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GLOBAL SYMMETRY AND ASYMMETRY IN THE NATURE

Ravelonirina Hanitriniaina Sammy Grégoire1 and Rakoto Jean Jolly

ABSTRACT. Living or non-living beings have common characteristics of symmetry
and asymmetry in the broad sense of the term. Any natural or artificial object
has these common properties. The transfer function and the matrix evolution
make it possible to have a rational interpretation regarding the existence of the
”global” symmetry and the stability of any object be it natural or artificial, living or
non-living. Symmetry and asymmetry play important roles in human perception
(decoration of objects). They restore the stability of object as a solid base for
geometric structures. Therefore, this stability gives the fortification of these.

1. INTRODUCTION

Symmetry and asymmetry are everywhere in the natural world. Natural or
artificial objects have a globally symmetric form. Others have an asymmetric form.
The symmetry (which has been for a long time associated with harmonious and
equilibrium as observed in the concept of pythagorian plilosophy and classical
arts) is especially found in architectural works in several civilizations: egyptian
and aztec pyramids, greek temples, cathedrals, french gardens, Tadj Mahal,...cf
[16]. In addition, geometry allows us to have a knowledge about an object’s shape,
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size and structure cf. [8]. The notion which will serve as the link between this
geometric vision and a precise definition of topological notions would be the idea
of distance cf. [14]. However, we sometimes encounter examples of metric spaces,
that is, sets on which we have defined a means of measuring the distance for which
a geometric vision is more delicate see [12] and [14]. The aim of the current
study is to bring some rational explanations to this phenomenon of symmetry and
asymmetry which are found everywhere in any object in the universe. But does a
symmetry really exist in all of these objects of the nature: animals, plants, bacteria
and funguses in the mathematical sense of the term? This question, very rich in
meaning, deserves to have appropriate answers that we will try to provide some
answers with. For this, we propose geometric and algebraic approaches.

2. PRELIMINARIES

2.1. Notion of metric space cf. [14]. So far, we know that the word ”distance”
has two meanings. In the first sense of the term, it refers to the number which
measures the space between two points, like the distance from A to B for instance,
and this number is always positive. In the second sense, it means a function of
E × E in R+ which makes it possible to measure the distance between any two
points of E where E is a non-empty set.

In this study we will use both meanings of the word ” distance ” we have just
defined.

2.2. Some definitions.

Definition 2.1. [12] A metric space is a non-empty set on which we have defined a
distance.

Definition 2.2. Let X be a non-empty set. In this case, a metric distance on X is a
map

d : X ×X → R+

(x, y) → d(x, y) such that

(1) d(x, y) = 0 ⇐⇒ x = y

(2) d(x, y) = d(y, x), ∀x, y ∈ X

(3) d(x, y) ≤ d(x, z) + d(z, y), ∀x, y, z ∈ X (triangular inequality).
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Remark 2.1. [14] There are three forms of distances:

(1) the Euclidean distance that we note in Rn,

d[(x1, x2, . . . , xn)(y1, y2, . . . , yn)] =
√

(x1 − y1)2 + (x2 − y2)2 + · · ·+ (xn − yn)2.

(2) the uniform distance noted

d[(x1, x2, . . . , xn)(y1, y2, . . . , yn)] = Sup(|x1 − y1|, |x2 − y2|, . . . , |xn − yn|).

(3) and a third distance, it is the Euclidean one that we will use in the next
sections, such as

d[(x1, x2, . . . , xn)(y1, y2, . . . , yn)] = |x1 − y1|+ |x2 − y2|+ · · ·+ |xn − yn|.

Definition 2.3. [12] Let (X, d) be a metric space. For x ∈ X and r > 0, we define:

(1) the open ball of center x and radius r: B(x, r) = {y ∈ X, d(y, x) < r} ;
(2) the closed ball of center x and radius r: B(x, r) = {y ∈ X, d(y, x) ≤ r} ;
(3) the sphere of center x and radius r: S(x, r) = {y ∈ X, d(y, x) = r}

Definition 2.4. [12] Two distances d1 and d2 are comparable if there exist two real
numbers α > 0 and β > 0 satisfying αd1(x, y) ≤ d2(x, y) ≤ βd1(x, y). We say that d1
and d2 are equivalent.

Definition 2.5. [12] An application f from a metric space (E, d) to a metric space
(F, d) is called contractive if there exists a real constant 0 < k < 1 such that ∀(x, y) ∈
E × E, d(f(x), f(y)) ≤ kd(x, y).

Definition 2.6. [12] A map f from a metric space (E, d) to a metric space (E ′, d′)

is called Lipschitz if and only if there exists k > 0 such that ∀(x, y) ∈ E × E,

d′(f(x), f(y)) ≤ kd(x, y).

Remark 2.2. [12] A contracting map is a Lipschitz map with a constant strictly
inferior to 1.

2.3. Symmetry and asymmetry in the natural world.

2.3.1. Center of symmetry and axis of symmetry. In the strict sense of the term,

Definition 2.7. [18] Two figures are symmetrical with respect to a point when they
are superimposed by a half-turn around this point. It is the center of symmetry of two
figures.
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Definition 2.8. [18] Two figures are symmetrical with respect to a straight line
when they overlap by folding around that line which is nothing else but the axis of
symmetry.

2.3.2. Global symmetry and dissymmetry.

- Given definition 3.1, the two figures show a difference in size δ such that
0 ≤ δ < 1. We say that there is a symmetry Global with respect to a straight
line (axis of symmetry). In other words, let F1 and F2 be two symmetrical
figures with respect to a straight line (D). if the distance |F1−F2| = δ with
0 ≤ δ < 1 then F1 and F2 are globally symmetric with respect to (D).

- Two figures are said to be globally symmetric with respect to a point when
they are superimposed, they show a difference of size δ such that 0 ≤ δ <

1. In other words, if F1 and F2 are the two figures and I a point satisfying
|F1 − F2| = δ with 0 ≤ δ < 1 then F1 and F2 are globally symmetric with
respect to I.

Remark 2.3.

- If δ = 0 then we have perfect symmetry.
- If 0 < δ < 1, we have global symmetry.
- If δ ≥ 1 then we have a total dissymmetry or an asymmetry.

3. SYMMETRY IN THE NATURAL WORLD

Geometrically speaking, there are approximately two shapes of object in nature:
the elongated shape and the round shape. Both of them have symmetric elements
which are axis of symmetry and/or center of symmetry. More precisely, the longi-
tudinal shape globally has an axis of symmetry while the round shape a center of
symmetry.

3.1. Longitudinal and rounded shape.

Definition 3.1. [18] We say that an object is of a longitudinal shape if it geometri-
cally has more or less a rectangular form, and in the same way, an object is of round
shape if it is approximatively circular. This definition is based on a global vision of
form and not in the strict sense of the term.
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Proposition 3.1. Any object in the world has a globally symmetrical shape. In par-
ticular, an object of longitudinal shape has an axis of symmetry and that of a round
shape a center of symmetry.

Proof.

- 1st Case: Longitudinal object
Suppose that F is a natural or artificial object (plant, animal, bacteria, fun-
guses, etc.) with an elongated shape. Let D be an imaginary line dividing
F into two parts F1 and F2. According to definition 2.8, we superimpose
these two figures by folding around D, they show a different size δ where
0 ≤ δ < 1. Beside, we suppose that the object is assimilated to a collapsible
plan or surface. Indeed, if we designate by Pid the points on the right of D
with Pid ∈ F1 and, Pig the points on the left of D where Pig ∈ F2 then we
have |F1 − F2| = |

∑n
i=1 d(Pid,D)2 −

∑n
i=1 d(Pig,D)2| = δ. Since δ ∈ [0, 1[

then according to the paragraph 2.3.2, D is globally axis of symmetry. So
the object F presents a global symmetry.

- 2nd Case: Rounded-shape objects
Suppose that F is an object of rounded-shape, O is an imaginary point
located approximately at the center of F such that F is assimilated to a
pliable plan or surface. We superimpose F1 and F2 by half-turn around the
point O with F1 + F2 = F . We obtain a difference of size δ with 0 ≤ δ < 1.
Let Mi, (1 ≤ i ≤ n) be the set of points of F . d(Mi, O) = r + δ, where r is
a positive constant. Since δ ∈ [0, 1[, F admits a center of global symmetry
O.

□

Example 1.

(1) For plant leaves, the petiole and the midrib can be considered as the axis of
symmetry of the leaves.

(2) A butterfly has an axis of symmetry.
(3) The Vitruvian man (in 1492, Leonardo da Vinci illustrated the symmetry of

the human body in one of his most famous drawings) cf. [7] and [13].
(4) Vertebrates (a frog for instance has an axis of symmetry and axis of polarity),

cf. [17].
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(5) The male fiddler crab cf. [17].
(6) Fruits (orange, tangerine), etc.

3.2. Complementarity law. All living beings naturally need a supplement to be
stable, to reproduce and to fully live in harmony with the nature.

Example 2. A male needs a female and vice versa. A living being needs food to
survive.

Proposition 3.2. Any living being possessing global symmetry generates or gives
birth to a globally symmetrical being. In particular, a being which has an axis of
symmetry gives birth to a being which has a center of symmetry and vice versa.

Proof. It is from the complementarity law. □

3.3. Consequence of globally symmetrical shape of living beings in mobility.
Any mobile beings having an axis of global symmetry move in a straight way.
Their center of gravity is situated on their axis of symmetry only when their mass
is equally distributed. For those beings having a center of symmetry, they move by
rotation around their center.

4. STABILITY OF OBJECTS IN THE NATURE

Any object in the world must be stable in order to be able to exist. In the next
section, we will study the stability of objects that exist in the world, which we
assume to be a physical, linear and continuous system. The modern theory of the
system requires the notion of state variable.

Definition 4.1. A multivariable system cf. [2] has several inputs (m) and outputs
(p). These variables constitute respectively the coordinates of the input vector u and
the output vector y. We have

u =

 u1

...
un

 , y =

 y1
...
yp

 .
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Definition 4.2. We call a state model associated with a system (S) a multivariable
equation of the form:

(S) :

cẋ = Ax+Bu

y = Cx+Du
, where A,B,C and D are matrix.

Schematically, by denoting dim(E) the dimension of E, the system denoted by
(S) is represented as follows cf. [2] and [3]:

dim(U) = m −→ (S) −→ dim(y) = p

↓
dim(x) = n

Definition 4.3. We call input/output model, the linear differential equation of con-
stant coefficients linking the input and the output, which is written in the following
form cf. [2]:

an
dny(t)

dtn
+ an−1

dn−1y(t)

dtn−1
+ · · ·+ a1ẏ(t) + a0y(t)

= bm
dmu(t)

dtm
+ am−1

dm−1u(t)

dtm−1
+ · · ·+ b1u̇(t) + b0u(t)

,(4.1)

with m ≤ n (Causal system).

4.1. Transfer function. cf. [2] We obtain the transfer function from the differen-
tial equation of the input/output model, by Laplace transform and is written:

G(p) =
N(p)

D(p)
=

bmp
m + bm−1p

m−1 + · · ·+ b1p+ b0
anpn + an−1pn−1 + · · ·+ a1p+ a0

,(4.2)

G(p) is a rational fraction depending on the Laplace variable, with numerator N(p)

and denominator D(p) of constant coefficients respectively, with degN(p) = m,
degD(p) = n.

5. OBJECTS’ FORMALIZATION

Proposition 5.1. If a natural or artificial object has m inputs and p outputs with
m ≤ p (m, p nonzero integers; strictly superior to 1) then it forms a continuous and
multivariable linear system.

Proof. We just use the definitions 4.1 and 4.2. □
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Proposition 5.2. Any natural or artificial object which has an input/output model
has a transfer function of type 4.2.

Proof. It is obtained by applying the Laplace transform to the differential equation
in Definition 4.3. □

5.1. Case of living beings. In this study, we limit the value of m and n respec-
tively by 2 and 3 in equation 4.2 of the transfer function.

Let us take for example a living being whose input is: water or oxygen or CO2

from the air, mineral salts from the soil, food, etc.; and output: waste, CO2, water,
etc.
In the phenomenon of plant photosynthesis, we have cf. [1] and [15]:

6CO2 + 12H2O −→ C6H12O6 + 6O2 + 6H2O.

For m = 2 and n = 3, the transfer function is written:

G(p) =
N(p)

D(p)
=

b2p
2 + b1p++b0

a3p3 + a2p2 + a1p+ a0
.

We assume that the polynomial D(p) = a3p
3 + a2p

2 + a1p+ a0 satisfies the Routh-
Hurwitz criterion for polynomial stability.

5.1.1. Determination of the state matrix (or evolution matrix). Let G(p) be the
transfer function of the system under consideration, i.e.

G(p) =
b2p

2 + b1p++b0
a3p3 + a2p2 + a1p+ a0

.

We decompose into simple elements a3p3 + a2p
2 + a1p+ a0:

1st case: If G(p) only has simple poles then we obtain

G(p) =
A1

p− λ1

+
A2

p− λ2

+
A3

p− λ3

where Ai = (p − λi)G(p) with i = 1, . . . , 3. For p = λ1, λ2, λ3, we have the state

matrix A =

λ1 0 0

0 λ2 0

0 0 λ3

.

2nd case: If G(p) has simple poles and a multiple pole of multiplicity order 3 then
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we have: G(p) =
A1

(p− λ1)3
+

A2

(p− λ1)2
+

A3

p− λ1

. The evolution matrix A is written

A =

λ1 1 0

0 λ1 1

0 0 λ1

.

Example 3. The transfer function is given by:

G(p) =
p2 − p− 7

p3 − 7p+ 6
=

1

p− 1
+

3

5(p− 2)
+

2

5(p+ 3)
.

Therefore, the state matrix becomes A =

1 0 0

0 2 0

0 0 −3

.

Remark 5.1. Only the evolution matrix determines the stability of the continuous
linear system.

Proposition 5.3. For a continuous linear system to be stable and globally symmetric,
the eigenvalues of the state matrix of this system must have all the roots with a real
negative part.

Proof. Let G(p) = b2p2+b1p+b0
a3p3+a2p2+a1p+a0

be the transfer function of the system (S). Sup-
pose that (S) is globally symmetric. Then the polynomial a3p3 + a2p

2 + a1p + a0

must satisfy the Routh-Hurwitz criterion for polynomial stability, cf. [9] and [10].

The decomposition into simple elements of G(p) is written G(p) = A1

p+λ1
+

A2

p+ λ2

+

A3

p+ λ3

with λ1, λ2, λ3 being strictly positive constants. The evolution matrix of

the system (S) is therefore A =

−λ1 0 0

0 −λ2 0

0 0 −λ3

.

By calculating the characteristic polynomial of A we have χA(t) = det(A − tI3),
where det(M) denotes the determinant of the square matrix M .

Therefore, all eigenvalues of A have all roots with a real negative part. This
demonstrates that the system (S) is stable. □

Example 4. Let us consider (E) the differential equation governing the system (S):

(E) :
d3y(t)

dt3
− 7

dy(t)

dt
+ 6y(t) =

d2u(t)

dt2
− du(t)

dt
− 7u(t).
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According to the Laplace transform, the associated transfer function G(p) of the sys-
tem (S) is

G(p) =
2p2 + p− 3

p3 + 6p2 + 11p+ 6
=

2p2 + p− 3

(p+ 1)(p+ 2)(p+ 3)
.

The state matrix is therefore A =

−1 0 0

0 −2 0

0 0 −3

.

Since the characteristic determinant of A is χA(t) = (−1− t)(−2− t)(−3− t) then
the eigenvalues of A are t1 = −1 + 0i, t2 = −2 + 0i, t3 = −3 + 0i.

We find that all the eigenvalues of the matrix A have their own real negative part.
Hence, by proposition 5.3, the system (S) thus considered is stable and globally sym-
metric.

Proposition 5.4. For any natural object, there is globally at least one element of
symmetry and this can be an axis of symmetry, a center of symmetry or an axis of
polarity.

Proof.

1st case: This is obvious for a globally symmetric object.
2nd case: For a dissymmetrical object, there is always at least one symmet-

rical element or an axis of polarity as in the case of a frog. The result is
obtained from the complementarity law 3.2 and according to Proposition
3.2.

□

Let us take for instance the case of a male fiddler crab. Even if it is dissymmetric,
it still has a polarity axis and this proves that there is another symmetric element
like the point situated between its two eyes, which is absolutely a point considered
as a center of global symmetry.

Theorem 5.1. Any globally symmetrical or dissymmetrical natural object is usually
stable and vice versa.

Proof. Suppose an object is globally symmetric. In accordance with Proposition
5.3, it is stable. Otherwise, the object is dissymmetric. Therefore, according to
Propositions 3.2 and 5.4, there is at least one symmetric element, hence the sta-
bility.
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Conversely, suppose the object is stable. So there is a symmetric element. Con-
sequently, it is globally either symmetric or dissymmetric. This ends the proof. □

Theorem 5.2. Any artificial geometric object globally has a symmetric element.

Proof. This is from Theorem 5.1, because symmetry gives stability to geometric
structures. □

Example 5. In modern architecture, every architect shapes wood, iron, stone, plastic
materials, etc.; following the geometric shapes to ensure stability. Thus, any geometric
shape has at least one element of symmetry, whether axis of symmetry, or center of
symmetry or axis of polarity.

5.2. Main roles of global symmetry and asymmetry in the world. Living or
non-living beings all have common characteristics such as global symmetry and/or
asymmetry. For living or non-living organisms, these common characteristics are
not limited to their external organization only but also involve all their levels of or-
ganization even down to the molecules that constitute them. Global symmetry and
asymmetry play important roles in human perception (decoration, artistic value)
cf [17]. They allow objects to give structures stability and therefore fortification
cf [8].

6. CONCLUSION

The notion of global symmetry, dissymmetry and their exploitation is of great
importance. The continuous progress recorded in scientific knowledge and natural
laws makes it possible to have an interpretation extensive enough regarding the
notion of basic symmetry in the universe where we inhabit cf. [11]. During this
study, we have provided a rational explanation of the existence of global symmetry
and/or asymmetry in any natural or artificial object and their roles in the world in
which we are living.
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