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HANKEL DETERMINANT OF SECOND ORDER FOR INVERSE FUNCTIONS
OF CERTAIN CLASSES OF UNIVALENT FUNCTIONS

Milutin Obradovié and Nikola Tuneski!

ABSTRACT. In this paper we determine mainly sharp upper bounds for the Hankel
determinant of second order for the inverse functions of functions from some

classes of univalent functions.

1. INTRODUCTION AND PRELIMINARIES

Let A be the class containing functions that are analytic in the unit disk D :=
|z| < 1 and are normalized such that f(0) =0 = f'(0) — 1, i.e.,

1.1 f(z)=z+a2* +azz® +---.
By S we denote the class of functions from .4 which are univalent in D.

A problem that recently rediscovered, is to find upper bound (preferably sharp)
of the modulus of the Hankel determinant H,(n)(f) of a given function f, for ¢ > 1
and n > 1, defined by

Ay Ap41 -+ Apig—1
An+1 An+2 ... Aptq
Hy(n)(f) =
Untqg—1 Qnyq --- (ni29—2
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The general Hankel determinant is hard to deal with, so the second and the third

ones,
as a
H2)(f)=| 7 7| = aas — a3
a3 ag
and
1 s as
H3(1)(f) =| a2 a3 ay | = as(agas — a3) — as(as — asas) + as(az — a3),
a3 a4 Qas

respectively, are studied instead. The research is focused on the subclasses of uni-
valent functions (starlike, convex, a-convex, close-to-convex, spirallike,...) since
the general class of normalised univalent functions is also hard to deal with. Some
of the more significant results can be found in [2-6}8-12,14].

In this paper we will give mainly sharp upper bound of the modulus of the
second Hankel determinant for the inverse functions for the functions in different
subclasses of S as listed bellow.

The classes of convex and starlike functions are defined respectively with

C:{feA: Re [1+Z]{C/,;S)} >0,ze]D>}

and ,
S*:{fE.A: Re {M] >0,ZE]D)},
f(2)
where "<" denotes the usual subordination defined by: f < ¢, if, and only if, f and
g are analytic in D and there exists a Schwartz function w (analytic in D, w(0) = 0
and |w(z)| < 1), such that f(z) = g(w(z)) for z € D. If g is univalent, then f < g is

equivalent to f(0) = ¢(0) and f(D) C ¢g(D).
Further, let )
‘ Zf” Py
Q:{fEA. Re [1—1— 702

(that is the subclass of starlike functions, see [|7]]) and

S;:{f€./4: ) <z+\/1—|—22}.

3
<§,ZED},

f(2)

(also is the subclass of starlike functions).
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For every univalent function in D there exists an inverse one, at least on the disk
with radius 1/4 (due to the famous Koebe’s 1/4 theorem). If the inverse function
has an expansion

(12) fﬁl(w) =w + A2w2 + A3w3 + .. ,

then, by using the identity f(f~(w)) = w, from and we receive

AQ = —ay,
Az = —az + 2d3,

(1.3) o ,
A4 = —ay4 + 5@2@3 - 5&2,

As = —as + 6asay — 21a3as + 3a3 + 14a;.

Using the definition of the second Hankel determinant, together with (1.2) and
(1.3), after some calculations we have

H2(2)(f’1) = A,A, — A§ = Aoy — a§ — a%(ag — ag)

(1.4)
— H(2)(f) - a3(as — a3).

For our consideration we need the next lemma proven in [15] (can be found
also in [1]).

Lemma 1.1. Let
(1.5) w(z) =crz+cg? -

be a Schwartz function. Then

ol <1, el <1—]al? and o3| <1—al -

2. MAIN RESULTS

In the main theorem we will give upper bound (mainly sharp) of the modulus of
the second Hankel determinant for the inverse functions of functions from some
classes univalent functions. The same problem was studied in [[13] for the class
U(N), 0 < A <1, of univalent functions defined by

U = {f cA: (%)zﬂz) -1

<)\,Z€D}.
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Theorem 2.1. The next statements are valid.

() If f € C, then |Hy(2)(f™)| < é
(i) If f € S*, then |Ho(2)(f7Y)| <

(iid) If f € G, then |Hy(2)(f1)| < %
(i) If f € Sy, then [Hy(2)(f7") < 3.

The first three inequalities are sharp.

Proof.

(i) From the definition of the class C, for f € C, we have:

(2.1)

(2.2)

(2.3)

L+ zf"(z)  1+w(z)
fiz)  1T—w(z)
where w is a Schwartz function. From (2.1)) we have

(=f'(2))

and from here by using the notations (1.I)) and (1.5) and equating the
coefficients:

[1+2w(2) + 2w2(2) + - - - 1f'(2),

Q
)
Q

1,
(02 + 3¢2),
= L(c3 + bejeg + 6¢3).

D= Wl

Using ((1.4) and (2.2)), after some calculations, we obtain

1 1 1
HQ(Q)(f_l) = 60103 — 60%02 — 503,

which implies
-1 1 Lo Lo
|Ha(2)(f)] < 6’01“63” + 6\01! |ca| + §|C2| :

If we use Lemma|1.1|for |c;3|, then from the last relation we have

H 2 —1 <1 1_ 2 |02|2 1 2 1 2
| Hy(2)(f )’_6|Cl| |c1 ; +6|01’ \02’+9|C2|

1
— lal(1 = Jer) +

- ’Cl‘ 2
—|C
18(1 + |c1|)| d

and if we use that |c;] < 1 — |¢;]? (again from Lemma [1.1) and some
calculations:

+6|Cl|2|c2|>



@)

(2.4)

(2.5)
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1
gv
where maximum is attained for |¢;| = L. This result is the best possible.

L)) < g1+ lal ~2lal) <

Namely, if in (2.1)) we choose the Schwartz function

z+3 1 3, 3,
Tyl TR T

with ¢; = 3, ¢ = 2, ¢3 = —2, then we receive the function f, defined by
2f1(z) _ 1+wi(z)

fiz)  1—wi(2)

such that, from 2.3), H2(2)(f;') = —4. i.e., [H2(2)(fi )| = &

We will use the same method as in the case (7). If f € S*, then by definition
z2f'(z) _ 1+ w(z)
fz)  1-w(z)

for some Schwartz function w. First, from the relation (2.4]) we have

2f'(2) = [1+ 2w(2) + 2w (2) +- -] f(2),
and using the notations (1.1)) and (1.5)), after comparing the coefficients:

Ay = 2017
az = o + 3¢,

as = 2(cs + bere + 663).

Using (1.4) and (2.5)), after some calculations we obtain
4 10
HQ(Q)(fﬁl) = 56103 — EC%CQ — Cg + 3011,

and from here
—1 4 10 2 2 4
|Hy(2)(f )| < Slelles] + 3\01’ |ca| + |ea|” + 3lea| ™

Further, using Lemma|l.1{and the same estimation as in the previous case,
we have

[Ha2(2)(f7)] < 53+ 8lea” = 2ler|!) <3,

Wl
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(13)

(2.6)

(2.7)

(2.8)

(4v)

(2.9)
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where the maximum is attained when |c¢;| = 1. For the Koebe function
k(z) = 55 wehavec; = land¢; = 0fori =2,3,.. . ie, H>(2)(k7") =3,
which means that our result is sharp.

From the definition of the class G, for f € G, we have
zf"(z) 3 1 1+4w(z)

flz) 2 2 1—-w()
for some Schwartz function w. From we have
(2f'(2)) = [1 —w(z) —w*(z) =] f(2),
and from here, by using and and equating the coefficients:

1+

g = —%Cl,
as = —%02,
ay = —5(203 + ¢i09).
Using and (2.6), after some calculations, we get

1
——(6e1c3 + 9cica + 9c) — 4c3)

() =

and from here
|Hy(2)(f7H)] < 144(6|01H03|+9\01| |ca| + 9|t + 4l eal?).

Using the estimations given in Lemma [1.1]and the same method as in two
previous cases, we have
1 2
— @A+ Tl =2al!) <

H@)(f ) < 1 <

where maximum is attained for |¢;| = 1. For the function f, defined by

2fi(z) 3 1 1+z
faz) 2 21—z
(i.e. when w(z) = z in (2.6 -) we have ¢; = 1, ¢y = ¢3 = 0, which, by (2.§),

implies H(2)(f; ') =

1+

16, i.e., the result is sharp.

From the definition of the class S} for f € S;, we have

2f'(2)
f(2)

=w(z) + V1+w?(2)
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for some Schwartz function w. From the relation (2.4]) we have

2f'(2) = [w(z) + VIT2()] - £(2).
Using the notations and (1.5), and after comparing the coefficients
we receive
az = Cp,
(2.10) az = %cz + %c%,
as = 15(4cz + 10c1¢2 + 5¢3).

Using (1.4) and (2.10), after some calculations we obtain that

_ 1 5 5 1
Hy(2)(f 1):§clc3 ECICQ+48 4 ch,

and from here

1 5 5) 1
|H2(2)(f7H)] < §|01||C3| + E|01|2|C2| + @|01|4 + 1|02|2-

If we use, once again, Lemma 1 and the same method as in three previous
cases we obtain

(Ha(2)(f7)] < = (=19]ar[* + 12]er* + 12),

o

where maximum £ is attained for |¢;| = /3 = 0.56195.

The expression gives
(2.11) Hy(2)(f7") = Ha(2)(f) = —a3(az — a3),

which together with the estimates from the previous theorem easily gives the fol-
lowing corollary.

Corollary 2.1. The next statements are valid.

() If f €C, then |Hy(2)(f7!) — Ha(2)(f)] < -
(i) If f € S*, then |Hy(2)(f 1) — Ha(2)(f)| < 4
Giii) If f € G, then |[Hy(2)(f71) — Ha(2)(f)] < &
(iv) If f € S}, then |Hy(2)(f71) — Ha(2)(f)| < L.

All inequalities are sharp.
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Proof.

(¢) From the relations (2.11) and (2.2), in this case we have

[Hx(2)(f ) = Ha(2)(f)] = |azf*|as — a3] = %\61!2\62!

1 1
< ey (1 = e ?) € —
< glalf=lalf) < 3,

1

attained for |¢;|* = ;. This estimate is sharp, because as in case of the

function f;, we can choose now the Schwartz function

zZ+c
z
1+ cz

wa(z) = =cz+ (1= —c(l-cHP+--,
with ¢; = ¢ = \/% andcp =1—¢& = %, leading to the function f3, such that

Ho(2)(f;") ~ Ha2)(fs) = ~a(as — a3) = —ches = o

(74) From the relations (2.11) and (2.5)), we have

(Hx(2)(f 1) = Ha(2)(f)] = dlerf*|es — €] < dfen]” < 4,

with equality for the Koebe function (¢; = 1, ¢; = 0).

(73¢) From (2.11) and (2.7) we receive

_ 1 1 1
@)~ H@)] = Flel - |-ger — 1k

4 6 4
1 1 1

< glail- (Glea + glail?)

(2.12)

1

< E\lez 2+ ]al)
1

< a0

— 16

where we used |cy| < 1 — |¢1]?, and where the equality sign is attained for
the function f defined be and w(z) = 2.
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(iv) Using the same method as in three previous remarks, we easily obtain that

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

for the class S;:

_ 1 1
|Hy(2)(f7Y) — Ha(2)(f)| = 5 lea]? - [ ea — 563
1 1
=3 c1] (102\ + §|01|2>
1 1
< 5 |Cl|2' (1_§|Cl|2)
1
< )
!

This estimation is sharp as the function f, defined by

S OT—
71(2) =2+ V1+ 24

i.e., for w(z) = z in (2.9).
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