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AN INTRO TO 6,4-FUZZY GRAPHS
J. Jeromi Jovita!, O. Uma Maheswari, and N. Meenal

ABSTRACT. Graph is a easy way to represent the real life situation. Graph is a
combination of Points and Lines. In network analysis, the degree of a point plays
a prominent role in Graph Theory. The degree of a point is the number of con-
nections it has with the other points in the point set. Among the degrees of all
the points in graph G*, the minimum value is denoted by §(G*). In this article, a
new abstraction of fuzzy graph is initiated by combining the parameters, degree
of a point and minimum degree of the graph and termed it is as d,-fuzzy graphs.
Order and Size on d4-fuzzy graphs were studied and Handshaking Lemma were
explained with illustration. Idea on d4-regular fuzzy graph were interpreted using
the theorems. Also operations on graphs such as union, intersection, complement,
cartesian product, Tensor Product, Corona are extended for d4-fuzzy graphs.

1. INTRODUCTION

A graph is a set of points and lines. The lines between points will form a model
of relations using graphical representation. [14] Fuzzy set theory was proposed
by Prof. Zadeh which has been efficiently used to model many real world prob-
lems, which are uncertain. In a crisp graph, the members of the sets takes a
single value of 0 or 1. For this reason, the uncertainities of real world problems
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don’t work properly. But the fuzzy set provides its element to have the grade of
membership within the range from 0 to 1. A concept of fuzzy graph was intro-
duced by [10]Rosenfeld and some operations are discussed by [2] Mordeson and
Nair, they also defined the complement of fuzzy graph. Also, Venugopalam [|13]]
discussed Operations on Fuzzy Graphs. Further these operations are also stud-
ied by [[11,/12] Sunitha and Vijayakumar. Later [7-9] Nagoorgani examined the
properties of degree, regular, irregular, order and size of fuzzy graphs and also
compared the relationship between these parameters. Let G*(P, L) be a simple
graph with point set P and line set L. [[1] In graph theory, relations can be mod-
eled in to graph for better understanding. The number of points in a graph G* is
known as order and is denoted by p(G*) and the number of lines in G* is known
as size is denoted by 7(G*). The sequence of distinct consecutive points followed
by distinct consecutive lines is called Path. The closed path is known as Cycle.
The degree of a point p; is defined as the number of lines that are incident to that
point and is denoted by deg(p;). If the degree of every point is same, then it is a
regular graph, otherwise it is irregular. If the degree of all points in a graph are
three, then it is cubic. If every point is connected to all other distinct points, then
it is called complete graph.

2. 04-FUZZY GRAPH

Definition 2.1. Let F'G;, : (0s,, i1s,) be a d4-fuzzy graph with the membership func-
tion of point set o5, and membership function of line set u;, under the crisp graph
G* : (P, L) were defined by,

_ 0(GY) \
05,(pi) = des(ps)’ V p; € P(G*) and
min{os,(p;), 05,(pj)}; if pip; € L(G”)

s, (Pipj) =
S 0; Otherwise.

Definition 2.2. The Order O(F'Gy,) and Size S(FGs,) of d4-fuzzy graph under the
crisp graph G* : (P, L) is defined as,

Psqg = O(FG5d) - Z O-fsd(pi> and 5y = S(FG5d) - Z /’L(Sd(pipj)’

pi€P(G*) pip; €EL(G*)
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Definition 2.3. The degree of a point in é,-fuzzy graph is denoted by deg;, (p;) and
it is defined by,

deg;, (pi) = ps,(pips); ¥ pi € P(G7).
piijP(G*)
DiFDj

Definition 2.4. The F'G;, fuzzy graph is said to be 64-complete fuzzy graph, if
degs, (pi) = ps, — 1; ¥V ps € P(G*).

Definition 2.5. The F'Gs, fuzzy graph is said to be d4-regular fuzzy graph, if deg;, (p;) =
k; ¥ p; € P(G*) where k is a constant.

Definition 2.6. The total degree of a point on é,-fuzzy graph is denoted by tdegs,
and it is defined as,

tdegs,(pi) = deg;, (pi) + os,(pi); ¥V pi € P(G").

HNlustration 2.1. Consider a d,-fuzzy graph given in Figure 1 with Point set P(G*) =
{p17p27 P3, P4, P55 Pe, P75 p8}

ps(1) (0.6 Pz‘{ﬂ-ﬁ] (0.4) ps(0.4) (0.4) pa(1)

(0.6) (0.6 . 0.4\ (0.4)} (0.6)

Ps(0.6) (0.6) ps(0.6) (0.6) p+(0.6 5(0.6)

FGs,

FIGURE 1.

The degree of all the points are given by,

deg(p2) = deg(ps) = deg(ps) = deg(pr) = deg(ps) = 3;
deg(ps) = 5;deg(p1) = 2 = deg(pa).

Thus 6(G*) = 2. The membership value of point sets are obtained by, os,(p;)

PV pi € P(GY). 05,(p1) = 1= 05,(pa); 03,(p2) = 05,(p5) = 05, (p6) = 03,(p7) =
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0s,(ps) = 0.6; 0s,(p3) = 0.4. The membership value of the Line set are obtained as

by Definition [2.1] are, ys,(p1p2) = ps,(P10s) = s, (P2p6) = prs,(Paps) = s, (Ps5ps) =
s, (Psp7) = po,(pps) = 0.6; ps,(p2ps) = s, (p3ps) = s, (p3pr) = s, (p3ps) =

s, (psps) = 0.4.

The order and size of F'G¢, fuzzy graph are given by, ps,(FGs,) = >, 05, =
pi€P(G*)
54and 75,(FGs,) = Y. pe,(pipj) = 0.6(7)+0.4(5) = 6.2 respectively. The de-
pip; EE(G*)
gree of d,-fuzzy graph are, deg;, (p1) = 1.2; deg;, (p2) = 1.6 = degs, (pr) = degs, (ps);

deg(;d (p3) = 2; degéd (ps) = 1; degéd (ps) =1.8= deg(;d (P6)-

Theorem 2.1. Let ps, and 75, be the order and size of ¢,-fuzzy graph under the crisp
graph G* with order p and size T respectively, then ps, < p and 75, < 7.

Proof. By Definition 2.1}, ps, = Y. o075, = >, %(;)). And by Definition [2.4]
Pi€P(G¥) pieP(@)

the complete point has the maximum degree of ps, — 1. Thus, p;, < > Z:—l <
piEP(G*)

14+ 1+...4+1 (p times). Therefore p;, < p.

Similarly, 75, = >  ws,(pip;) = >, min{os,(p;),05,(p;)}. Since the
pip; €L(G*) pipj EL(G*)
maximum membership value of a point is 1. This implies 75, <1+ 14 ... +1 (7

times). Thus, 75, < 7. O

Theorem 2.2. Equality Theorem of Theorem 2.1|Let FGj, : (0s,, is,) be d4-fuzzy
graph with order ps, and size 75, corresponding to a crisp graph of order p and size T
respectively, then ps, = p and 75, = 7 if and only if G* is a regular graph.

o). — p. This hap-

deg(p:)

Proof. Suppose ps, = p, then by Definition 2.2, ps, = >
pi€P(G*)
pens only if deg(p;) = 0(G*) = min{deg(p;)/p; € P(G*)}, which implies that G* is

a regular graph. Conversely, if G* is regular graph, then, the degree of every points

are equal to some constant (say m). Thus, deg(p;) = min{deg(p;)/p; € P(G*)} =

0(G"). Then, ps, = > b= 3 2= ¥ 1=1+1+...+10
PiEP(G) ' pi€P(G) PiE€P(G¥)
times)= p. Also, let 7;, = 7, By Definition [2.2|of ¢,-fuzzy graph, 75, = Y. =71
pip; EL(G*)

only if minimum degree is equal to the degree of every point in a graph G*, which
implies that G* is a regular graph. Conversely if G* is a regular graph, then

deg(p;) = min{deg(p;)/p; € P(G*)}.
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This implies 75, = >°  ps,(pip;) = > min{os,(pi), o5,(pj)} =1+ 1+
pip; EL(G*) pip; €L(G*)
...+ 1(7r times)=7. Thus 75, = 7. O

Theorem 2.3. Bounds on Order and Size of ¢,-fuzzy graph. Let F'Gs, be a 4-
fuzzy graph of order ps, and size 15, corresponding to non-isolated connected simple
graph G* with order p and size 7, then 2 < ps, < pand 1 < 75, < 7.

Proof. Let us assume minimum degree sequence of non-isolated connected simple
graph G* on d4-fuzzy graph, which is, K, with deg ree sequence {1,1}. Thus the

order, ps, = >, os,(p;)=1+1=2andsize, 5, = >,  75,(pip;) =1. The
Pi€P(G¥) pip; EL(G*)
upper bound is obvious from Theorem This completes the proof. O

Proposition 2.1. Let F'G;, be d4-fuzzy graph corresponding to a crisp graph G* :
(P, L), then deg;, (p;) < deg(p;) V pi € P(G™).

Proof. By Definition|2.3} deg; (pi)) = > ps,(pipj) = >_min{os,(pi), 0s,(p;)} =
piijL(G*)
oo 1 < deg(p). O
piijL(G*)

Lemma 2.1. Let F'G;, be 64-fuzzy graph under the crisp graph G* : (P, L), then the
sum of the degree of every point of F'Gs, is equal to twice the size of FG0g.

Hlustration 2.2. From the illustration 2.1, for the F'G;, graph given in Figure 1.
Sum of degree of all points=1.2+1.6+2+1+1.6+1.8+1.6+1.6=12.4.
Twice the size of F G4, fuzzy graph= 2 x 6.2 = 12.4. Hence Lemma [2.1], holds.

Lemma 2.2. Let F'Gs, be a 6,-fuzzy graph under the crisp graph G* : (P, L), then
the sum of total degree of all points is equal to sum of twice the size of F'G;, and
order of FGs,.

Lemma 2.3. According to Definition2.6} tdegs,(p;) = degs,(pi) + 05,(pi); ¥ pi €
P(G™).
Sum of all points in FGo, fuzzy graph= > pus,(pip;)+ >,  0s,(p;) and by

pip; EL(G*) pi€P(G*)
Lemma
Z tdegéd (pl) = 27—5(1(FG§,1) + Ps, (FG(Sd)
pi€P(G*)

Hlustration 2.3. For the 'G5, graph given in Figure 1, the total degree of all
points are obtained by, tdegs,(p1) = 2.2 = tdegs,(p2) = tdegs,(pr) = tdegs,(ps);
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tdegs,(ps) = 2.4 = tdegs,(ps) = 2.4 = tdegs,(ps); tdegs,(ps) = 2. Sum of all total
degrees of all points in FG§;=2.2+2.2+2.4+2+2.2+2.4+2.2+2.2=17.8.
275,(FGéq) + ps,(FGs,)=2(6.2)+5.4=12.4+5.4=17.8. Thus the Lemma holds.

3. REGULAR 0,4-FUZZY GRAPH

Definition 3.1. If degree of every point is equal to some constant(m) in 4-fuzzy
graph, under the crisp graph G*, then it is known to be m-regular d,4-fuzzy graph.

Definition 3.2. If total degree of every point is equal to some constant (m1) in 4
fuzzy graph, under the crisp graph G*, then it is known to be m,-totally regular

d4-fuzzy graph.

Theorem 3.1. Let F'G;, be a d4-fuzzy graph under the crisp graph G*, if o5, is
constant, then F'Gy, is 64-regular fuzzy graph and d4-totally regular fuzzy graph.

Proof. Suppose F'Gj, is not totally fuzzy graph. Then, tdegs,(p;) # tdegs,(p;); ¥V
pi,p; € P(G*). This implies deg;, (p:) + os,(pi) # degs,(p;) + 0s,(p;). Since o5, is
constant. = deg;, (p;) # degs, (p;) which is contradiction. Thus we conclude
that F'Gj, is d4-regular fuzzy graph.

Conversely, let F'Gs, be a jg-regular fuzzy graph. Then deg;, (p;) = deg;, (p));
V pi,p; € P(G*). This implies, degs, (pi) + 05,(pi) = degs,(p;) + 05,(p;). Since
s, is constant. This becomes tdegs,(p;) = tdegs,(p;), which proves that FGj, is
d4-totally regular fuzzy graph. O

HNlustration 3.1. Consider a ¢, fuzzy graph in Figure 2, with Point set P(G*) =
{P1, D2, 3,4, D5}

The degree of each points are deg(p;) = 3V p; € P(G*). Thus 6(G*) = 3. The
membership value of point sets are obtained by, o;,(p;) = dae(g?;z)? YV p; € P(GY).
Also 05,(p;) = 1; V p; € P(G*). The membership value of Line set are obtained as
by Deﬁnition are, /i5,(pipj) = 1; V pip; € L(G*). The degree of §,-fuzzy graph
are, degs (p1) = 3; V p; € P(G™). Since the degree of every points in 4-fuzzy graph

are equal. Thus F'Gj, is 3-regular 6,-fuzzy graph.
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pa(1) (1) P2(1)

(1)

(1) (1) . ps(1)

‘ (1)

Ps(1) (1) Pa(1)

FG&,

FIGURE 2.

4. OPERATIONS ON 04-FUZZY GRAPHS

Definition 4.1. Let FGs, - (cr(;d1 , ugdl) and FngZ;(a(;d2 , ,u5d2) be two d4-fuzzy graph
under the crisp graph G : (Py, Ly) and G : (P, Ls) respectively. The union of two
da-fuzzy graphs FG;, are defined as,

s, (Pi); i € P(G]) — P(G2x)
05,(pi) = (05, U 05,,) (i) = § 05, (p1); i € P(G5) — P(G1x)
maX{05d1 (pi), 054, (pi) }ipi € P(GY) N P(Gax)

ts,, (Pipj); pip; € L(GT) — L(Gax)
1o, (PiD5) = (Hag, Utsn, ) (PiDs) = § tsy, (DiDs); Pipy € L(G5) — L(G1#)
max{ s, (Pipj); Ho,, (PiPs)}; Pip; € L(GT) N L(Gax)

Nlustration 4.1. Consider the two d4-fuzzy graphs F'Gs, and F'Gs,, given in Fig-
ure 3(a) and 3(b). Then the union of these two d,-fuzzy graphs is given in Figure
3(c).

Remark 4.1. The graph F'G;, given in Figure 3(c). is not a J4-fuzzy graph. Since

according to the definition of the node membership function o, of 6,-Fuzzy Graph,

0s,(p2) = % = 2 = 0.5 # 1. Thus the union of two §4-fuzzy graphs FG5, and
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p:(0.6) (06)  paf1) ) a:(1)
pa(1) (1) as(1)
p:(0.6)  (0.6)  paf1)
p (0.6 (1)
m |« (1)
(0.6)
[
r ps(1 (0.6) pal1)
4 pa1 qz(1)
ps(l)  (0.6) Pa(0.6)
(1)
(1) 1] (1)
FGs,,
(a] qs{1 a(1
as(1) (1) (1) -
FGs,, FGe—=FGs,|JFGs,,
(b) ()
FIGURE 3.

F'Gs,, need not be a d,-fuzzy graph, but it is a fuzzy graph and call it as pseudo
d4-fuzzy graph.

Definition 4.2. Let FGs, - (a(;d1 , [L(;dl) and FGs,, - (a5d2 , u%) be two ¢ 4-fuzzy graph
under the crisp graph G7 : (P, L) and G5 : (P, Ls) respectively. The intersection of
two 0q-fuzzy graphs F'Gs, are defined as,

min{os, (pi), 0s,,(p:)};pi € P(GY) N P(Gax)
05y (pl) = (U5d1 A 0-5d2>(pi) = .
0; otherwise

min{us, (pip;), tsa, (Pips)}; pips € L(GT) N L(Gax)

t5,(Pipj) = (Ksy, Moy, ) (PiDj) = ,
0; otherwise

Ilustration 4.2. For the two d;-fuzzy graphs F'Gs, and F'Gs,, given in Figure 3(a)
and 3(b), the intersection of these two ¢,-fuzzy graph F'Gs ., 1s given in Figure 4.

Remark 4.2. The graph F'G;, given in Figure 4, is not a J,-fuzzy graph. Since

according to the Definition of the node membership function o5, of d4-fuzzy graph,

0s,(p2) = ggég;)) = % = 1. Thus the intersection of two §,;-fuzzy graphs F'Gd,, and

FGd,, is not a i, fuzzy graph, but it is a fuzzy graph called pseudo d,-fuzzy graph.
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p2(0.6) (0.6) Paf0.6)
@ %
FGSy, =FG6.f IFG6,,
FIGURE 4.

Definition 4.3. Let PGy, (O'(sdl,,ugdl) and FGs,, - (05d2,u5d2) be two d4-fuzzy
graph under the crisp graph G : (P, Ly) and G5 : (P, L) respectively. Assume
P(G7) N P(Gx3) = ¢. The join of two d4-fuzzy graphs with points and lines are given
by P(G*) = P(G})U P(G3) and L(G*) = L(G7) U L(G%) U L(G"), where L(G") is the
set of all lines joining points of points P(G?) with points of P(G?%) is defined as,

05,(pi) = (05, + 05,,)(pi) = 05, (pi) Uos,, (pi), V pi € P(GT) and p; € P(G3)

Hsq (pipj) - (:U’5d1 + s, ) (pipj)

(1o, (Pipj) U ps,, ) (Pips); V¥ pipj € L(GY) U L(Ga2x*)
max{os,(pi), 0s5,(p;); i.f (pi, pj) € L(G')

Ilustration 4.3. Consider the two 0,-fuzzy graphs, given in Figure 5(a) and 5(b).
Then the join of two J,-fuzzy graphs. F'Gs, is given in Figure 5(c).

Remark 4.3. The graph F'G;, given in Figure 5(c) is not a d,-fuzzy graph. Since
according to the definition of the node membership function o5, of §;— fuzzy
graph, os,(q1) = 32;%;1)) = 2 = 0.5 # 1. Thus the join of two §,-fuzzy graphs
FGs, and FGjs, need not be a d4-fuzzy graph, but it is a fuzzy graph known as

pseudo §,4-fuzzy graph.

Definition 4.4. Let FGs, (O’gdl,/igdl) and FGs,, (a%,,u(;dQ) be two §4-fuzzy
graph under the crisp graph G% : (P, L,) and G5 : (Qq, Ly) respectively. Then
the cartesian product ’x’ of two 04-fuzzy graphs with points and lines are given
by P(G*) = P(G}),Q(G3) and L(G") = {(p1, q1)(p2; 2)/p1 = p2,and(q1,q2) €
L(G3) or q1 = qo, and (p1,p2) € L(G7)} is defined as,

054 (piqj) = (05d1 (pi)v 054, (qj)) = min{06d1 (pi>7 054, <Qj)}
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p2(0.5)
p.(0.5) (1) P2(0.5) ﬁl“-]
$ ?
(0.3) {0.5) (1)

POIL03)  {pi05) $.41)

(0.3) FGE,“(i
(b)

ps()  FGj ~
(H] d5 FGE‘d;r_FGE'd5+FGE'd5

(c)

FIGURE 5.

ts,(pipj) = (#% X Médz)(pipj)

B HlaX{U(sd1 (p1)7M5d2 (1g2)};ifp1 = p2 and (q1q2) € L(GY)
max{ s, (P1p2), 05, (1)} ifq = go and (pip2) € L(GY)

Ilustration 4.4. Consider the two 4-fuzzy graphs F'Gs, and F'Gs, given in Fig-
ure 6(a) and 6(b). Then the cartesian product of these two d,-fuzzy graphs FG(;d10
is given in Figure 6(c).

Remark 4.4. The graph F'G;, given in Figure 6(c). is not a J4-fuzzy graph. Since
according to the definition of the node membership function o, of d4-fuzzy graph,
os,(P1, 1) = djgd(fl*q)l) = % = 0.6 # 0.5. Thus the cartesian product of two §,4-fuzzy

graphs F'Gs, and F'G;, need not be a d,- fuzzy graph, but it is a fuzzy graph

known as pseudo d,4-fuzzy graph.
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) P1q:1(0.5) P1q4(1)
0.{0.5) (0.3)  g(0.3) R
(0.5)
(0.5 {0.3) s iy ey
Pz(0-5]T P2q.(0. P2q2{0. P2qa{0.
(0.5) P1.05(0.3)
a(0.5)  FGsy qaf1) i i
3!
(a)
I:Gasdg
[b) P5q,(0.5) P3.42(0.5) Paq4(1)
FG; dmg FG&, SXFGGdg
(o)
FIGURE 6.

Definition 4.5. Let FGs, - (a(;dl,,ugdl) and FGs,, - (05d2,,u5d2) be two d4-fuzzy
graphs under the crisp graph G5 : (Pi, L1) and G35 : (Qo, Lo) respectively. Then the
tensor product '®' of two d4-fuzzy graphs are defined as,

(054, ® 064,)(pig;) = max{os, (pi), 0s,,(¢;)}; (pi> ¢5) € P(GT) X Q(Gax)
and
(Ho4, @ 115,))((P11), (P2g2)) = max{ s, (P1p2), Koy, (01G2)},
for all py = py, q1q2 € L(G3), 1 = ¢z and prpy € L(G7).

lustration 4.5. Consider the two d4-fuzzy graphs F'Gs, and F'Gs, given in Fig-
ure 6(a) and 6(b). Then the tensor product of these two d4-fuzzy graphs FG;, , is
given in Figure 6(c).

Remark 4.5. The graph F'G;, given in Figure 7(c). is not a d4-fuzzy graph. Since
according to the definition of the node membership function o, of d4-fuzzy graph,
0s5,(D2, 1) = % = % = 0.5 # 1. Thus the tensor product of two d4-fuzzy

graphs F'Gs, and FGs, need not be a d;- fuzzy graph, but it is a fuzzy graph
known as pseudo d,4-fuzzy graph.
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pa(1})
]
q:(1p P11 P1.9:{1)
p:(0.5 ].
0a(1 ) P21l P2g:(1)
FGE,d12
- (b)
Ps /
FGE’dﬂ
(a] P, Ual1) ps (1)

FGﬁdgFGE,d]J.@:Gﬁm
(c)

FIGURE 7.

Definition 4.6. Let F'G5, : (0s,, 1is,) be da-fuzzy graph corresponding to a crisp graph
G* : (P, L). The complement of 6,-fuzzy graph F'Gdj is defined as, o§ (pi) = 05,(pi),
min{os, (pi), 0s,(ps) }; ifpip; & L(G”)

V p; € P(G*) and 1§ (pip;) = .

Nlustration 4.6. For the dq-fuzzy graph FG;,  given in Figure 8(a), its complement
is given in Figure 8(b).

Remark 4.6. The complement of F'Gd,,, fuzzy graph is not d,4,,-fuzzy graph but,
it is a fuzzy graph called pseudo ¢,-fuzzy graph.

5. CONCLUSION

A new concept of §,-fuzzy graph is defined using the degree of the point set and
minimum degree of a crisp graph. Also the Handshaking lemma is confined with
illustrations is confined in this article. Theorems based on regular 6,-fuzzy graph
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p.(0.5) (0.5) P2(1) p.(0.5) P2(1)
)

(0.5) {0.5) (1 {0.5)
ps(1) (0.5)  pa(0.5 Ps(1) Pa(0.5)
FGﬁdm {F(;Em)c
(a) (b)
FIGURE 8.

and totally regular 6,-fuzzy graph were explained with some examples. Also, some
operations like union, intersection, join, cartesian product, complement, tensor
product were defined and it is also shown that the §4-fuzzy graph obtained using
these operations need not be a ¢,-fuzzy graph and it is known as pseudo §,4-fuzzy
graph. To find the domination number for §,-fuzzy graphs are considered to be
the future work.
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