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A FAMILY OF K-STEP TRIGONOMETRICALLY-FITTED BLOCK FALKNER
METHODS FOR SOLVING SECOND-ORDER INITIAL-VALUE PROBLEMS
WITH OSCILLATING SOLUTIONS
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ABSTRACT. A family of K-step Trigonometrically-fitted Block Falkner Methods is
considered for the direct solution of second order Oscillatory Initial value prob-
lems. As unique to Falkner methods, two main formulas (one for the method and
one for the derivative) for each k-step and some additional formulas. This method
shall be adapted to general oscillatory second order ordinary differential equations
via the multistep collocation technique. The idea employed in this study is the
generalized collocation technique based on fitting functions that are combination
of trigonometric and algebraic polynomials, which is then implemented in a block
mode to get approximations at all the grid points simultaneously. As in other block
methods, there is no need of other procedures to provide starting values, and thus
the methods are selfstarting (sharing this advantage of Runge-kutta methods).
The study of the properties of the proposed adapted block Falkner methods re-
veals that they are consistent and zero-stable, and thus, convergent. Furthermore,
the stability analysis and the algebraic order conditions of the proposed methods
are established. As evident from the numerical results, the methods are efficient
and accurate when compared with some recent methods in the literature.
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1. INTRODUCTION

Numerical methods for the solution of second order differential equation with
oscillatory behaviour has gained a lot of attention. This oscillatory problems arise
in a wide range of fields such as astronomy, molecular dynamics, classical mechan-
ics, quantum mechanics, chemistry, biology and engineering. These problems can
be modeled by initial value problems of second order differential equations with
a linear term characterizing the oscillatory characteristic. Many of the numerical
methods that have been applied to this problems do not preserve the structure
in long term computation. It is possible that these problem can be integrated by
reformulating it as a system of first order ODEs and applying one of the methods
available for those systems. Nevertheless, a numerical methods that can integrate
it directly without transforming it into a first order system will be more accurate
and efficient. It also reduces the number of function of evaluation in the imple-
mentation by half the number required for reducing to a system of first order
equations. This paper focuses on the direct numerical integration of the initial
value problem of the form:

(1.1 y'(x) = flz,y(x),y'(x) : y(0) = v, ¥'(0) =1,

whose solution is assumed to be oscillatory or periodic, and the frequency is ap-
proximately known in advance, with f: R x R™ x R™ — R™ a smooth function that
satisfies existence and uniqueness of solution’s conditions, where m is the system’s
dimension. One of the most useful procedures for the construction of numeri-
cal methods that approximate the solution of second-order initial value problems
with oscillatory behaviour is the Adapted methods. Adapted methods are numer-
ical procedures whose coefficients are related to the frequency of the problem,
which can be identified in advance. Usually, a combination of polynomial and
appropriate non-polynomial functions are used as fitted functions. In the excel-
lent works by Vigo-Aguiar and Ramos []1]], Jator et al. ( [6]- [8]]), Awoyemi [9],
Liu and Wu [12], Li et al. [[13] , which adopted the direct integration of the gen-
eral second order IVPs containing the first derivative and their implementation
based on a step-by-step fashion. Some used predictor-corrector modes. Neverthe-
less, they are computationally expensive, especially, for higher-order methods and
large systems of equation . It becomes apparent that, some of these methods do
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not take advantage of the oscillatory or even periodic behavior of the solutions.
If the frequency is known or can be estimated in advance this could be consid-
ered in the development of the method in order to improve its performance. One
of the numerical integrators for the general second order IVP in which the first
derivative appears explicitly is an explicit method due to Falkner [28]], while the
implicit form is due to Collatz [|18]. For some modifications on the Falkner meth-
ods(see [[1]], [2], [31, [4]). The adapted Falkner methods that preserve the osclla-
tory characteristics and the structure in long term computation can be found in the
works by Li and Wu [12], Li [[13], and Ehigie and Okunuga [16] respectively. The
use of adapted methods started with the elegant work by Gautchi [27] and later
by Lyche [20]. Other adapted methods than have been considered can be found
therein Franco ( [24], [25]]), Ixaru et al. [21]], Vanden Berghe and Van Daele [22],
Jator et al. [7]], Jator ( [6], [8]), Ramos and Vigo-Aguiar [[1], Vigo-Aguiar and
Ramos ( [2], [4]]), Coleman and Duxbury [18]], Coleman and Ixaru [[19], Fang et
al. [17]. Inspite of that,further research is needed to explore methods that can
give better performance. The proposed block Falkner method shall be adapted to
general oscillatory second order ordinary differential equations via the multistep
collocation techniques. The idea employed in this study is the generalized collo-
cation technique based on fitting functions that are combination of trigonometric
and algebraic polynomials. This approach shall be used to develop block methods,
whose coefficients are functions of the frequency and stepsize. The rest of this
paper is organized as follows: the derivation of (TFBFM) is presented in section 2.
The analysis of the characteristics of the (TFBFM) is discussed in section 3, while
some numerical experiments are presented in section 4. Finally,some concluding
remarks will be given in section 5.

2. DEVELOPMENT OF THE TFBFM
For emphasis, consider the general second order IVP of the form
(2.1) y'=[(x,9.9), y(xo) =vo, Y (w0) = Y,

whose solution is periodic with the frequency that can be estimated or known in
advance and f : R x R™ — R™ is a smooth function that satisfies the conditions
of existence and uniqueness of solution, and m is the dimension of the system. To
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develop a discrete Trigonometrically Fitted Block Falkner Method for each family
member, a Continuous Trigonometrically Fitted Block Falkner Method (CTFBFM)
on the interval [z, z,, 1] is first constructed. In order to do this, m = 1, the scalar
case, is considered. We define its generalized continuous formulation for the direct
integration of IVPs(2.1) related with the methods in Ramos and Rufai [30], that
will aid the derivation of the TFBFM.

Definition 2.1. The continuous formulation of the k—step Trigonometrically Fitted
Block Falkner Method for approximating the solution of equation is defined by

Yy ($) = Qo (% U) Ynt1 + hag (!E; U) ZJLH

(2.2) ) k .
+ h Z Bkj (ZL‘,U) fn-i-] + h Vi ('Ia U) Gn+k,

=0
where ayg (z, ), cua (z,u), Bij (x,w) and vy (z,u) are functions of x and u = wh.

Definition 2.2. The primary formulas of the adapted k—step Trigonometrically Fitted
Block Falkner Method for the numerical solution of equation are given by

k
Ynik = Yns1 + (k= Dhyl .y + 12 2 Brj (u) fors + B39k (1) Gt
(2.3) 7=0

9

ko
hyl . = hy, + B? ZO Brj (W) frsj + D (0) Gk
J:

where Y.y, Ypyj> foy; and g, are the numerical approximation to the exact

values y(zni;), ¥ (Tnts)s f(@nt, Y(@nis), ¥ (Tnry)) and g(znig, y(2nis), 4 (ney)) re-
spectively, where

g(x,y,y) =y" () = fule,y, ) + fy(@,u, 0y (@) + fy(zy,9) f(xy,y).

Definition 2.3. The (2k — 2) secondary formulas of the adapted k—step Trigonomet-
rically Fitted Block Falkner Method for the numerical solution of equation are
given by

k
Ynt+p = Ynt+1 + (1 — 1)hy,’1+1 + h? Z: 51}% (u) Jnj + hs%}; () Gnk
(2.4) =0

Y

k _
hy;-i,-u = hy;H-l + h2 j;o 61/:] (u) fn+j + h?ﬁ/llj (u) In+k,

where 11 = 0,2(1)(k — 1).
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Definition 2.4. The k—step Trigonometrically Fitted Block Falkner Method consists
of the primary formulas in equation and the secondary formulas in equation

@.4.

Derivation of TFBFM

Let A = {Ag, Ay, Ao, -+, Agi3} be a set of k+ 4 linearly independent functions.
We seek an approximate solution / (z) € span A called a fitted function associated
to the Trigonometrically Fitted Falkner method which satisfies the IVP in equation
(2.1) at some specified points.

For the construction of the adapted Falkner methods, A is taken as

(2.5) A= {12, 2" U {sin (wx), cos (wz)}.

To get the coefficients of the fitting function associated to the set A in (2.5)), I (z)
is interpolated at the point + = z,,,1 , and the following collocating conditions are
considered: [’ (z) at © = w,4+1, {” (x) at the points z = z,,,4,7 = 0,1--- |k, and
I" (z) at x = x, 1. This leads to the following system of k + 4 equations

I(Zpi1) = Yni1,

I'(rp4) = y;LJrl:

I"(Tnyj) = furjr 3=0,1,--- K,
1" (T0rk) = Guer.

(2.6)

Theorem 2.1. Let I(x) be the fitting function associated to the set A in (2.5),
{A; (2)}i3 = {1,2,- -+ 2" sin (wz) , cos (wr)} and the vector A = (Y41, Yp 1, [y
Jrits fosks Gnik)t), where t is the transpose. Consider the following square matrix
of dimension k + 4 which is the matrix of coefficients of the system in (2.6),

Ay ($n+1) Ay (In+1) e Apys ($n+1)

Ag(Tnrr)  AY(Tpsr) - A;c+3<xn+1)
0 — Ay () Ay(x,) - Ak+3(xn)

Ag (Tntr) A/1/ (Tnk) - A;</:+3 (Tnit)

A'O”(xn+k) Ay (Tngr) o Ak+3(xn+k)
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and €); obtained by replacing the ith column of Q2 by the vector A. If we impose that
I(z) satisfies the system of k + 4 equations in then it can be written as

2.7) I@) =3 ‘;Z((%; Ai(x).

Proof. Let the fitting function I(x) associated to the set A be defined as follows
k
I(z) = opo (2,1) Yi1 + hags (2, u) Yoy + B> Brj (2, 0) faty
(2.8) =0
+ D (2, 1) gk

To solve the system of equations in (2.6)), it is required that the coefficients in (2.8)
are expressed in terms of the assumed basis functions as follow

(2.9) Q0 \T ( ) Zi{ 0 @i \T ( U)AZ (J]) , J=0,1,
ajl( ) Zi( 0 O_/Z]( U)Az (x)v .] :Oa]-7
k+3
(2.10) Bi(,u) =) Bij(x,u)A; (x), j=0,1,--- Kk,
i=0
k+3
(2.11) v (z,u)=> v (@, 0 (z), j=k
=0

Substituting equations (2.9),(2.10)and (2.11) into the equation (2.8]) yields

k+3 (1
I'(z) = Z{ZauoxuynHwLZawlmuynﬂ h225”1ufn+]

(2 12) i=0 7=0 7=0
+h327i,j(xau)gn+j}Ai(w)'
j=k
Let

1

1 k k
= Z O‘i,jO('ra u)yn-i-j+ Z ai,jl(xv u)y’:b+j+h2 Z ﬁi,j (Jf, u)fn-‘rj + +h‘3 Z Yi,j (Jf, u)gn-i-j'

§=0 §=0 §=0 j=k
Then equation (2.12) becomes

k+3

(2.13) I(z) =) &Ai(x)
1=0
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where ¢ is an undetermined vector written as (¢ = &, &, - -+, &es)’, t is the transpose.
By imposing conditions in on equation (2:13), a system of k + 4 is obtained and
can be expressed in matrix form as

(2.14) Q¢ = A.

Specification of The TFBFM

We emphasize that for each %, there are two primary formulas of the form
in equation (2.3) and (2k — 2) secondary formulas as those in equation (2.4)
(which are obtained by evaluating the fitting function in (2.7) at the correspond-
ing points) that combined together form the proposed TFBFM. Hence the TFBFM
has 2k formulas.

As an illustration, we specified how to obtain the TFBFM for k = 2.

For k = 2, we evaluate the fitting function in (2.7) and its first derivative at
x = {x,12, T, } to obtain the two primary formulas and the two secondary formulas
as Evaluate the fitting function in and its first derivative at © = {x,, 2, 2,} to
obtain the two primary methods and the two secondary methods as

, 2
Yn+2 = Yn+1 + hyn+1 + h? ‘Zo 52]‘ (U) fn+j + h372 (U) In+2
]:
! ! 2 - -
Mo = Wiy + 12 > Baj frti (u) + B2 (4) Gnya
J:

(2.15) )
Yn = Ynt1 — MYpyr + h? Eo 53]' (u) frsj + Wy (1) Gnvo
]:

’ ’ 2 > 35
g, = Wy + 12 3 B () foveg + 1073 (1) G-
j:

Remark 2.1. For small values of u, the coefficients of the TFBFM may be subject
to heavy cancellations. In that case the Taylor series expansion of the coefficients is
preferable (see Lambert, [33]). Specific coefficients of the two primary formulas and
their corresponding series expansion up to O (u'%) for k = 2 are provided in Appendix
B.
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3. ANALYSIS OF THE TFBFM

We discuss the basic analysis of the proposed T'F' BF' M in this section. The analysis
includes the Algebraic Order, Local Truncation Error, Consistency, Zero-Stability,
Convergence and Linear Stability of the TFBF M.

Algebraic Order, Local Truncation Errors and Consistency of the TFBFM

The purpose here is to establish that the TFBFM is of uniform order for the
individual formula that makes up the 2k formulas of the TFBFM and their equiv-
alent local truncation errors with the aid of the theory of linear operator (Lam-
bert, [34]]).

Local Truncation Error of TFBFM

Proposition 3.1. The local truncation error of the of the k—step TFBFM is form
Ck+4hk+4(y(k+4)+w2yk+2(x")(I’n)) + O(hk+5).

Proof. Since the Falkner Methods in equations (2.3) and (2.4) are made up of
generalized linear multistep methods, we associate the Falkner methods with lin-

!/

ear difference operators L[y (x,);h|, £ [y (x,);h| for the primary methods and

/

L, [y (zn) 5 h],L w
Ly (za);h] =y (xa + kh) — (y(z, + h) + (k — Dhy/ (z, + h)

ly (z,,) ; h] for the secondary methods defined respectively by

7=0

+h? Zﬁk] (2 + jh) 4+ B3y (w)y"” (2, + kh))

L'y (x,):h] = hy' (2 + kh) — (hy/ (. + D)
+h? Z Bri(w)y” (2 + jh) + B*(u)y” (v, + kh)

(3.1
cuwn);h]=y<xn+uh>—<y<xn+h>+< — )hy (20 + h)

I

Ly (x,);h] = hy’ (20 + ph) — (hy' (2, + 1)

+h225kj Y (x, + jh) + B3y (w)y" ( xn+kh)
+h225k,] Y (z, + jh) + K23 (u)y" ( xn+kh)
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Consider the Taylor series expansions of y(z,,+kh), y(z,+h), y(z,+ph), v (x,+kh),
Y (z, + ph), v"(z, + kh) and y"”(x, + kh) about the point x,, and the coefficients of
TFBFM specified by i (w), i (u), By (w), 3 (u), B (w), ¥4 (u),B4; (u) and ¥ (u)
respectively. By collecting the coefficients of the same power of h, we observe that
the Taylor series expansion in equation vanishes up to p + 1. The remaining

non zero terms of the Taylor series whose coefficients are C, 2, C}43,... can be
equivalently written as Cj,, 4h¥ 4 (y 9+ @n) (1)) 4 O(R*+5) which is the local
truncation error of the k—step TFBFM. [J O

Corollary 3.1. The order of the k—step TFBFM is at least p = k + 2.

Theorem 3.1. When the solution of the problem in equation is a linear combi-
nation of the basis functions {I(x)},_q (1.3 then the local truncation errors vanish.

Proof. Solving the differential equation y*+4 + w?y**+2 = 0 provides the following

solution set {1, z, -, 2" sin(wr), cos(wx)}, which contains the basis function of
the TFBFM, from which the statement follows immediately. [ O

Corollary 3.2. The order p of the k—step TFBFFM is p = k + 2. Hence the order of
BFFM for k =2isp=4.

Theorem 3.2. When the solution of the problem in equation is a linear combi-
nation of the basis functions {I(x)},_q (1)) then the local truncation errors vanish.

Proof. Solving the differential equation y**+% 4 w?y**+2 = 0 provides the following
solution set {1, x, -, 2 sin(wx), cos(wx)}, which contains the basis function of
the TFBFM, from which the statement follows immediately. [ O

Consistency of The TFBFM

Since the order of the k—step TFBFM is at least p = k + 2, we therefore conclude
that it is consistent (Lambert, [33] and Fatunla, [|29]).

Stability of The TFBFM

Stability is a key term in numerical analysis. It refers to the degree to which a
numerical system is suitable for solving an initial value problem in the context of
ordinary differential equations, if little changes in the data cause a modest alter-
ation in the solution a method gives, it is considered to be stable. The proposed
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method is typically written as a one-step recurrence difference system, after which
the requisite definition is applied to the matrices that arise, as in the cases of zero
stability and linear stability. Thus the TFBFM specified by equations (2.3) and
may be written in the form of difference system defined by

(3.2) AYi1 = AgY, + h2BoF, + h*B1F, . + 1D Gy
where

T
/ / /
Yn+1,Ynt25 " s Yntks hyn+17 hyn+27 e >hyn+k) )

Yn+1 - (
/ T
Yn (yn—k+17' o 7yn—1aynahyn—k;+1a T 7hyn) )
!/ !/ T
Fn—l—l = (fn+17fn+27"' 7fn+k7 hfn+17"' ) h‘fn+k) )
T
Fn = (fnkarla"' 7fn717fn7hf7/1—k;+17'“ ) hfé) )
T
Gri1 = (Gnt1: Int2s 5 Gnik) -

Here Ay, A;, By, By, and D, are 2k x 2k matrices defined in canonical form re-
spectively for £ = 2 and k£ = 3 as follows.

For k = 2:
(00 0 1] [0 0 0 —1] [0 —f3% 0 0]
0100 0 -1 0 1 0 —fB% 00
AO— 5 Alz 9 BO_ —
0000 0 0 1 -1 0 —B% 0 0
000 0] 1 -1 0 —1 |0 —B 0 0|
[ —B3%, —B% 0 0] =3 0 0 0]
—f3% —B3 0 0 —75 0 .0 0
Blz _ _ P D1:
—faz —f21 0 0 —Y 0 0 0
_—522 —Ba1 0 0_ L — 72 0 0 0_
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For k£ = 3:
00000 1] 00 0 00 —1]
001000 00 -1 00 —1
000O0GO0O 00 0 01 —1
AOZ 7A1: 5
000000 01 -1 00 —1
000O0GO0O 0 00 0 10 —1
00000 0] 10 -1 00 —2|
[0 0 =33 00 0] [ —B% —B% —B% 0 0 0]
00 =35 000 —B3% —B% —F% 0 0 0
00 =B 000 —B3; —B3% B3 0 0 0
Bo = 2 - Bi= 2 2 2 ’
00 -85 000 —B33 B3 —B5 0 0 0
00 —fB3 0 0 0 —By —fP3a —PBs1 0 0 0
_00—530000_ _—533 — 32 —531000_
[ -39 0 0 0 0 0]
—9 0 00 0 0
—32 0 0 0 0 0
D1:
—2 0000 0
—5% 00 0 0 0
53 000 0 0

Worthy of note is that the difference system in (3.2]) can be written in the form
Yn—i—l - Yn - hng(Yna Yn-‘,—l; u, h)y

where the subscript indicates that the dependence of ¢ on Y.V, is through
the function =. Thus, the numerical solution of the problem in equation (2.1))
according to Abdulganiy et al. [[35] is the one given by
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(3 3) { YTL+1 - YTL == h(bE(Yn, YTL+1; u, h)?

Yo=Y(x9), n=12...,N—1.

Definition 3.1. Fatunla [29] A block method is zero stable if the roots of the first
characteristic polynomial have modulus less than or equal to one and those of mod-
ulus one do not have multiplicity greater than 2. ie. p(R) = det[RA; — Ag] = 0
satisfies |R;| < 1 and for those roots with |R;| = 1, the multiplicity does not exceed 2.

Proposition 3.2. The TFBFM is zero stable.

Proof. Normalize equation to obtain the first characteristic polynomial of
BFFM given by p;, (R) = det [RA; — Ag]. So that p, (R) = 0= —R"*2(1+R)* =
0. Consequently, the roots R;, i = 1,2,...k of px(R) satisfy|R;| = 1, the roots are
simple. Hence for each k, the TFBFM is Zero stable. O

Linear Stability and Region of Stability of TFBFM

Proposition 3.3. The TFBFM, when applied to the Lambert-Watson test equations
y" = Ny and y" = Ny gives

Yoi1 = M(z,0)Y,,
where

(3.4) M (z,0) =(A) — Biz — C12* = D12*) " (Ao + Bo2).

Proof. First, apply the TFBFM to the test equations y" = A%y and y" = \*y which
are expressed as f(z,y) = A%y and g(z,y) = Ny Since Y, 1, Y, Fr.11, F, and G, 44
are in vectors form, then the test equations can now be written as ' = \2Y and G =
A3Y'. Substituting for F and G to obtain a linear difference equation given by

AY, 1 = AoY, + (M) B, + (A2 BoY, + (ML)’ Dy Y.
Letting z = Ah and v = wh to have
A1Yo = Aoy + 2°B1Yop1 + 2°BoY,, + 2° DY,

it follows that
Y1 = M(z,0)Y,,



SECOND-ORDER INITIAL-VALUE PROBLEMS WITH OSCILLATING SOLUTIONS 787

where
-1
M (z,v) :(A1 — Bz — C12* — D1z3) (Ao + Boz) .
O

The rational function M (z,u) is called the amplification matrix which deter-
mines the stability of the method.

Definition 3.2. (Coleman and Ixaru, [|19]]): A region of stability is a region in the
zu—plane throughout which |p(z,v)| < 1, where p(z,u) is the spectral radius of
M (z,u).

Linear Stability and Region of Stability of TFBFM

To analyze the linear stability of TFBFM, the block method in equation ([3.2)
is applied to the Lambert-Watson test equation y* = A%y. After simple algebraic
calculations and letting z = \h , we obtain

Yo = M(z,u)Y,,

where
(3.5) M (z,u) :(A1 — Blzz)i1 (Ao + Bgzz> )

The rational function M (z,u) is called the amplification matrix and determines
the stability of the method.

Definition 3.3. (Coleman and Ixaru, [[19]): A region of stability is a region in the
zu—plane throughout which |p(z,u)| < 1, where p(z,u) is the spectral radius of
M (z,u).

Here the colored region (blue) is the stability region corresponding to the test
problem y” = \?y. Since the Lambert-Watson test does not contain the first de-
rivative, another usual test equation to analyze linear stability is the one given

by
(3.6) Y = —2\y — Ny

which has bounded solutions for A > 0 that tend to zero when z — oo. The
corresponding stability region for the TFBFM k = 2 is plotted in Figure 2, where
the colored region (green) is the stability region corresponding to the test problem
y// — _2/\y/ o )\Zy‘
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FIGURE 1. z — v stability region of TFBFM for k = 2

FIGURE 2. z — v stability region of TFBFM for k = 2



SECOND-ORDER INITIAL-VALUE PROBLEMS WITH OSCILLATING SOLUTIONS 789

4. IMPLEMENTATION AND NUMERICAL EXPERIMENTS

Implementation of TFBFM
The TFBFM is implemented using a written code in Maple 2016.1 enhanced by
the feature fsolve for both linear nonlinear problems respectively. All numerical
experiments are conducted on a Laptop with the following features:

(1) 64 bit Windows 10 Pro Operating System,
(2) Intel (R) Celeron CPU N3060 @ 1.60GHz processor, and
(3) 4.00GB RAM memory.

The summary of how TFBFM is applied to solve initial value problems (IVPs) with

oscillatory solutions in a block by-block fashion is as follows:

Step 1: Choose N, h = (xy — x¢)/N to form the grid I'y = {x, z1,..., 2y} With

x; = xo + th. Note that N must be a multiple of k&, N = mk.

Step 2: Using the difference equation (3.2), n = 0, solve for the values of (yi, v,
o)t and (v, 9y, -+ ,y,)T simultaneously on the block sub-interval [zg, x],

as yo and ¢/, are known from the IVP (2.I). We outline the procedure with & = 2

for the two first block intervals, when n = 0 and n = 2,

Step 3: Next, for n = k, the values of (yy+1, Yrt2,-- -, y2)" and (¢ 1, ¥'pss - - -

y'5.)T are simultaneously obtained over the block sub-interval [y, zo1], as v, and

Y/}, are known from the previous block.

Step 4: The process is continued for 2k, 3k, ..., (N — 1)k to obtain the numerical

solution to (2) on the sub-intervals [z, 1|, [zk, Zor], - - -, [TN_k, TN].

Numerical Examples

To examine the numerical effectiveness of the newly constructed block Falkner
methods adapted to general oscillatory initial value problem, we carry out exper-
iments with the TFBFM for k£ = 2 on some well known oscillatory problems that
were solved in the recent literature. The accuracy is investigated using the maxi-
mum error of the approximate solution defined as Error = max;<,<n||y () — ynl| ,
where y(z) is the exact solution and y,, is the numerical solution obtained using
TFBFM, while the computational efficiency is shown through the plots of the max-
imum errors versus the number of function evaluations, NFE, required by each
integrator. We emphasize that the fitting frequencies used in the numerical exper-
iments have been obtained from the problems referenced from the literature. For
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both linear and nonlinear problems, the TF BF'M is implemented using written
code in Maple 2016.1, which has been improved by the function fsolve.

4.1. Example 1. Problems involving general second order IVPs:

y' = f(z,9,9), y (z0) = Yo, ¥ (o) = vp.
Consider the popular Van der Pol equation given by: 4" +y = § (1 — y?) ¢/, with
fn i _ 1 1033 1019689 ! —
initial values y (0) = 2 + 550° + sr00050" + serseacss=02, y (0) = 0.
This is a nonlinear scalar equation. In the numerical experiment, the parameter

J is selected as § = 102 and the principal frequency is chosen as w = 1. The prob-

lem is integrated in the interval [0, 100] . For the comparison of error of different
%
that the analytic solution of this problem does not exists, thus, a reference nu-

methods, the step lengths h = 2;,i = 1,2,3,4 are considered. It is emphasized
merical solution which is obtained via special perturbation approach is used. The
TFBFM for k£ = 2 results in comparison with the Block Falkner methods (BFM) of
order 5 in Ramos et al. [|30], Modified Block Falkner methods (MBFM) of order
5 in Ehigie and Okunuga [|15]], and The two-stage and three-stage Two-derivative
Runge-Kutta-Nystrom Methods (TDRKN2 and TDRKN3) of orders 4 and 5 respec-
tively are displayed in Table 1, while the efficiency curves are displayed in Figure
(3) respectively. It is evident from the Table (1) and Figure (3) that the family of
TFBFM performs better than some of the existing methods in the literature.

TABLE 1. Data for Example 1 withw = 1,6 = 1073

H TEBFM2 BFM MBFM TDRKN2 TDRKN3
Error | NFE| Error | NFE| Error | NFE| Error | NFE| Error | NFE
521 x |101 ] 1.38 x | 101 | 1.23 x | 101 | 1.00 x | 603 | 0.75 x | 631

N |

106 102 104 102 1074

1] 113 x [201] 245 x [201| 955 x [ 201 | 1.00 x | 1202 3.98 x | 1230
1077 1074 10~7 1073 106

=] 1.00 x [401] 3.98 x [401 | 9.12x [ 401 | 1.00 x | 2344 1.00 x | 2455
10-8 1076 1079 1074 1077

15 2.80x [ 801 6.31 x |801| 5.25x |[801| 1.00 x | 4786 1.00 x | 5012
10~10 10-8 10~10 10~° 1079
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log,  ( M Err)

g & 0 ®  B

logm[ NFE)

O TrFBFM2 © BFM <¢ MBFM @ TDREN2
# TDREEKN3

FIGURE 3. Efficiency Curves for Example 1

4.2. Example 2. Consider the following general second order IVP

/

Y+ why = —dy

with initial conditions y (0) = 1 and ¢’ (0) = —g, with analytical solution y (z) =
e (3)% cos (x\/uﬂ — 542)

This problem is solved in the interval [0,100] with w = 1,§ = 10~2 and compare
the result of TFBFM with the BNM of order 5 in Jator and Oladejo [7]], BHT of
order 5 and BHTRKNM of order 3 in Ngwane and Jator ( [31]], [32]) . Table (2)
shows the Maximum errors and the Number of Function Evaluations while the
efficiency curves of the family of TFBFM are presented in the Figure 4 showing
the superiority of the methods over some of the existing methods in the scientific
literature.
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TABLE 2. Data for Example 2 withw = 1,5 = 1073

n | TFBFM2 BHT BHTRKNM BNM

Error | NFE| Error |NFE| Error |NFE| Error | NFE
231x107° | 51 |274x107* |26 |648x10-t |26 |646x102 |26
282x 10711 | 101 | 6.3¢x10¢ |51 |430x105 |51 |117x10-* |51
179x 1072 | 101 | 116 x10-7 | 101 | 299 x10=¢ | 101 | 1.88 x10-¢ | 101
1.06x 10713 | 201 | 1.85 x10° | 201 | 188 x10-7 | 201 2.96 x 10-% | 201
6.62x 1015 | 401 | 202 x 107+ | 401 | 118 x10°® | 401 246 x 10~ | 401

[T PN PO T

lngm[_‘._{.::rEf'}'} =&
=1

=124 -------

16 18 20 22 24 26 28
NFE)

log,

| o TFBFM2 © BHT ¢ BHTRKNM @* BNM|

FIGURE 4. Efficiency Curves for Example 2

4.3. Example 3. Problems involving special second order IVP ¢ = f (z,y), y (zo) =
Yo, ¥' (o) = yp-
The following well known mildly stiff Kepler problem

1 U1 ’
y (2) = W 0)=1,4,(0)=0

" Yy ’
vy (1) = =5, 42(0) =0, 3, (0) =0

(4.1)
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where r = \/y? + y3 and whose analytic solution is given by y; (z) = cos(x)
,Y2 (x) = sin(x) is considered in the integration interval 0 < z < 30. The fit-
ting frequency w is chosen as w = 1 and the step size h is chosen as h = 1/2¢,
where i = 2,3,4,5,6. Whereas the accuracy of the family of TFBFM in comparison
with the MBFM presented by Ehigie and Okunuga [[14] and the TBNM of Jator
et al [6]]. is presented in Table 3, the efficiency is presented visually in Figure 5
showing the advantage of the Family of TFBFM.

TaBLE 3. Data for Example 3 withw = 1,6 = 1073

H TFBFM2 MBFM TBNM

Error | NFE| Error | NFE| Error | NFE

1] 118 x [ 26 [ 9.00x | 31 [ 1.90 x | 31
10—18 10—13 10—12

3] 454 x [ 51 [ 580x | 61 | 3.40x | 61
10—21 10—14 10—14

4 6.09x [101] 1.20 x [ 121 | 9.20 x | 121
10—22 10—14 10—14

33 1.82x | 201 ] 1.90 x | 241 | 1.10 x | 241
10—24 10—16 10—15

51 437 x [401] 1.00 x [ 481 | 1.00 x | 481
10725 10717 10717

4.3.1. Example 4. Consider the following Undamped Duffing Equation

Y + 1?4y = (cos () + esin (102))* — 99¢esin (10z), 0 < = < 1000
y(0) =1, y (0) = 10e ’

whose analytic solution is y () = cos (z) + esin (10z) . For this problem, w = 1
is selected as principal frequency with parameter ¢ = 107! . Table 4 shows the
performnce of the family of TFBFM in comparison with the TFARKN by Fang et
al. [23], the EFRK by Franco [24]] and the EFRKN by Franco [[25] respectively. The
efficiency curves of the BFFM and the other methods used for comparisons are
displayed in Figure 6.
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TABLE 4. Data for Example 4 with w = 1 and e = 10719
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=

_lﬁ__

-20-

- 144

=274 - -

O TFBFM2

O MBFM

+ TBNM

FIGURE 5. Efficiency Curves for Example 3

TFBFM2 TFARKN EFRK EFRKN
Error NFE Error NFE Error NFE Error NFE
1.55 % 301 2.63 x 300 1.26 x 8000 7.94 x 2000
1079 1072 1076 1076

1.20 x 601 4.47 x 400 0.75 x 14000 0.75 x 5000
10~ 1076 1077 1077

6.02 x 1201 3.72 X 600 0.75 x 22000 1.26 x 9000
10-13 10-8 10-8 10-8

3.62 X 2401 1.17 x 4200, 6.31 x 38000 1.00 x 19000
10~ 10°13 1079 107°
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lagl_:l[ Mex Err) . 5
g

_1[}.5.

_1_'2_;....

ES 4 45
lo%a[ﬁ-}-""ﬁ']l

| O TFBFM2 TFARKN MW EFRK @ EFRKN]

FIGURE 6. Efficiency Curves for Example 4
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APPENDIX A. SPECIFICATION OF ENTRIES OF MATRIX (), THE DETERMINANT OF ()

AND DETERMINANTS OF ¢;

1 Tpi1 Tppr®  Tpgr® cos (W Tp11) sin (w x,41)
0 1 2z, 37,7 —sin(wry)w cos (W Tpi1)w
0 0 0 2 6r, —cos(wz,)w?  —sin(wr,)w?
0 0 2 6Tpi1  — oS (Wappr)w? —sin(wapy)w? |
0 0 2 6 Tnyo — €08 (WTpio)w? —sin (W, 0)w?
0 0 0 6 sin (W apyo) w®  —cos (W Ty o) w?
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60 Yn+1
&1 y;z+1
52 fn
= , A=
5 53 fn+l
54 fn+2
&5 Gn+2

€0 = 8O ((far1 = 1/4 frr2)h® + ((9/4 frs1 — 3/4 fuya)tn — 3/26n41)h?
+((3/2 frt1 = 3/4 fur2)xn® = 3/20n 1120 + 3/2yns1)h
+1/420° (fa1 — fat2))(cos(v))?
+ 2 (v(h*gnt2 + B@ngnt2 — 3 far1)P* + (3gns2tn® — 6 fry12n +60,11)h
+ 2 Gnta — 320> frt1 + 6 6p12n — 6 Yni1)hsin(v)
+ (=2 fo = Fs2)D® + ((=9/2 fn = 3/2 fry2)Tn + 6 n i1
+ (=3 ot + 6y 4170 — 6yns1)h = 1/230° (f = fry2) 0”
— 6 (h2gny2 + (TnGnr2 + frot1 — far2)h + 1/220(fn — fat2))h®)v cos(v)
—2((h3gns2 + Bxngnio +3/2 frn — 6 fur1 +3/2 foia)h?
+ (3 gntomn® — 6 frr1%n + 6 Y 1)h + 20 Gnio
+(=3/2 fn = 3/2 fas2)wn® + 6y, 120
— 6Yns1)v> + 3R (fr — 2 far1 + far2))hsin(v)
+120(zn + 1) (1/12 (mn + h)*(fo — 2 fag1 + fag2)V”
+ 0 (hgni2 +1/2 fo = 1/2 fni2))]
- [12v%h(cos(v) — 1)(v cos(v) — sin(v))]

&1 = [=60*((fas1 = 1/3 far2)h® + ((4/3 far1 — 2/3 fus2)wn — 2/3 4y 11)h
+1/320° (fag1 — fas2))(cos(v))?
+ (=2(Pgnr2 + 2Zagni2 — 2 far1)h + gnrown® — 2 fruy12n + 24,11 Jvhsin(v)
+ (B fo+ fne2)h® + (4 fawn — 445 )h+ 20 (F = fry2) 0°
+ 4 h*(hgnia +1/2 fn —1/2 fay2)) cos(v)
+2(hPgnr2 + 2@ngni2 — 2 far1)h + gnromn® + (= fu — fatr2)Tn + 24,4 1)vhsin(v)
= @0+ 0)*(Fo = 2 farr + far2)v” = 40%(hgnia +1/2 fo = 1/2 faio)]
-[4vh(cos(v) — 1)(v cos(v) — sin(v))]
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& = [4((far1 = 1/2 fas2)h +1/220(far1 — fai2))v(cos(v))?
2 hllgss + Tugnsz — Fuet)Sn(0) — 2 (hfa + 1/220(fo — fasa))0) cos(0)
= 2(hgnt2 + Tngnt2 — 1/2 fo — 1/2 fag2)hsin(v) + v(fn = 2 far1 + fas2)(@n + h)]
- [4 h(cos(v) — 1)(v cos(v) — sin(v))]

_2U(fn+1 - fn+2) COS(U) -2 hSin(U)gn-‘rZ + U(fn -2 fn—i—l + fn-‘r?)
12(v cos(v) — sin(v))h

&5 =

€= |- COS(W

2
— sin(iv( h}j_ )
v(2h+ )
h
v(2h + )

v(x, + h)
h
v(2h + )

)h3gn+2 + 2 COS( )hggn+2

Yh2uf, + 2 sin( VW20 frin

v(2h+x,), 5
v e,

v(z, + h)
h

— sin( Yh2U frgo — cos( h? g o — cos(

)

v(z, + h)v
h

+ cos( Vh2 frg1 + cos( Yh2 f, — cos( Vh2 frso

—cos( - “)h? fn+1—|—cos( ; )h2fn+2]

-[4 h(cos(v) — 1)(vcos(v) — sin(v))] ™"

v(2h + ) v(z, + h)

£ = [ cos(21
v(2h + )
h
v(2h+ x,)
h
—cos(U g cos(ER 2y 4 cos( U0

-[2v*(cos(v) — 1) (v cos(v) — sin(v))] ™

. v(2h+x,)

Y3 Grya + 2 cos( - Yh2v f

v(2h + )

+ 2 sin( Vh2v fr 41 — sin(

v(2h+ x,)
h

)h Ufni2 — COS( h )h39n+2

v(x, + h)
h

— cos( Yh2 f, + cos( Vh? frg1 + cos( Yh2 fo

h )h fn+2]
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APPENDIX B. COEFFICIENTS OF THE MAIN AND COMPLEMENTARY METHODS OF THE

(B.1)

(B.2)

(B.3)

(B.4)

As v — 0, the Taylor series expansion of coefficients of the TFBFM for k = 2 up

530 =
581 -
582 -

Yo =

G.S. Awe, M.A. Akanbi, R.I. Abdulganiy, A.L. Olutimo, and Y.T. Oyebo

TFBFM FOR k = 2

5 o 2 cos(v)v2—9 sin(v)v+v2—12 cos(v)+12
20 —

6v(2v cos(v)—v cos(2v)—2 sin(v)+sin(2 v)—v)

(3 v2+6) sin(2v)—2 cos(2v)v3 -4 v3+12v? sin(v)+12 v cos(v) —12v—12 sin(v)

521 - 6(2v cos(v)—v cos(2v)—2 sin(v)+sin(2 v)—v)v?

493 cos(v)—cos(2v)v3—9 v? sin(v)+12 sin(v)—6 sin(2v)

522 - 6(—v+2wv cos(v)—v cos(2v)—2 sin(v)+sin(2v))v?

V2 =

(v2+6) sin(2 v)—2v2 sin(v)—12 v cos(v)+12 v—12 sin(v)
6(—v+2v cos(v)—v cos(2v)—2 sin(v)+sin(2v))v2

B _ cos(v)v?2—4 sin(v)v+v2—4 cos(v)+4
20 7 2u(—v+2v cos(v)—v cos(2v)—2 sin(v)+sin(2 v))

B _ —cos(2v)v2+4 sin(v)v+2 sin(2v)v—3v2+2 cos(2v)—2
21 — 2v(—v+2 v cos(v)—v cos(2v)—2 sin(v)+sin(2v))

B _3 cos(v)v2 —cos(2v)v2—4 sin(v)v+4 cos(v)—2 cos(2v)—2
22 2v(—v+2v cos(v)—v cos(2v)—2 sin(v)+sin(2v))

~ _ —2sin(v)v+sin(2v)v—8 cos(v)+2 cos(2v)+6
V2 = 2v(—v+2 v cos(v)—v cos(2v)—2 sin(v)+sin(2v))

—-12 v(cos(v))2+(—4 w3412 sin(v)) cos(v)4v3 =3 v? sin(v)+12v—12 sin(v)

12v2(cos(v)—1)(v cos(v)—sin(v))

(4 v34+12 v) (COS(U))2+<—3 v? sin(v)—6v—6 sin(v)) cos(v)—v3+6 v2 sin(v)—6 v+6 sin(v)

6v2(cos(v)—1) (v cos(v)—sin(v))

—202(cos(v))2—2 cos(v)v2—12 (cos(v))?—3 sin(v)v4+v2+12 cos(v)

12v(cos(v)—1) (v cos(v)—sin(v))

v2 sin(v)+6 sin(v)—6v

6v2 (v cos(v)—sin(v))

B() _ —3 cos(v)v2+2 sin(2v)v+v2—4 cos(v)+2 cos(2v)+2
20 7 2u(—v+2vcos(v)—vcos(2v)—2 sin(v)+sin(2v))

5_() _ 3 cos(2v)v%+4 sin(v)v—6 sin(2v)v+v2—2 cos(2v)+2
21 7 2vu(—v+2vcos(v)—vcos(2v)—2 sin(v)+sin(2v))
Bo _ —cos(v)v?—cos(2v)v2+2 sin(2 v)v+4 cos(v)—4

22 7 2u(—v+2wvcos(v)—v cos(2v)—2 sin(v)+sin(2v))

50 _ _—2 sin(v)v+sin(2v)v—8 cos(v)+2 cos(2v)+6
72 2v(—v+2 v cos(v)—v cos(2v)—2 sin(v)+sin(2v))

to the eight order are as follows:
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Bog = 1 8392 89v* 3988708 538457308
20 — 7780 ~ 50400 672000 4656960000  10897286400000
_ 3 1302 59 v 1523 v© 985289 v8
(B.5) far = 10 T 12600 T 378000 T 129360000 1 1362160800000
By = 17y 3102 1430* 1494145 249773948
22 7 80 " 50400 ~ 6048000 4656960000  10897286400000
7 19v%  47e* 1247308 48113948
T2 = 710 8400 432000 2328480000 1816214400000
B _ 1 2% 130t 8905 1432038
20 — 7748 7 360 57600 6048000 167650560000
2. _ 5 ;| v 1304 121 99 521338
(B.6) for = 35 + 720 T 50400 T 6043000 T 41912640000
B — 29 4 w2 130t W% 593948
22 7 48 U 720 T 403200 ~ 189000 15240960000
~ _ 1 2% 13vr  190% 1297948
27 787 240 © 67200 2016000 27941760000
50 _ 23 | 2930? + 1801 v* + 22279 v8 + 675643 v8
20 7 240 " 50400 ' 6048000 ' 1552320000 ' 990662400000
50 _ 8 _ 59v%  23v%* 1359108 37429108
(B.7) 21 7 15 6300 47250 582120000 340540200000
50 _ 31 179 v? + 127 v4 + 41891 v + 4545239 v8
22 7 240 " 50400 ' 672000 ' 4656960000 ' 10897286400000
0_ 7 19 v2 4704 12473 v 4811398
Y2 = 120 T 8100 T 232000 T 2328480000 | 1816214400000
20 17 w2 2510* 16908 21320308
20 7 48 72 403200 6048000 167650560000
50 11 | 1702 + 53 v4 + 28109 + 8713308
(B.8) 21 7 12 720 50400 ' 6048000 ' 41912640000
Bo _ 13 70?  1730* w8 13532908
22 7 48 720 403200 54000 167650560000
0 — 1 22 130t 1908 1297948
27 8 240 67200 2016000 27941760000

APPENDIX C. MATRICES RA; — Ag FOR k =2

0 R—1 0 —R

R R 0 R
[RA1 — Aglp=2 = )
0 0 0 -R-1
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For k = 2, when n = 0, the equation (3.2) becomes
(C.1) A Yy = AYy + WP BoFy + h*By F,
where
Yi= (y1, o, byt hay)”
/ / T

}/E] = (yflv Yo, hyfh hyo) )

Fl = (fla f27 hgl? th)T’

Fo = (f-1, fo, hg-1, hgo)T
Substituting for the square matrices Ay, A;, By and B; in equation (C.1)) to obtain

)

2 " "
yo—hp =yo+1° 3 (8% (w) y; + 13 (w) v )
]:
2 " "
Y1 + Yo+ hyy = 2 > (52;‘ (W) y; + by (u) ys )
(C.2) J0
—hyf = hyy + 3 (B () + g () w3 )
‘]:
2

—hy + hyy = 1?2 (Bajy (u) + 72 (u) u3') -
=

Solve equation (C.2) simultaneously to obtain the values of (yi,v2,%'1,%'5)" on
the block sub-interval [z, 23], as yo and ¢/, are known from the IVP (2.1)), y" =
f(x,y,vy') and vy is the derivative of y".

When n = 2, the equation becomes
(C.3) A Ys = AgYy + h*BoFy + h? B, Fy,
where
Ys= (ys, v, by, hy)"
Ya = (y1.y2, hyy hagh) "
Fy = (f3, f1. hgs, hgs)",
Fy = (f1, f2, hg1, hgs)"
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Substitute for the square matrices Ag, A;, By and B; in equation (C.3]) to obtain
2 1" m
v = by = o+ 0 3 (85 (u) o + 108 () 1)
‘7:
2 " "
Ys +ys + hyy = 2 ;0 (52;‘ (u) Yjp0 + hy2 (u) yy )
(C.4 a

2 =y 1" — n
—hyy = hy, + h? P (B%u7 0 (w) + 13 (w) yy)

[\

g+ by = B2 2 (B () + e () )
p

Solve equation (C.4) simultaneously to obtain the values of (ys, y4, 3’5, %',)" on the
block sub-interval [z9, 4], as y» and ', are known from the previous block.

REFERENCES

[1]1 H. RAMOS, J. VIGO-AGUIAR: Variable-stepsize Chebyshev-type methods for the integration
of second-order I.V.P.’s, Journal of Computational and Applied Mathematics, 204(1) (2007),
102-113.

[2] H. RAMOS, C. LORENZO: Review of explicit Falkner methods and its modifications for solving
special second-order 1.V.P.s, Computer Physics Communications, 181(11) (2010), 1833-1841.

[31 H. RaAMos, M. F. PATRICIO: Some new implicit two-step multiderivative methods for solving
special second-order IVP’s, Applied Mathematics and Computation, 239 (2014), 227-241.

[4] H. RaMOsS, G. SINGH, V. KANWAR, S. BHATIA: An efficient variable step-size rational
Falkner-type method for solving the special second-order IVP, Applied Mathematics and Com-
putation, 291 (2016), 39-51.

[5] H. RAMOS, S. MEHTA, J. VIGO-AGUIAR: A unified approach for the development of k-
step block Falkner-type methods for solving general second-order initial-value problems in ODEs,
Journal of Computational and Applied Mathematics, 318 (2017), 550-564.

[6] S.N. JATOR, S. SWINDELL: Trigonometrically Fitted Block Numerov-type method for y" =
f(z,y,vy’), Numer. Algor., 62 (2013), 13-26.

[7]1 S.N. JATOR, OLADEJO: A sixth order linear multistep method for the direct solution of y” =
f(z;y;90), Intern. J. Pure Appl. Math., 40 (2007), 457-472.

[8] S.N. JATOR, J. LI: An algorithm for seond order initial and boundary valueoblems with an
automatic error estimate based on a Third Derivative Method, Numer. Algor., 59 (2012), 333-
346.

[9] D.O. AWOYEMI: A new sixth-order algorithm for general second order ordinary differential
equation, Int. J. Comput. Math., 77 (2001), 117-124.



802

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

G.S. Awe, M.A. Akanbi, R.I. Abdulganiy, A.L. Olutimo, and Y.T. Oyebo

D.O. AwWoYEMI, S.J. KAYODE: A maximal order collocation method for direct solution of
initial value problems of general second order ordinary differential equations, Proceedings of
the Conference Organized by the National Mathematical Center, Abuja, Nigeria, 2005.

L. COLLATZ: The Numerical Treatment of Differential Equations, Springer, Berlin, 1996.

J. L1, X. WU: Adapted Falkner-type method solving oscillatory second order differential equa-
tions, Numer. Algorithm 62 (2013), 355-381

J. L1, M. Lu, X. QI: Trigonometrically fitted multi-step hybrid methods for oscillatory spe-
cial second-order initial value problems, International Journal of Computer Mathematics, 95
(2018), 979-997.

J.O. EHIGIE, S.A. OKUNUGA, A.B. SOFOLUWE, M.A. AKANBI: On generalized 2-step
Continuous Linear Multistep Method of Hybrid Type for the Integration of Second Order Ordinary
Differential Equation, Archives of applied science research, 26 (2010), 362-372.

J.O. EHIGIE, S.A. OKUNUGA, A.B. SOFOLUWE: A Generalized 2-Step Continuous Implicit
Linear Multistep Method of Hybrid Type, Journal of Institute of Mathematics and Computer
Sciences, 21(1) (2010), 105-119.

J.O. EHIGIE, S.A. OKUNUGA, A.B. SOFOLUWE: A class of 2-step continuous Hybrid implicit
linear multistep methods of IVPs, Journal of the Nigerian Mathematical Society, 30 (2011),
145-162.

Y. FANG, X. WU: A trigonometrically fitted explicit Numerov-type method for second order
initial value problems with oscillating solutions, Applied Numerical Mathematics, 58 (2007),
341-351.

J.P. COLEMAN, S.C. DUXBURY: Mixed collocation methods for y" = f(z,y), Journal of
computational and Applied Mathematics, 126 (2000), 47-75.

J.P. COLEMAN, L.GR. IXARU: P-stability and exponential-fitting methods for y”’ = f(z,y),
IMA J. Numer. Anal., 16 (1996), 1794AS-199.

T. LYCHE: Chebyshevian multistep methods for ordinary differential equations, Numer. Math.,
19 (1972), 653AS-75.

L.GR. IXARU, L. BERGHE, H.D. MEYER: Frequency evaluation in exponential-fitted algo-
ritms for ODEs, Journal of Computational and Applied Mathematics, 140 (2002), 423-434.
M. VAN DAELE, G. VANDEN BERGHE, H. DE MEYER, G.GR.IXARUM: Exponential-fitted
four-step methods for nonlinear physical problem, to appear.

Y. FANG, Y. SONG, X. WU: A robust trigonometrically fitted embedded pair for perturbed
oscillators, J. Comput. Appl. Math., 225 (2002), 347-355.

J.M. FRANCO: An embedded pair of Exponentially-Fitted explicit Runge-Kutta methods, Jour-
nal of Computational and Applied Mathematics 149 (2002), 407-414.

J.M. FRANCO: Runge-Kutta-methods adapted to the numerical integration of oscillatory prob-
lems, Applied Numerical Mathematics, 50 (2004), 427-443.

J.M. FRANCO: A class of explicit two-step hybrid methods for second-order IVPs, Journal of
Computational and Applied Mathematics, 187 (2006), 41-57.



SECOND-ORDER INITIAL-VALUE PROBLEMS WITH OSCILLATING SOLUTIONS 803

[27] W. GAUTSCHI: Numerical Analysis, New York. Springer science +Business Media, 2012.

[28] V.M. FALKNER: A method of numerical solution of differential equations, Phil. Mag. 7(21)
(1936), 621-640.

[29] S.O. FATUNLA: Numerical Methods for Initial Value Problems in Ordinary Differential Equa-
tions, Academic Press Inc., Harcourt Brace, Jovanovich Publishers, New York, 1988.

[30] H. RaAMOS, M.A. RUFAIL: A third-derivative two-step block Falkner-type method for solving
general second-order boundary-value systems, 2018.

[31] F.F. NGWANE, S.N. JATOR: Solving Oscillatory Problems Using a Block Hybrid Trigonmetri-
cally Fitted Method with Two Off-Step Points, Texas State University. San Marcos, Electronic
Journal of Differential Equation, 20 (2013), 119-132.

[32] F.F. NGWANE, S.N. JATOR: A Family of Trigonometrically Fitted Enright Second Derivative
Methods for Stiff and Oscillatory Initial Value problems, Journal of Applied Mathematics, 2015.

[33] J.D. LAMBERT: Numerical Methods for Ordinary Differential Systems: The Initial Value Prob-
lem, John Wiley, New York, 1991.

[34] J.D. LAMBERT: Computational methods in ordinary differential system, the initial value prob-
lem, New York: John Wiley & Sons, 1973.

[35] R.I. ABDULGANIY, O.A. AKINFENWA, S.A. OKUNUGA, G.O. OLADIMEJI: A Robust Block
Hybrid Trigonometric Method for the Numerical Integration of Oscillatory Second order Nonlin-
ear Initial value Problems, AMSE Journals AMSE IIETA, 2017.

DEPARTMENT OF MATHEMATICS, LAGOS STATE UNIVERSITY, OJO, LAGOS STATE , NIGERIA.
Email address: gbemisolaawe544@gmail.com

DEPARTMENT OF MATHEMATICS AND AFRICAN CENTRE OF, EXCELLENCE FOR INNOVATIVE AND
TRANSFORMATIVE STEM EDUCATION(ACEITSE), LAGOS STATE UNIVERSITY, OJO, LAGOS STATE,
NIGERIA.

Email address: moses.akanbi@lasu.edu.ng

DISTANCE LEARNING INSTITUTE, UNIVERSITY OF LAGOS, AKOKA, LAGOS STATE, NIGERIA.
Email address: profabdulcalculus@gmail.com

DEPARTMENT OF MATHEMATHICS, LAGOS STATE UNIVERSITY, OJO, LAGOS STATE, NIGERIA.

Email address: akinwale.olutimo@lasu.edu.ng

DEPARTMENT OF MATHEMATICS, LAGOS STATE UNIVERSITY, OJO, LAGOS STATE, NIGERIA.
Email address: oyeboyt1@gmail.com



	1. Introduction
	2. Development of The TFBFM
	3. Analysis of the TFBFM
	4. Implementation and Numerical Experiments
	4.1. Example 1
	4.2. Example 2.
	4.3. Example 3.

	acknowledgment
	Appendix A. Specification of entries of matrix , the determinant of  and determinants of i
	Appendix B. Coefficients of the main and complementary methods of the TFBFM for k=2
	Appendix C. Matrices RA1-A0 for k=2 
	References

