (x, 0, t)|2 dt

−
2∑

i=1

bi

∫ L

0

zi (x, 0, t)

∫ +∞

−∞
ϕi (x, ξ, t) η (ξ) dξ dx

−
2∑

i=1

bi

∫ L

0

∫ +∞

−∞

(
ξ2 + β

)
|ϕi (ξ)|2 dξ dx

+
2∑

i=1

bi

∫ L

0

zi (x, 1, t)

∫ +∞

−∞
η (ξ)ϕi (x, ξ, t) dξ dx−

2∑
i=1

vi

∫ L

0

|zi (x, 1, t)|2 dx.

Thanks to lemma 2.3 with (10) and putting

C = min
i=1,2

(vi − A0bi, αi − vi − biA0) > 0, i = 1, 2,

hence we obtain

dE(t)

dt
≤ −

2∑
i=1

(αi − vi − biA0)

∫ L

0

|zi (x, 0, t)|2 dx

−
2∑

i=1

(vi − A0bi)

∫ L

0

|zi (x, 1, t)|2 dx

−
2∑

i=1

bi
2

∫ L

0

∫ +∞

−∞

(
ξ2 + β

)
|ϕi (x, ξ, t)|2 dξ dx

≤ −C
2∑

i=1

∫ L

0

{|zi (x, 0, t)|2 + |zi (x, 1, t)|2} dx

−
2∑

i=1

bi
2

∫ L

0

∫ +∞

−∞

(
ξ2 + β

)
|ϕi (x, ξ, t)|2 dξ dx

≤ 0.
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□

3. WELL-POSSDNESS

In this section, we prove the existence and uniqueness of global solution of
(P ′) by using the semi group theory. Let us set u = φt and v = ψt and U =

(φ, u, ψ, v, ϕ1, ϕ2, z1, z2)
T , then (P ′) can be rewrite as follows:

(3.1)

{
Ut (t) = AU (t) ,

U0 = (φ0, φ1, ψ0, ψ1, 0, 0, f0 (−ρs) , g0 (−ρs))T
,

where the operator A is defined by

u

k

ρ1
φxx +

µ

ρ1
ψx −

b1
ρ1
ϕ1 ⋆ η −

α1

ρ1
u

v

b

ρ2
ψxx −

µ

ρ2
φx −

m

ρ2
ψ − b2

ρ2
ϕ2 ⋆ η −

α2

ρ2
v

− (ξ2 + β)ϕ1 + z1 (x, 1) η (ξ)

− (ξ2 + β)ϕ2 + z2 (x, 1) η (ξ)

−1

s
z1ρ (x, ρ)

−1

s
z2ρ (x, ρ)


with

ϕ1 ⋆ η =

∫ +∞

−∞
ϕi (x, ξ) η (ξ) dξ, i = 1, 2,

and the domain

D (A) =



U ∈ H : (φ, ψ) ∈ (H2 (Ω))
2
, (u, v) ∈ (H1

0 (Ω))
2
,

ziρ ∈ L2 (Ω× (0, 1)) for i = 1, 2,

u = z1 (·, 0) , v = z2 (·, 0) ,

ξϕi ∈ L2 (Ω× (∞,+∞)) , for i = 1, 2,

(ξ2 + β)ϕi − zi (x, 1) η (ξ) ∈ L2 (Ω× (−∞,+∞)) , for i = 1, 2


,
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where the space is defined by

H :=
(
H1

0 (Ω)
)2 × (

L2
0 (Ω)

)2 × (
L2 (Ω× (∞,+∞))

)2 × (
L2 (Ω× (0, 1))

)2
equipped with the inner product

(3.2)

〈
U, Ū

〉
= ρ2

∫
Ω

vv̄ dx+ b

∫
Ω

ψxψ̄x dx

+µ

[∫
Ω

ψ̄φx dx+

∫
Ω

ψφ̄x dx

]
+m

∫
Ω

ψψ̄ dx

+k

∫
Ω

φxφ̄x dx+ ρ1

∫
Ω

uū dx

+
2∑

i=1

bi

∫
Ω

∫ +∞

−∞
ϕi (x, ξ) ϕ̄i (x, ξ) dξ dx

+2
2∑

i=1

vis

∫
Ω

∫ 1

0

zi (x, ρ) z̄i (x, ρ) dρ dx

for all Ū =
(
φ̄, ū, ψ̄, v̄, ϕ̄1, ϕ̄2, z̄1, z̄2

)
∈ H.

Theorem 3.1. Assume that (2.2) holds. Then, any U0 ∈ H the problem (3.1) has
unique weak solution

U ∈ C ((0,∞) ,H) .

Moreover,if U0 ∈ D (A) , then we have

U ∈ C ([0,∞) , D (A)) ∩ C1 ([0,∞) ,H) .

Proof. We prove that A is a maximal dissipative operator. For this, we first show
that A is dissipative. We remark from lemma 2.4 and (3.1) that

E ′ (t) =
1

2

d

dt
∥U∥2 = ⟨Ut, U⟩H = ⟨AU,U⟩H ≤ 0.

Thus, A is dissipative.
In second step, we prove the surjectively of I − A. Indeed, let

F = (f1, f2, f3, f4, f5, f6, f7, f8)
T ∈ H

looking for U ∈ D (A) such that

(I − A)U = F,
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this implies

(3.3)



φ− u = f1 (x) ,(
1 +

α1

ρ2

)
u− k

ρ1
φxx −

µ

ρ1
ψx +

b1
ρ1
ϕ1 ⋆ η = f2 (x) ,

ψ − v = f3 (x) ,

v

(
1 +

α2

ρ2

)
− b

ρ2
ψxx +

µ

ρ2
φx +

m

ρ2
ψ

+
b2
ρ2
ϕ2 ⋆ η = f4 (x) ,

(1 + ξ2 + β)ϕ1 − z1 (x, 1) η (ξ) = f5 (x, ξ) ,

(1 + ξ2 + β)ϕ2 − z2 (x, 1) η (ξ) = f6 (x, ξ) ,

z1 +
1

s
z1ρ = f7 (x, ρ) ,

z2 +
1

s
z2ρ = f8 (x, ρ) .

We suppose (φ, ψ) ∈ (H1
0 (Ω))

2
, then the first and second equation in (3.3) give

(3.4)

{
u = φ− f1,

v = ψ − f3.

On other hand, the solution of (3.3)7 and (3.3)8 with taking into consideration
that z1 (x, 0) = u = φ− f1, z2 (x, 0) = v = ψ − f3 are given by

(3.5)
z1 (x, ρ) = e−sρ [φ (x)− f1 (x)]

+s e−sρ

∫ ρ

0

esτf7 (x, τ) dτ ∈ L2 (Ω× (0, 1)) ,

(3.6)
z2 (x, ρ) = e−sρ [ψ (x)− f3 (x)]

+s e−sρ

∫ ρ

0

esτf8 (x, τ) dτ ∈ L2 (Ω (0, 1)) .

Noting from (3.3)5 and (3.3)6 that

(3.7) ϕ1 =
f5 + z1 (x, 1) η (ξ)

1 + ξ2 + β
,

(3.8) ϕ2 =
f6 + z2 (x, 1) η (ξ)

1 + ξ2 + β
.
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Thanks to (3.7) and (3.8), we deduce that

(ξϕ1, ξϕ2) ∈ L2 (Ω× (−∞,+∞)) .

Now, substituting (20) and (3.6) for ρ = 1 in (22) and (3.8) with (3.4), then
relations(3.3)2,4 become

(3.9)

(
1 +

e−s

ρ1
b11 +

α1

ρ1

)
φ− k

ρ1
φxx −

µ

ρ1
ψx

= f2 +

(
1 +

e−s

ρ1
b11 +

α1

ρ1

)
f1 −

b1
ρ1

(∫ +∞

−∞

η (ξ)

1 + ξ2 + β
dξ

)
f5

− b1
ρ1
s e−s

(∫ +∞

−∞

η2 (ξ)

1 + ξ2 + β
dξ

)∫ 1

0

esτf7 (x, τ) d,

and

(3.10)

(
1 +

e−s

ρ2
b22 +

α2

ρ2

)
ψ − b

ρ2
ψxx +

µ

ρ2
φx +

m

ρ2
ψ

= f4 +

(
α2

ρ2
+
e−s

ρ2
b22 + 1

)
f3 −

b2
ρ2

(∫ +∞
−∞

η (ξ)

1 + ξ2 + β
dξ

)
f6

− b2
ρ2
s e−s

(∫ +∞

−∞

η2 (ξ)

1 + ξ2 + β
dξ

)∫ 1

0

esτf8 (x, τ) dτ,

where

bii = bi

∫ +∞

−∞

η2 (ξ)

1 + ξ2 + β
dξ, for i = 1, 2.

Our goal now is to prove that the solutions (φ, ψ) of the system (3.9) and (3.10)
belongs to (H2 (Ω))

2
. Indeed, let

(
φ̄, ψ̄

)
∈ (H1

0 (Ω))
2
, Multiplying the equation

(3.9) and (3.10) by ρ1φ̄ and ρ2ψ̄ respectively, by integration by parts, then sum-
ming the resulting equations to arrive at

(3.11) M
(
φ, ψ; φ̄, ψ̄

)
= L

(
φ̄, ψ̄

)
,

where the bilinear from M : H1
0 (Ω)×H1

0 (Ω) → R is given by

M
(
φ, ψ; φ̄, ψ̄

)
=

(
ρ1 + α1 + e−sb11

) ∫
Ω

φφ̄ dx+
(
ρ2 + α2 + e−sb22

) ∫
Ω

ψψ̄ dx

+ k

∫
Ω

φxφ̄x dx+ b

∫
Ω

ψxψ̄x dx+ µ

[∫
Ω

(
ψφ̄x + φxψ̄

)
dx

]
+m

∫
Ω

ψψ̄ dx,

and linear from L : H1
0 (Ω) → R by
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L
(
φ̄, ψ̄

)
:=

(
α1 + ρ1 + e−sb11

) ∫
Ω

f1φ̄ dx

+
(
α2 + ρ2 + e−sb22

) ∫
Ω

f3ψ̄ dx+ ρ1

∫
Ω

f2φ̄ dx

+ ρ2

∫
Ω

f4ψ̄ dx− b1

(∫ +∞

−∞

η (ξ)

1 + ξ2 + β

)∫
Ω

f5φ̄ dx

− b2

(∫ +∞

−∞

η (ξ)

1 + ξ2 + β

)∫
Ω

f6ψ̄ dx

− b1s e
−s

(∫ +∞

−∞

η2 (ξ)

1 + ξ2 + β
dξ

)∫
Ω

∫ 1

0

esτf7 (x, τ) dτ dx

− b2s e
−s

(∫ +∞

−∞

η2 (ξ)

1 + ξ2 + β
dξ

)∫
Ω

∫ 1

0

esτf8 (x, τ) dτ dx,

with simple and straightforward calculation, it follows that M is coercive and con-
tinuous operator and L is continuous hence, virtue to the Lax-Milgram theorem,
the problem (3.11) has a unique solution (φ, ψ) ∈ (H1

0 (Ω))
2
. Due to the classical

elliptic regularity, it result that (φ, ψ) ∈ (H2 (Ω))
2
. Finally, it remains only to show

that (
ξ2 + β

)
ϕ− zi (x, 1) η(ξ) ∈ L2 (Ω× (−∞,+∞)) for i = 1, 2.

Returning to (3.3)5 and (3.3)6 we have

(ξ2 + β)ϕ1 − z1 (x, 1) η (ξ) = f5 − ϕ1 ∈ L2 (Ω× (−∞,+∞)) ,

(ξ2 + β)ϕ2 − z2 (x, 1) η (ξ) = f6 − ϕ2 ∈ L2 (Ω× (−∞,+∞)) .

Hence, we conclude that U ∈ D (A) , so, the operator I − A is surjective. □

4. DECAY EXPONENTIAL

In this section, we prove the decay result using the multiplier method. For this
purpose, we need to some lemmas and functionals. The first, we introduce the
following functions

k1 (t) := ρ1

∫
Ω

φtφ dx+ ρ2

∫
Ω

ψψt dx

+
2∑

i=1

bi
2

∫
Ω

∫ +∞

−∞

(
ξ2 + β

)
|Mi (x, ξ, t)|2 dξ dx,

(4.1)
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where

Mi (x, ξ, t) =

∫ t

0

ϕi (x, ξ, τ) dτ −
sη (ξ)

ξ2 + β

∫ 1

0

f i
0 (x,−ρs) dρ+

φi
0η (ξ)

ξ2 + β

with

f i
0 (x,−ρs) =

{
f0 (x,−ρs) , i = 1

g0 (x,−ρs) , i = 2

and

φi
0 (x) =

{
φ0 (x) , i = 1

ψ0 (x) , i = 2.

Denoting from now on

φi =

{
φ, i = 1

ψ, i = 2.

Lemma 4.1. (see [2]) Let (φ, ϕ1, z1, ψ, ϕ2, z2) be a regular solution of problem (P ′) ,

then we have for i=1,2∫
Ω

∫ +∞

−∞

(
ξ2 + β

)
Mi (x, ξ, t) ϕi (x, ξ, t) dξ dx

−
∫
Ω

∫ +∞

−∞
φi (x, t)ϕi (x, ξ, t) η (ξ) dξ dx

= −s
∫
Ω

∫ 1

0

zi (x, ρ, t)

∫ +∞

−∞
η (ξ)ϕi (x, ξ, t) dξ dρ dx

−
∫
Ω

∫ +∞

−∞
|ϕi (x, ξ, t)|2 dξ dx.

Lemma 4.2. (see [2]) Let (φ, ϕ1, z1, ψ, ϕ2, z2) be a regular solution of problem (P ′) ,

then we have for i=1,2∣∣∣∣∫
Ω

∫ +∞

−∞

(
ξ2 + β

)
|Mi (x, ξ, t)|2 dξ dx

∣∣∣∣
≤ 3s2A0

∫
Ω

∫ 1

0

|zi (x, ρ, t)|2 dρ dx

+3A0C
2
⋆∥φi

x∥2 +
3

β

∫
Ω

∫ +∞

−∞
|ϕi (x, ξ, t)|2 dξdx.
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Lemma 4.3. Assume (2.2) hold. The functional k1 defined in (4.1) satisfies

k′1 (t) ≤ −k
2
∥φx∥2 −

b

2
∥ψx∥2 −

b

4C⋆⋆

∥ψ∥2

−
2∑

i=1

bi

∫
Ω

∫ +∞

−∞
|ϕi (x, ξ, t)|2 dξ dx+ C

(
∥φt∥2 + ∥ψt∥2

)
+ s2

2∑
i=1

vi

∫
Ω

∫ 1

0

|zi (x, ρ, t)|2 dρ dx

+
2∑

i=1

bi
4

∫
Ω

∫ +∞

∞

(
ξ2 + β

)
|ϕi (x, ξ, t)|2 dξ dx,

where λ = k − µ2

m
and C⋆⋆ is the Poincaré constant.

Proof. Differentiating k1 respect to t, using the first and second equation of (P ′) ,

by integration by parts and we take the boundary conditions into account to yield

(4.2)

k′1 (t) = −k∥φx∥2 − b∥ψx∥2 − 2µ

∫
Ω

ψφx dx−m∥ψ∥2

−b1
∫
Ω

φ

(∫ +∞

−∞
ϕ1 (x, ξ, t) η (ξ) dξ

)
dx

−b2
∫
Ω

ψ

(∫ +∞

−∞
ϕ2 (x, ξ, t) η (ξ) dξ

)
dx

−α1

∫
Ω

φφt dx− α2

∫
Ω

ψψt dx

+ρ1∥φt∥2 + ρ2∥ψ∥2

+
2∑

i=1

bi

∫
Ω

∫ +∞

−∞

(
ξ2 + β

)
Mi (x, ξ, t)ϕi (x, ξ, t) dξdx,

by virtue of lemma 4.1, so (28) becomes

(4.3)

k′1 (t) = −λ∥φx∥2 − b∥ψx∥2 −
1

m
∥µφ+mψ∥2

−α1

∫
Ω

φφt dx− α2

∫
Ω

ψψt dx+ ρ1∥φt∥2 + ρ2∥ψt∥2

−s
2∑

i=1

bi

∫
Ω

∫ 1

0

zi (x, ρ, t)

∫ +∞

−∞
ηϕi (x, ξ, t) dξ dρ dx

−
2∑

i=1

bi

∫
Ω

∫ +∞

−∞
|ϕi (x, ξ, t)|2 dξ dx.
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Now, we will estimate the terms of the right-hand side of (4.3) as follows. Since
bIA0 < vi for i = 1, 2, and integrating the inequality in lemma 2.3 over (0, 1)

respect to ρ to arrive at

− s

2∑
i=1

bi

∫
Ω

∫ 1

0

zi (x, ρ, t)

∫ +∞

−∞
η (ξ)ϕi (x, ξ, t) dξ dρ dx

≤ s2
2∑

i=1

vi

∫
Ω

∫ 1

0

|zi (x, ρ, t)|2 dρ dx

+
2∑

i=1

bi
4

∫
Ω

∫ +∞

−∞

(
ξ2 + β

)
|ϕi (x, ξ, t)|2 dξ dx.

(4.4)

Using the Young’s and Poincaré inequalities to find

−α1

∫
Ω

φφt dx− α2

∫
Ω

ψψt dx ≤ α1δ1C∗∥φx∥2 + α2δ2C∗∗∥ψx∥2

+
α1C∗

4δ1
∥φt∥2 +

α2

4δ2
∥ψt∥2.

We choose δ1 =
λ

2C⋆α1

and δ2 =
b

2α2C⋆⋆

consequently

(4.5) −α1

∫
Ω

φφt dx− α2

∫
Ω

ψψt dx ≤ λ

2
∥φx∥2 +

b

2
∥ψx∥2 + C

(
∥φt∥2 + ∥ψt∥2

)
.

Inserting (4.4) and (4.5) in (4.3), then using the Poincaré inequality it follows that

k′1 (t) ≤ −λ
2
∥φx∥2 −

b

4
∥ψx∥2 −

b

4C⋆⋆

∥ψ∥2

+
2∑

i=1

bi
4

∫
Ω

∫ +∞

−∞

(
ξ2 + β

)
|ϕi (x, ξ, t)|2 dξ dx+ C∥φt∥2 + C∥ψt∥2

+s2
2∑

i=1

vi

∫
Ω

∫ 1

0

|zi (x, ρ, t)|2 dρ dx

−
2∑

i=1

bi

∫
Ω

∫ +∞

−∞
|ϕi (x, ξ, t)|2 dξ dx.

□

Next, we introduce the following functional

(4.6) k2 (t) := s
2∑

i=1

∫
Ω

∫ 1

0

e−sρ |zi (x, ρ, t)|2 dρ dx.
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Lemma 4.4. the functional k2 define in (4.6) satisfies

(4.7) k′2 (t) ≤ −s e−s

2∑
i=1

∫
Ω

∫ 1

0

|zi (x, ρ, t)|2 dρ dx+ ∥φt∥2 + ∥ψt∥2.

Proof. We take derivative of k2 respect to t and using (2.6)4 and (2.6)6, we arrive at

k′2 (t) =
2∑

i=1

∫
Ω

|zi (x, 0, t)|2 dx−
2∑

i=1

∫
Ω

e−s |zi (x, 1, t)|2 dρ dx

−s
2∑

i=1

∫
Ω

∫ 1

0

e−sρ |zi (x, ρ, t)|2 dρ dx.

We see that zi (x, 0, t) = φi
t (x, t) and using the fact e−sρ ≥ e−s therefore, we obtain

(4.7). □

Lemma 4.5. the functionals k1 and k2 defined in (4.1) and (4.6) satifies

|k1 (t)| < CE (t) and k2 (t) ≤ CE (t)

for some positive constant C.

Proof. Using lemma 4.2 and Young’s inequality we find easily that |k1 (t)| < CE (t) .

Since e−sρ < 1, then we obtain

k2 (t) ≤ s
2∑

i=1

∫
Ω

∫ 1

0

|zi (x, ρ, t)|2 dρ dx ≤ CE (t) .

□

It is ready to state and prove the main result for this we introduce the perturbed
energy as follows.

L (t) := NE (t) + εk1 (t) + k2 (t) for ε > 0 and N > 0.

Theorem 4.1. Assume (2.2) holds and U0 ∈ H, then any solution of (P ′) satisfies

E (t) ≤ d1 e
−d2 t ∀t ≥ 0,

for some positive constants d1 and d2 independent of t.
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Proof. by using lemma 4.3 and lemma 4.4 we deduce that

L′ (t) ≤ − (NC − εC − 1) ∥φt∥2 − (NC − εC − 1) ∥ψt∥2

−λε
2
∥φx∥2 −

bε

4
∥ψx∥2 −

bε

4C∗∗
∥ψ∥2

−ε
2∑

i=1

bi

∫
Ω

∫ +∞

−∞
|ϕi (x, ξ, t)|2 dξ dx

−
2∑

i=1

s
(
e−s − visε

) ∫
Ω

∫ 1

0

|zi (x, ρ, t)|2 dρ dx.

At this point, we choose ε small enough such that e−s−vis ε > 0 for i = 1, 2. Then,

picking N large enough so as N > max

(
Cε+ 1

C
,
ε

2

)
. This implies that there exist

constant d such that
L′ (t) ≤ −d E (t) ∀t ≥ 0.

In the other hand, we remark virtue of lemma 4.5 that L (t) and E (t) are equiva-
lent for all t > 0. So there exist d1 > 0 such that

(4.8) L′ (t) ≤ −d1L (t) ∀t ≥ 0,

therefore, by integration simple (4.8) over (0, t) , we deduce that

L (t) ≤ L (0) e−d1 t ∀t ≥ 0.

Hence, we conclude that
E (t) ≤ d2e

−d1 t ∀t ≥ 0,

with d2 > 0. □
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