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ON A SPECIAL CLASS OF SCHWARTZ FUNCTIONS

Milutin Obradovié¢ and Nikola Tuneski

ABSTRACT. In this paper we study functions w(z) = ¢;z+c22% +c32%+- - - analytic
in the open unit disk D and such that |w’(2)| < 1 for all z € D. For these functions
we give estimates (sometimes sharp) for the following moduli: |c3 — ¢1e2], |c1c3 —

c3], and |cy — c3|.

1. INTRODUCTION AND DEFINITIONS
For a function w, analytic in the open unit disk D = {z : |z| < 1} and of the form
(1.1 wiz)=cz+ct+e 4, (c1,¢9,...€C)

we say that is Schwartz function if |w(z)| < 1, z € D. We denote by B, the class of
all such functions.

In his paper [[4], Zaprawa gave many different inequalities for the coefficients
c1, ¢, . . . for the functions of the class 5.

In this paper we study the class of functions 3, of type such that |w'(2)| < 1
for all z € D. Since

(1.2) 2 (2) = c12 + 2¢92% + 3323 - - -
3 )
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and |zw/(2)] = |z| - |W'(2)| < |2] < 1, z € D, it means that zw’(z) belongs to B,.
Also, since w(z) = [7w/(2)dz, then [w(z)| < [ w/(2)|d|z| < |2| < 1 forall z € D,
ie., w € By. So, [W'(z)| <1, z € D, is a sufficient condition for w € By, i.e., Bj is
subclass of the class B,.

For the functions from B, we try to find properties for the coefficients ¢y, co, c3, . . .
that correspond to the properties for the functions from B,.

For our considerations we will need the next lemma originating from [1]].

Lemma 1.1. Let w € By is given by (1.1). Then

’cl‘ < 17 ’02‘ <1- ’01‘27

022
(1.3) es| <1 — |Cl|2 - 1|+|‘cl\’

lea] <1 —Jer]® = |eof

We showed that when w given by (1.1) is in By, then zw'(z) is in Bj. Thus,
Lemma [1.1] together with (1.2)), directly brings

Lemma 1.2. Let w € Bj is given by (1.1). Then

1
’cl‘ S 17 ‘62’ < 5 (1 - ’01‘2)7
1 4|02‘2>
1.4 el <= (1—|eff— 22 )
(1.4) |3|—3( il 1+ |ci

1
’C4| < Z__L (1 — |01’2 — 4|CQ|2) .

2. MAIN RESULTS

We begin with partly sharp estimate of the modulus |c3 — ¢;¢»| for functions from
B}, with expansion (1.1)).

Theorem 2.1. If w € B| is of form (1.1)), then

4
(21) ’C3—0162’ < 5 ) A ! .
glell( = [ei]?), <ol <1

The estimate is sharp for |c;| = 0 and for 3 < |¢;| < 1.
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Proof. For w € Bj, and w given by (1.1)) we apply the inequalities (1.4):

4’02|2 )
+ |ca]|C
1+|Cl| | 2|| 2’

1 2
|cs — crca| < es| + |erf]ea] < 3 (1 —lea]” =
= sl +lallel + 50 - el
If we consider the last expression as a function of |cy|, 0 < [es| < 1(1 — |¢;|?), then
we easily obtain the estimate given by (2.I)), depending on its maximum which
in the case 0 < |¢;| < 2 is attained for |co| = 2|ci|(1 4 |¢1]) lying in the interval
(0,1(1—|c1]*), and in the case 2 < |¢;| < 1 is attained for |cs| = (1 — |1 [?).
For |¢;| = 0 and for 2 < |e;| < 1 the result is sharp with extremal functions
wi(z) = 32° and
wa(z) = /o % dz = |c1|z + %(1 — e )2* — %\cﬂ(l — )2+,

respectively. O

Remark 2.1. Theorem [2.1]brings:
1
w € B = lc3 — c1ca] < 3
while
WEBO = |03—61C2‘ <1

follows from [4].
Similarly as Theorem |2.1| we can prove the next theorem.

Theorem 2.2. If w € B is of form (1.1) and 1 € C, then

w1+ lea) PluPlal® = 16]a] +16], 0 < o] <

(2.2) |cg — pcica| <
(5 + zlul) leal (1 = Jea ), T < lal <1

The estimate is sharp for |c;| = 0, and for < |e1| < 1 when p is nonnegative

1
T73/4]
real number. The extremal functions are w, and ws, respectively (w; and w, as defined

in the proof of Theorem [2.1)).

For 1 = 2 in Theorem [2.2] we receive
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Corollary 2.1. If w € B} is of form (1.1). Then

s +lal)Olal —4al+4], 0<]al <2
|C3 — 26102| S
slel(d = leif), 2<e| <1

The estimate is sharp for |c;| = 0 and for 2 < |¢;| < 1, with extremal functions w,
and ws, respectively (wy and ws as defined in the proof of Theorem [2.1)).

Next, for the modulus |c;c3 — c3| we have the following sharp estimate.
Theorem 2.3. If w € B is of form (1.1)), then the following estimate is sharp
1
(2.3) lercz — ¢ < yoite ) B +lal?), 0<]al <1

Proof. Using Lemma [1.2]we have

lcies — c3] < |eil|es| + |eaf?

1 4 cy)?
<lal 3 (1=l - 00 ) e

1 3—|01|

= —|c 1—C2+C2'—

3| 1‘( | 1| ) | 2| 3(1+|Cl|)

1 3o 1

< —ler(1 = e ) + ———< - =(1 = |e1]?)?
< glald =lal) 30T ) 11— lal?)
1

=151- )2+ [er ).

The equality in (2.3) is obtained for the function w,(z) given in Theorem [2.1}

el += 1 N 2\.3
—= d = — 1— —_ = 1— DR
an(s) = [ HEE s = el + 50— )2 = glal( = o) +

Remark 2.2. From (2.3) we have taht for every 0 < |¢;]| < 1,

1 1
lcies — 3] < D (B3=2lc]* = |a]!) < 7

Remark 2.3. As it is shown in [2]], for the class U of functions f(z) = z + az2* +
azz> + - - - defined by the condition

(5i5) -

<1, z e D,
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we have
2.4) SEN asz — zw(z),
f(2)
where w € B} and w(z) = ¢12 + c92® + ---. From (2.4) we can express the coeffi-
cients as, a4, and as, of the function f, depending on as, ¢y, ¢3,, Cs,.... After some

calculations we receive

L1
|Hs(1)(f)] = |eres — 3] < 7

where H3(1)(f) is the Hankel determinant of third order (see [3]) and that result
is the best possible. This property was the inspiration to study the class B, as a
continuation of the study of the class By in [4]].

Similarly as in Theorem [2.2] we get

Theorem 2.4. If w € B is of form (1.1) and 1 € C, then
(2.5)
slall = lal?), ul <

4

3
13 2(2 -3 2_(4-3 4 > 4 _lal
i3 Blul + 22 = 3[uD)ler|® = (4 =3[l [ul = 3155
Finally, for the modulus |c; — 3| we have

Theorem 2.5. If w € B is of form (1.1)), then

lcics — MC§| <

1
(2.6) s — gl < (1 =ler]?)
and the estimate is sharp as the function

Flal+2° 1 ona 1 2\.6
W(Z):/O WCZZ:|C1|Z+Z(1—|01| )Z —6|Cl|(1—|61| )Z + -

shows.

Proof. Using Lemma we easily get

1 1
les = &) < leal + oo < 2(1 = [er* = deof’) + [eaf* = Z(1 = |eal’).
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