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A CERTAIN SUBCLASS OF ANALYTIC FUNCTIONS WITH NEGATIVE
COEFFICIENTS DEFINED BY KOMATU INTEGRAL OPERATOR

K.K. Viswanathan!, Kishore C. Deshmukh, Rajkumar N. Ingle, P. Thirupathi Reddy,
and Hari Niranjan

ABSTRACT. In this paper, we introduce a subclasses of analytic functions with neg-
ative coefficients defined by Komatu integral operator. We obtain the coefficient
bounds, growth distortion properties, extreme points and radii of starlikeness and
convexity and close-to-convexity for functions belonging to the class TSa’f(; (9,h,0).
Furthermore, we obtained modified Hardamard product, closure properties for

this class.

1. INTRODUCTION

Let A denote the class of all functions u(z) of the form

(1.1) u(z) =z + Z anz"
n=2

in the open unit disc £ = {z € C : |z| < 1}. Let S be the subclass of A consisting of
univalent functions and satisfy the following usual normalization condition «(0) =
uw'(0) — 1 = 0. We denote by S the subclass of A consisting of functions u(z)
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which are all univalent in E. A function v € A is a starlike function of the order
v,0 <wv < 1, if it satisfy
(1.2) %{sz)} v, (z€B)
u(z)
We denote this class with S*(v) .
A function u € A is a convex function of the order v,0 < v < 1, if it satisfy

zul/(z)} >v, (z€E).

u'(2)

(1.3) afe{1+

We denote this class with K (v).
Let 7" denote the class of functions analytic in £ that are of the form

1.49) u(z) =z — Z@nz”, a, >0 (z€E)
n=2

and let 7*(v) = T'N S*(v), C(v) = T'N K(v). The class 7*(v) and allied classes
possess some interesting properties and have been extensively studied by Silver-
man [17] and others.

Differential operators in a complex domain play a significant role in functions
theory and its information. They have used to describe the geometric interpola-
tion of analytic functions in a complex domain. Also, they have utilized to generate
new formulas of holomorphic functions. Lately, Lupas [[10] presented a amalga-
mation of two well-known differential operators prearranged by Ruscheweyh [|13]]
and Salagean [14]. Later, these operators are investigated by researchers consid-
ering different classes and formulas of analytic functions [5,6,11,(12,/15,/16].

For u € A given by and ¢(z) given by

(1.5) g(z) =2+ Z by 2"
n=2
their convolution (or Hadamard product), denoted by (u * g), is defined as
(1.6) (wrg)(z) =2+ apbyz" = (gxu)(z) (z€ E).
n=2

Note that u x g € A.
Salagean [14] introduced the following differential operator for u(z) € A which
is called the Salagean operator:
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Du(z) = u(z),

D'u(z) = Du(z) = 2u/(2),
DFu(z) = D(D*'u(2)), (k€N=1,2,3...).
We note that
(1.7) DFu(z) = 2 + ananz” (ke No=NUO0)
n=2

Recently, Komatu [8] introduced a certain integral operator L° defined by

)

1 o—1
(1.8)  Lou(z) = %/ o2 (log%) u(zt)dt 6(a>0, 6 >0, u(z) € A)
0

Thus, if u(z) € A is of the form (I1.I)), it is easily seen from (1.8) that [8]

() 0
(1.9) Lou(z) = 2+ Z (ﬁ) a,z" (a>0,§>0).
n=2

We note that:

I\

(). Lou(z) = u(z)

(ii). Liu(z) = Alu](z) known as Alexander operator [1];
)
(

[u](
(iii). Liu(z) = A[u](z) known as Liberal operator [9];
(iv). L} u(z) = L.[u](z) called Libera operator or Bernardi operator [3];
(v). For a = 1 and § =k ( k is any integer), the multiplier transformation
Li*u(2) = I*u(z) was studied by Flett [4] and Salgean [[14];
(vi). Fora = 1and 6 = —k (k € Ny = NUO, ) the differential operator L, *u(z) =
D*u(z) was studied by Salagean [14];
(vii). For a = 2 and § = k ( k is any integer), L;"u(z) = L*u(z) was studied by
Uralegaddi and Somanatha [[18]];
(viii). a = 2, the multiplier transformation Lju(z) = I°u(z) was studied by Jung
et al [7].

For D*u(z) given by (1.7) and L%u(z) is given by (1.9), Arkan et al [2] defined the
differential operator D*L°u(z) as follows:
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DFLOu(z) = 2 + Z o(n,a,k,0)a,z",
n=2
where

5
_ ok a
(1.10) o(n,a,k,0)=n (a+n—1> )

Note that, by taking § = 0 and k£ = 0 in (1.10), the differential operator D* L2u(z)
reduces to Salagean differential operator and Komatu integral operator, respec-
tively.

Using the operator D*L’u, we now introduce a new subclass of analytic func-
tions as follows:

Definition 1.1. For 0 <9 < 1,0<h <1, and0 < ¢ < 1, we let TSa’f5(z9, h, 0) be the
subclass of u consisting of functions of the form (1.4) and its geometrical condition
satisfy

i ((D’“L5u(z))' - —DkLgu(z))

z

B(DFLju(z)) + (1 — ) P
where D*L°u(z), is given by (1.10).

</, zel,

2. COEFFICIENT INEQUALITY

In the following theorem, we obtain a necessary and sufficient condition for
function to be in the class T'S, (0, h, £).

Theorem 2.1. Let the function u be defined by (1.4). Then u € T'S5(¥, h, () if, and
only if,
(2.1) > W — 1)+ Lnh+ 1 - 9)]é(n, a,k, 6)an < L(h+ (1 — 1)),

n=2
where 0 < { < 1,0<9<1,0<h<1,0 >0,0€[0,1] and p € N. The result (2.1)
is sharp for the function

((h+ (1 —=19))
=D+ Lk + 1= pma ko)~ =7

u(z) =z —
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Proof. Suppose that the inequality (2.1I)) holds true and |z| = 1. Then we obtain

‘19 ((DkLgu<z))' - Dleulz) kLgW))

z

—/ ‘h (DkLgu(z))’ + (1 - ﬁ)M> ‘

z

= ‘—19 i(n —1o(n,a,k,0)a,z""

(nh+1—9¢(n,a,k,6)a,z"""

[M]8

—llh+(1—-19)—

||
N

n
o0

<> Wn—1) + Lnh+ 1= 9)]é(n, a,k, 6)an — L(h+ (1 — 1))

n=2
<0.

Hence, by maximum modulus principle, u € T'S (¢, h, ().
Now assume that u € T'S %(0), h, ) so that

W ((D’“L§U(z))/ = Léu(z))
mm()<& z e U.
h(D¥Lou(z)) + (1 — ) —===
Hence,
krd ,  DFLju(z) krd / DFLju(z)
I (D" Lou(z)) — — </l|h| D"Liu(z)) + (1 —19)7 .
Therefore, we get
- Z I(n —1Do(n,a,k,6)a,z"""
<lh+ (1 =9) =) (nh+1—=0)é(n,a,k,d)az"""|.
n=2
Thus,
> W —1) + Lnh+ 1= 9)]é(n, a,k, 6)an < L(h+ (1 — 1)),
n=2

and this completes the proof. O
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Corollary 2.1. Let the function u € T'S,%(9, h, (). Then
((h+ (1 —19))

an, < z', n>2.

T [W(n—1)+Ll(nh+1—1)|p(n,a,k,0)

3. DISTORTION AND COVERING THEOREM

We introduce the growth and distortion theorems for the functions in the class
TS50, h, 0).

Theorem 3.1. Let the function u € T'S (¥, h, £). Then
((h+ (1—=9)

) 5

L T s s LG
(h+(1-0)) )
SE S s = ez e

The result is sharp and attained for

- ((h+ (1 -17)) 2
W) = TR T Dea k)

Proof. First,

o0
z— E anz"

n=2

u(2)] =

0 0
<l 3 el < el + 2P S
n=2 n=2

By Theorem [2.1] we get

o ((h+ (1—9))
B.1 ;a" = T+ R+ 1= 0o a,k,0)

Thus,
((h+ (1 —9)

)
[0+ 020 + 1 — 0)]6(2, a, k., 0)

u(2)] < 2] + Kl

Also,

oo oo
u(2)] > [2[ =Y anlz" > |2 = 2 an
n=2 n=2

Wh+(1—9) ,
T2t 1 —e@ ko)

Then proof of the theorem follows. O

> |z] =
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Theorem 3.2. Let u € T'S%(¥, h, (). Then

20(h+ (1— ) ,
TRt 1= 0o a ke A S WG s 1+

with equality for

2(h+ (1 — 1))
[0+ 02h+ 1 — )62, a,k,0) 12

2(F + (1 — ) )

U = R 1 Dl a k)

Proof. Notice that

(3.2) [0+ £(2h+ 1 — 0)|6(2, a,k,6) > na,
n=2

<> nfd(n = 1)+ Lnh+ 1= 9)]p(n, a,k, 6)an < L(h+ (1 —1)),
n=2
from Theorem [2.1l Thus

o0 [e.e] o0
1 —Znanz”’l < 1+Znan|z]"’1 <1+ |z[2nan
n=2 n=2 n=2

20(h+ (1 —0))
[0+ 02h+1—9)6(2,a k,0)

W' (2)] =

(3.3) <1+ |z

On the other hand

W' (2)] =

oo oo [e.e]
11— Znanz”_l >1- Znan|z]”_l >1—|z| Znan
n=2 n=2 n=2

2(h+ (1—9))
[0+ 02h+ 1 — 0)]6(2, a, k,0)

Combining (3.3) and (3.4), we get the result. O

(3.4) >1—|z]

4. RADII OF STARLIKENESS, CONVEXITY AND CLOSE-TO-CONVEXITY

In the following theorems, we obtain the radii of starlikeness, convexity and
close-to-convexity for the class 7'S,% (¢, h, £).

Theorem 4.1. Let u € T'S.%5(0, h, (). Then u is starlike in |z| < Ry of order 9,0 <
Y < 1, where

(1= )@ = 1) + Lnh + 1 = 9)6(n, a,k, ) } e

41) R :igf{ (n—9)l(h+ (1-1))
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Proof. The function u is starlike of order J,0 < 9 < 1, if

m{”“”}>ﬂ
u(z)
Thus, it is enough to show that
_ - _ n—1 - _ n—1
zu'(2) _ 1‘ _ nz::2(n Hanz < nz::z(n Dl
u(z) 1—> apzn ! 1= aylz|"!
n=2 n=2
Thus
2/ (2) R N ) n—1
) —_1l<1= -~ 7 < 1.
4.2) o) 1'_1 ﬁzf;(l_ﬁ)an\d <1

Hence, by Theorem [2.1], (4.2) will be true, if

n— 19‘ -1 < (Y(n—1)+lnh+1—1))p(n,a,k,9)
g = U(h+ (1—9) ’
or, if
(1 — ) (0(n — 1)+ L(nh+ 1 —9)d(n,a, k,6)] 7
. < > 2.
S (n— )R+ (1-9)) y n22
The theorem follows easily from (4.3)). O

Theorem 4.2. Let u € TS,%5(0, h,¢). Then u is convex in |z| < Ry of order 9,0 <
¥ < 1, where

A=) 1)+ Lnh+ 1= 9)(n,a,k,8) | T
4.4) Rz_lgf{ oo } D nso

Proof. The function w is convex of order 9,0 < ¢ < 1, if

w1 200

u'(2)

Thus, it is enough to show that

u(2) — n;gn(n —1Da,z"! 3 gg n(n — 1)a,|z|"*
u'(2) -

oo o
1—5" na,zn! 1= nay|z|*!
n=2 n=2
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Thus,

(4.5)

zu”(2) — n(n — V) n—1
f Z WCLTJZI S 1.

U/(Z> n=2
Hence, by Theorem [2.1], (4.5) will be true, if
n(n —9) 21 < (P(n—1)+L(nh+1—19))d(n,a, ko)

1—9 ((h+ (1 —) ’
or, if
(1-9)W(n—1)+Llnh+1—-9))p(n,a,k,6)]" 1
. < > 2.
(4.6) '4—[ n(n — ) (h+ (1—0)) , n22
The theorem follows easily from (4.6)). O

Theorem 4.3. Let u € T'S.5(9, h, (). Then u is close-to-convex in |z| < Rs of order
9,0 <9 < 1, where

A=) 1)+ Lnh+ 1= 9)(n,a,k,8) | T
@n r=nf{ S Lz

Proof. The function u is close-to-convex of order ¥,0 < 9 < 1, if R{u/(2)} > 0.
Thus, it is enough to show that

[u'(2) — 1] = ‘ Znan n-l <Znan]z\” !

Thus,
/ . - n n—1
. -1 <1~- —ay <1
(4.8) [u'(z) = 1| <1—=9if 322 (1_19>a || 1

Hence, by Theorem [2.1], (4.8) will be true, if

N1 (U(n—1)+L(nh+1—17))é(n,a,k,0)
=g s {(h+ (1—9)

or, if

(1-9W(n—1)+L(nh+1—-1))p(n,a,k,6)] T
nl(h+ (1 —9)) ’

The theorem follows easily from (4.9). O

(4.9) 2| <
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5. EXTREME POINTS

In the following theorem, we obtain extreme points for the class 7'S,% (¢, h, £).

Theorem 5.1. Let u,(z) = z and

B ((h+ (1 —17))
[W(n—1)+l(nh+1—19)|p(n,a,k,o)

Then u € TSa’f(;(q?, h, 0) if and only if it can be expressed in the form

un(2) = 2" form=23,---.

u(z) = Zenun(z), where 6, > 0 and Zen = 1.
n=1

n=1

Proof. Assume that u(z) = > 6,u,(z), hence we get
n=1

o ((h+ (1 =1))6, n
uz) =z-y [D(n—1)+ (nh+1— ), a,k,0)

n=2

Now, u € T'S,% (¥, h, (), since
i [W(n—1)+nh+1—13)]p(n,a,k,9)
U(h+(1—17))

U(h+ (1 — )b,
“n— 1)+ (nh+ 1 — 9)é(n, a, k, o)

n=2

Conversely, suppose u € T'S,% (¥, h, /). Then we show that « can be written in
the form i Onun(z).

Now u n€:1TSa’f§(19, h, ¢) implies from Theorem
((h+ (1 —19))

< .
=T —1) + lnh+1—9)é(n, a,k,0)
Setting 6,, = [19("71)+i((gi+(11:§)))]¢(n’a’k’6) an,n=2,3,---and ¢ =1— >_ 6,, we obtain
n=2

u(z) = 21 Onin(2). O
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6. HADAMARD PRODUCT

In the following theorem, we obtain the convolution result for functions belongs
to the class T'S %(¥, h, ¢).

Theorem 6.1. Let u,g € T'S}5(0, h, ¢, \). Then ux g € TS,5(9,h,¢, \) for

u(z) =z — Z anz",g(z) =z — Z by,z" and (u* g)(z) = z — Z anbn 2",
n=2 n=2 n=2
where
2 — _
> Ch+ (1 —=9))0(n—1)

[(n—1)+Ll(nh+1—9)]2p(n,a,k,0) —(h+ (1 —1))(nh+1—-19)

Proof. u € T'S.%(¥, h, () and so

oo

[W(n—1)+l(nh+1—19)|p(n,a,k,o)
(6.1) ; (hs (1=9)) a, <1,
and
= [9(n—1) +Ll(nh+1—9)|p(n,a,k,0)
(6.2) ; T (=9 b, < 1.
We have to find the smallest number ¢ such that
= [9(n — 1) + C(nhi+ 1 = 9)]é(n, a, k,)
6.3 nbn < 1.
©% 2 (At (1)) ’
By Cauchy-Schwarz inequality
= [9(n — 1)+ L(nh+ 1 —9)]¢p(n,a,k,6)
(6.4) ; Wt (1=9) anb, < 1.
Therefore it is enough to show that
((h+(1=1)) o
[W(n —1)+L(nh+1—13)]p(n,a,k,0)
= (h+r(1=0) @nbn.
That is
6.5) b < [(n—1)+l(nh+1—19)|C

[P(n—1)+(nh+1—19)]¢
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From (6.4)

((h+(1-9))
vVanb, < [W(n—1) + l(nh+1—9)]o(n,a,k,6)

Thus it is enough to show that

((h+ (1 - 7))
[P(n—1)+Ll(nh+1—179)|o(n,a,k,0J)

<[?9(n—1)+€(nh+1— W)]¢

“[W(n—1)+¢(nh+1—9)]

which simplifies to
C(h+(1—-9)9(n—1)
[P(n—1)+Ll(nh+1—9)]2p(n,a,k,0) —(h+ (1 —1))(nh+1-19)

¢ =

7. CLOSURE THEOREMS

We shall prove the following closure theorems for the class 7'S *5(¥, h, £).

Theorem 7.1. Let u; € T'S.5(9,h,(),j =1,2,--- ,s. Then
chu] € TSN5(9,h,0).

For u;(z) = z — Zamz where Zc]—l

n=2
Proof. First
S oo S o
g(z):E cju;(z —z—g E cjan j2" —z—g enz",
j=1 n=2 j=1

where e, = 3~ ¢jan ;. Thus g(z) € TS50, h, £) if
=1

 [9(n—1) +l(nh+1—9)|p(n,a,k,0)
> Wh+ (1-9)) =t

that is, if
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d(n—1)+l(nh+1—19)|p(n,a,k,d)
ZZ ((h+(1—0)) €t

n=2 j=1

Jd(n—1)+L(nh+1—19)|p(n,a,k,o)
_ZCJHZ ((h+(1—0)) i

S ch =1.
j=1

Theorem 7.2. Let u,g € T'S,5(, h, (). Then

h(z)=z=Y (a)+b2)2" € TS50, 1, (,0),
n=2
where
_ 2 _
> 20(n — 1)*(h+ (1 —19))

[W(n—1)+l(nh+1—9)]2p(n,a,k,0) —202(h+ (1 —9))(nh+1—-19)

Proof. Since u,g € T'S%(¥, R, (), so Theoremyields

2 [@W(n—1) 4+ Lnh+1—9)p(n,a, k,0) 17

;_ (h+ (1=9)) | =1,
e W= 1)+ 4 Dm0,k 5)

C [W(n—1)+lnh+1—9))d(n,a k,d) 1

;_ ht (1=9)) bn| =1

We obtain from the last two inequalities

[e.9]

1[((n—1)+nh+1—129)p(n,a,k, 6]
7.1 Zé[ h+(1=9))

n=2
But h(z) € T'S,%5(0, h,¢,¢), if and only, if

(a2 +02) <1

o0

[W(n—1)+((nh+1—9)|p(n,a,k,o)
7:2) 2 (h+ (1= 0))

(a7 +b2) <1,

n=2
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where 0 < ¢ < 1, however (7.1) implies (7.2) if

[W(n—1)+((nh+1—9)]¢(n,a,k,0)

C(h+(1—17))
1 [Wn=1) +Unh+1-9)é(n,a,k,0) ?
=2 ((h+ (1 —1)) ‘

Simplifying, we get

[1]

(2]

(3]

(4]

(5]

(6]

(71

(8]

(91

[10]

[11]

29(n — 1)(h+ (1 — 1))

> .
2 =D Tk £ 1= 0)2o(n, 0 k,0) — 2C(h + (1 = 9))(nh + 1 = )
([l
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