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h-CENTRALIZERS ON PSEUDOQUOTIENTS
Asia Majeed', Cenap Ozel, Majed Albaity, and Sadia S. Ali

ABSTRACT. A space of pseudoquotients, denoted by B(X, S), is defined as equiv-
alence classes of pairs (z, f), where x is an element of a non-empty set X, f is
an element of S, a commutative semigroup of injective maps from X to X, and
(x,f) ~ (y,9) when gz = fy. If X is a ring and elements of S are ring homo-
morphisms, then B(X,S) is a ring. We show that, under natural conditions, a
h -Jordan centralizer on X has a unique extension to a h-Jordan centralizer on
B(X,S)

1. INTRODUCTION

Let X be aring (or an algebra ) with the unit 1. A linear mapping ¢ from X into
it self is called a left(right) centralizer of X if

and

o(y) =y -o(1),

for all y € X. If § is a left and right centralizer, then it is called a ¢ centralizer. A
linear mapping ¢ from X into itself is called a left (right) Jordan centralizer of X
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if
and

for any x € X. 0 is called a Jordan centralizer of X if
6z-y+y z)=0(x) y+y 6(x)=0y) z+z-iy)

for any z,y € X. In [4], Zalar shows that a left Jordan centralizer of a semi-
prime ring is a left centralizer and each Jordan centralizer of a semi-prime ring is
a centralizer.

Let X be any nonempty set and S be a commutative semigroup acting on X
injectively. This means that every ¢ € S is an injective map ¢ : X — X and
(py)x= ¢(px) for all ¢, » € S and x € X. For (x,¢),(y,¥) € X x S, we write
(z,9) (y,v) if Yax = ¢y. It is easy to check that this is an equivalence relation in
X x S, finally we define B(X,S) = (X x S)/ ~. The equivalence class of (z, ¢)
will be denoted by 3 This is a slight abuse of notion, but we follow here the
tradition of denoting rational numbers by g even though the same formal problem
is presented there. Elements of X can be identified with elements of B(X, S) via
the embedding « : X — B(X,S) defined by «(z) = %’3, where ¢ is an arbitrary
element of S. Clearly it is well-defined; that is, it is independent of ¢. The action
of S can be extended to B(X, S) via ¢% = % If p£ = i(y) for some y € X, we will
write o7 € X and % =1, which formally incorrect, but convenient and harmless.
For instance, we have ¢§ = z. Elements of S, when extended to maps on B(X, 5),
are bijections. The action of ¢~! on B(X, S) can be defined as

LT T

Ve T w
Consequently, S can be extended to a commutative group of bijections acting on
B(X,S). If (X,®) is a commutative group and S is a commutative semigroup of
injective homomorphisms on X, then B(X,S) is a commutative group with the

operation defined as

Yy _YrOgy
v CO

©
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Similarly, if X is a vector space and S is a commutative semigroup of injective
linear mapping from X into itself, then B(X,S) is a vector space with the opera-
tions defined as

xr Yy  Yr+ oy r  Ax
= an = —.
¢ oy ¢ 0

If § : X — X and ¢ extends to a map 0 : B(X,S) — B(X,S), then it is often

important to know what properties of ¢ are inherited by 4. In this section, we con-

sider some special situations when an extension is possible, which are important
for the particular case studied in this paper.

If 6(fx) = fo(x) for all z € X and all f € S, then we say that 6 commutes with
S.

Now we need the next Proposition from [1]] to prove our results in the next
section.

Proposition 1.1. Let § : X — X. Then

is a well-defined extension of 6 to 6 : B(X,S) — B(X,S) if and only if § commutes
with S.

2. CENTRALIZERS ON PSEUDOQUOTIENTS

Definition 2.1. Let X be a ring and h be endomorphisms of X. Amap 0 : X — X
such that

and

for any x,y € X is called a left or right h- centralizer on X.

Definition 2.2. Let X be a ring and h be endomorphisms of X. Amap 6 : X — X is
called a h-centralizer, if ) is a left and right h-centralizer.
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Theorem 2.1. Let X be a ring and S be a commutative semigroup of injective ring
homomorphisms. Let h be a homomorphism from X into itself that commutes with S,
that is, hf(x) = fh(x) for every f € S and x € X. If § is left(or right) h-centralizer
on X that commutes with S, then the map ¢ : B(X,S) — B(X, S) defined by

()4

is an extension of J to a left(or right respectively) h-centralizer on B(X,S).

Proof Assume § is an £- centralizer on X that commutes with S. Then, ¢ is well-
defined by Proposition In order to show that it is a left and right A-centralizer
on B(X, S), consider } € B(X,S). Then, we have

coxy O0(@)  6(1)-h(z) L1\ =
=" =7 _5(1) ")
and S(x) _ h) - o() 1
=17 = =5 (7).
which is the desired result. O

Corollary 2.1. Let X be a ring and S be a commutative semigroup of injective ring
homomorphisms. If 0 is left(or right) centralizer on X that commutes with S, then
the map 0 : B(X,S) — B(X,S) defined by

()%

is an extension of J to a left(or right repectively) centralizer on B(X, S).

Definition 2.3. A linear mapping 0 from X into itself is called a left or right h
-Jordan centralizer of X if

or

for any x € X respectively.
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Definition 2.4. A linear mapping § from X into itself is called a h-Jordan centralizer

of X if
0z y+y-x)=6(x) h(y)+hly) - 6(x) = 6(y) - h(z) + h(x) - 6(y)

forany z,y € X.

Albas in [6] shows that under some conditions, a left h-Jordan centralizer of
a semi-prime ring is a left f-centralizer and each h-Jordan centralizer of a semi-
prime ring is h-centralizer.

Theorem 2.2. Let X be a ring and S be a commutative semigroup of injective ring
homomorphisms. Let h be a homomorphism from X into itself that commute with S.
If 0 is a left(or right) h-Jordan centralizer on X that commutes with S, then the map
0:B(X,S) — B(X,S) defined by

)

is an extension of ¢ to a left(or right respectively) h-Jordan centralizer on B(X,S).

Proof. Assume that ¢§ is a left or right h-Jordan centralizer on X that commutes
with S. Then, § is well defined by Proposition In order to show that ¢ is an
left or right f-Jordan centralizer on B(X, S), we consider 7€ B(X,S). First for
left h-Jordan centralizer we have

qr xy O(fr-fr) O0f(x)-hf(x) bz hx T, LT
PR 7 [ ALY

for any s€eb (X, .S). Similarly it can be proven for right A-Jordan centralizers. [

= §(

Theorem 2.3. Let X be a ring and S be a commutative semigroup of injective ring
homomorphisms. Let h be a homomorphism from X into itself that commute with S.
If § is h-Jordan centralizer on X that commutes with S, then the map 6 : B(X, S) —

B(X,S) defined by
s(2) < 9w
5(f)_ f

is an extension of 0 to a h-Jordan centralizer on B(X, S).

Proof. It is known that § is an A-Jordan centralizer on X that commutes with S.
Also 4 is well defined by Proposition To show that 4 is an h-Jordan centralizer
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on B(X, S5), we consider 7 and £ € B(X, S). Thus

2 Yy my _olgr-fy) 0y -ge) sy p Yy gy 5
5(f g+g f) fg " 9/ 5(1”) h(th(g) 5(f)
T AN o Iy 5Y
—5(g) h(f)+ﬁ(f) 5(9)
for any ; and ¥ € B(X, S). O

Corollary 2.2. Let X be a ring and S be a commutative semigroup of injective ring
homomorphism. If  is Jordan centralizer on X that commutes with S, then the map
6 : B(X,S) = B(X,S) defined by

()4

is an extension of  to a Jordan centralizer on B(X,S).

In Theorem and Corollary it is necessary to assume that § commutes
with S. The last theorem guarantees that extension of a i-Jordan left centralizer
is a left fi-centralizer on B(X, S).

In order to prove the last theorem, we will discuss certain cases. The following
first lemma is analogous to that of Lemma 3 of [6], so it will be given without
proof. Before we state it, we need the following definition and remark.

Definition 2.5. Let X be a ring. A biadditive mapping D from X to itself is a
mapping defined by:
Ty LYy
(2.4) D(—,—):(S—-— -
g (f g) (
forall 3, % € B(X,5).

Remark 2.1. If D (
X,

g) =0forall 3, € B(X,S), then § is a h-left centralizer of

z
frg

Lemma 2.1. Let X be a ring and S be a commutative semigroup of injective ring
homomorphisms. Let h be a homomorphism from X into itself that commutes with
S. Let 0 be a left h-Jordan centralizer on X that commutes with S. Then the extension
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map 6 : B(X,S) — B(X, S) defined by

satisfies the following identities:

(i) 5(% L4l §):5(§).h<z)+ A<§)~ (§)forazz L e B(X,S9).

~

( )+5(%) h(g)- < )forall§
(v) D(%,%) = —D(,%) where D(%,£) = 0(% - £) — 6(%) - h(

~— Qe

)
h(%
g

Proof.

(i) Since ¢ is a left i-Jordan centralizer on X, the equality

§(z%) = 6(x) - h(z)

holds for all x € X.
< (g2 + fy)
’ ( fg )
2.5) _ 0((gz+ fy)?) _ d(gx + fy)-h(gz + fy)
fg fg
_ [6(gz) + 6(fy)l[n(gz) + h(fy)]
fg
2.6) _ 0(gz).h(gz) + 6(gx).h(fy) + 6(fy)-h(gz) + 6(fy).h(fy)
' B fg ’

5 ((gx + fy)2> _; ((gx)2 +(fy)* +gv.fy + fy-gl")
fg fg
_ 0((gx)* + (fy)* + g2 fy + fy.g7)
f.g
2.7) _ O(gx)-higz) + 3(fy)-h(fy) + 6(gz-fy) + 8(fy-g2)
' - fg
Using the fact that = (2.7), we obtain

0(gx).n(fy) +0(fy)-hgz) _ d(ge.fy) +0(fy-gx)

fg I
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This implies that
90(x). fh(y) + fo(y).gh(x)  &(x) h(y)
fg f g g f

This completes the proof,

& y (Y x c(ry yuw
5(2)n (Y +5(_).n(_):5(_._+_._>.
(f) (9) g f fg 9f
(ii) Replacing % with %% + %§ in (7) and using the fact that ¢ is a left #-Jordan

centralizer of X, we see that

(5G3-35) (5339))
()63 37) ()
() () +(2)+(2) )

ca B 0)
4()1()2) 4 6)2() ()
R OHORORIONONG

w  a((10)
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()(0) s () 3
()4 (020
s ). (3 a5)2 )

i

)1()4)2(6)2() >

A
S5

Since (2.8)
This completes the proof.

(fz)®

2

+ T
SO N
+

> —
>
=

~ls L,
l s

TN N

S
+ s

[\
S

Qe =8

| 8
~__
| 8
St N~
+
)
S
+
8 =8 Qi

|8
o I8

+
Q|
\_//_\

VR

~| 8

(iii) Replacing 7 with 7 +  in (iz), we obtain (zii). Actually,

(Gr) 5 Gw)) =1 Ga) 2 G) (i)

The left hand side can be written as follows:

i((Fa) 5 (G+)

e =i((G555) ()
(55 i)
RGHRICHRIGTE )
@ =i(3)a(5) 4 (3) + () 4(5) 2 G)
(G5 ai)
Also, the right hand side can be written as follows
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(2.13) = (8

() +4()2()
() 1(6) () 56)

Using (2.11) and (2.13), we obtain the result.

(iv) It is obvious from (7). We have to rewrite (i), using

AE Iy 5E Y 55y ) foranl £ Y ‘
(f,g) (f g) (f) (9)7 or a f7g€B(X7S)
55V Y Ty s zy) 5(2{)
(f g+g f) [y i 9 f
W () (2)()
(2.14) D(f,g)+ 7 h p +D(g,f)+ g h 7
Similarly, using (i) we obtain
_ N :5(5)‘ (Q) g(?i), (f)
(15 (fg+gf) fhg+ ghf

From (2.14) and (2.15)), we have

D(?,%) +D<%,§) —0.

So we get the result (iv),

f)(? %) - —b(%, §) for all ;% € B(X, S).

Lemma 2.2. Let X be a ring and S be a commutative semigroup of injective ring
homomorphisms. Let h be a homomorphism from X into itself that commutes with
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S. Let § be a h-left Jordan centralizer. If every h-left Jordan centralizer is a h-
centralizer on X that commutes with S, then the map 6 : B(X, S) — B(X, S) defined

by
;)- 4

is an extension of J to a h-left centralizer on B(X, S).

Proof. Let 1,1 be the identities on X and S, respectively. Since # is an endomor-
phism of X, then A(1) = 1. We know that f)(%, 4) = 5(§ ) - 5(%) - h() for all
%, % € B(X, S), so we can write ﬁ(%,%) =5(4 -5 1

By Lemma 2.1 in [8], we have D(3,2) = —ﬁ(%, 1) =0forall § € B(X,S). Thus

0(%) =06(3) - h(%) for all £ € B(X, S). O

~

To prove the next theorem, we need to define the center of A, where A is a unital
subalgebra of B(X). The center of A is defined as Z = AN A, where ANA = CI is
the center of B(.X). Similarly we can define center on the ring 5(X, S). Consider
B(X, S) as a unital subalgebra of B(X,S). Then Z = BN B where BN B = C1I.

Lemma 2.3. Let § be a fixed element in B(X,S). If { - k(%) — h(3) - § € Z for all
%€ B(X,S), then ¢ € Z.

Proof. First ¢ - h(%) — h(%) - # € Z. From [7]], we have ¢ - h(%) — h(%) - = 0, and

then 7 is injective; and therefore { € Z. OJ

~

Lemma 2.4. Let §; be a fixed element in B(X, S) and 6(3) = ¢ - h($) + h(%) - § for
any 7 € B(X,5). Ifé(?) is a h-centralizer of B(X, S), then § € Z.
Proof. Since 4 is a h-Jordan centralizer of B(X, S), it follows that

PTG Al D VA YEA WA Tl

X

f 9 g9 f f g g f
forall £, % € B(X,S). Therefore
e Y _ Y T ry vy ra
S A
(& p® Ty.o8 yY Iy (& 5(* Ly, @
—(k h(f)+71(f) k) ﬁ(g)+h(g) (k: ﬁ(f)+ﬁ(f) k,))
AN Y AN AN S A ) A
k ﬁ(g) h(f)+7”l(f) h(=) 7 ﬁ(f) - ﬁ(g)+ﬁ(g) - h(f)
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x a Y Yy, a a Y Y. a x

BEY- (2 D) =R - D)= (= - BD) = R(Z)) - = Rm(Z

G- G =ndy- D =G n) -n-§ 0
for all 7,% € B(X,5). Since h is surjective, we have that { - A(%) — h(2) - & € Z.
Hence%eZby Lernrna O

Lemma 2.5. Every h-Jordan centralizer of B(X,S) maps Z into itself.

Proof. For any } € 7, let 7= 5(%) Since 4 is a h-Jordan centralizer of B(X, S), we

have
~,C I ~,C I r cC ~, C T Xz ~, C a Xz r a

25(7'?):5(7'?+?'7)25(7)'h(?)+h(?)'5(7):E'ﬁ(?)Jrh(?'E)
for all 2 € B(X, S). Let dy(%) = 20(%). Then

s (.Y YT

51(f g g f)

~c oxr Y Yy x gC Ty Yy €

—95(= (2.2 1L 2y =95(=. 2. 2 LoD

200G g g f)) Ry fg gl f)

Y A N A B A WA Ay S

265 - 2 1) +h) 3G D =05 -+ mh ()
Also

5TV, YT

1(f g g f)

o CLEL YL Y T T Cy oy

200 g g f)) 2(f g 1y f)

Y A N N N AE N S

20(5 g) h(f)+h(f) 8(3 g) 1(g) (f)+ (f) 1(9),
forany %, € B(X, S). Therefore, o, is h-Jordan centralizer of B(X, S). By Lemma
wehave%zg(‘{)eZ'foraH%eZ’. O

Theorem 2.4. Each h-Jordan centralizer  of B(X, S) is h-centralizer:

Proof. By (2.1) in Theorem 2.1, we have

() =3 F 15 =) A+ -i7)
= 265(7) - h(3) = 20(5) - 8()



CENTRALIZERS ON PSEUDOQUOTIENTS 875

for all € B(X,5). Thus,

forall £ € B(X,5). O

Example 1. Let R be a ring and ¢ be a h -Jordan centralizer on R. Suppose that the
square of any element x € R is zero but the product of some elements in R is non
zero. Let S be a commutative semi group of injective homomorphisms. We know that

heS. Let
Rz{rz(ﬁ g)\fomllx,yeR},
where
0 =z
5 pr—
" (0 0)
and

h<r>:<§ ‘Oy),

forall r € R. It is clear that ¢ is a left h-Jordan centralizer but not a left h-centralizer
on R. Therefore, § can has a unique extension to a h-Jordan centralizer on B(R, S).
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