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ON SUB-DEFECT OF HADAMARD PRODUCT OF DOUBLY SUBSTOCHASTIC
MATRICES

Eric Choi', Brian Chao, Irmina Choi, Audrey Chung, Anastasia Mermigas, and Ritvik Shah

ABSTRACT. The sub-defect of A, defined as sd(A) = [n — sum(A)], is the mini-
mum number of rows and columns required to be added to transform a doubly
substochastic matrix into a doubly stochastic matrix. Here, n is the size of A
and sum(A) is the sum of all entries of matrix A. In this paper, we show that for
arbitrary doubly substochastic matrices A and B, the Hadamard product A o B
is also a doubly substochastic matrix, and max{sd(A), sd(B)} < sd(A o B) <
max{n, sd(A) + sd(B)}.

1. INTRODUCTION

Definition 1.1. A matrix A = (a;;) of size n x n is called a doubly substochastic
matrix if the following conditions are satisfied:

(1) All elements of A are non-negative: a;; > 0 forall 1 <i,5 < n.

(2) The sum of the elements in each row is less than or equal to 1: Z?Zl a;; <1
forall1 <i<n.

(3) The sum of the elements in each column is less than or equal to 1: Y\ | a;; <
1foralll <j<n.
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Doubly substochastic matrices are an extension of the well-known doubly sto-
chastic matrices and have found applications in numerous fields, such as probabil-
ity theory, operations research, and optimization. A basic foundation can be found
in [[4], by Marshall and Olkin. This study aims to investigate the algebraic proper-
ties of doubly substochastic matrices, with a particular emphasis on the Hadamard
product operation.

The Hadamard product, denoted by the o symbol, is an element-wise multipli-
cation of two matrices of the same size. While the Hadamard product has been
extensively studied in the context of doubly stochastic matrices, its behavior when
applied to doubly substochastic matrices remains relatively unexplored. The fol-
lowing definition was first introduced by Cao and Koyuncu in [1]].

Definition 1.2. Let A be an n x n doubly substochastic matrix with elements (a;;)
for 1 <, j < n. Denote the sum of all elements of A by sum(A), i.e.,

sum(A) = i i Q-

i=1 j=1

The sub-defect of A is defined as
sd(A) = [n —sum(A)],

where [z] is the ceiling of z, that is, the smallest integer greater than or equal to x.

More details on the sub-defect of doubly substochastic matrices can be found
in ( [1,2]). The main contribution of [1]] is that the sub-defect of any doubly
substochastic matrix can be calculated by taking the ceiling of the difference be-
tween its size and the sum of all entries. This number (the sub-defect) gives us the
minimum number of rows and columns that is required to complete a doubly sub-
stochastic matrix into a stochastic matrix. In [2]], some properties of the sub-defect
of doubly substochastic matrices were established with respect to usual multipli-
cation. More work on minimal completion and the sub-defect can be found in
C [5;60).

In this paper, we revisit the sub-defect property of a doubly substochastic matrix,
which allows for partitioning the set of doubly substochastic matrices into convex
subsets. We first show that the Hadamard product of two doubly substochastic
matrices belongs to the set of doubly substochastic matrices. We then establish
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lower and upper bounds for the Hadamard product of two doubly substochastic
matrices.

Let €2, denote the set of doubly stochastic matrices, w,, denote the set of doubly
substochastic matrices, and w, , denote the set of all doubly substochastic matrices
with sub-defect .

2. BOUNDS FOR DOUBLY SUBSTOCHASTIC MATRICES UNDER THE HADAMARD
PRODUCT

Lemma 2.1. Let A, B € w,,. Then theset C = {Ao B| A, B € w,} is convex.

Proof. Let A, B € w,. To show that the set C is convex, we need to prove that for
any t € [0, 1], and for any matrices A, Ay, By, By € wy,

t(Ay0B1) + (1 —t)(Az2 0 By) € wy,.

First, note that since A, Ay, By, Bo € w,, all their elements are non-negative.
Therefore, all the elements of ¢(A; o B;) and (1 — t)(As o By) are non-negative as
well. Thus, their sum also has only non-negative elements.

Now, we first check the row and column sums. For any 1 < ,j < n:

n n

D t(Aro By + (1= t)(Azy0 By)ijl =t Y (Ao Bi)y+ (1—1) Y (Az 0 By)ij.

j=1 j=1 j=1

Using the properties of the Hadamard product, we can rewrite the sums as:

n

tZ((h)ij(bl)ij +(1=1)> (a2)ij(b)i-

J=1

Since A, Ay, By, B, € w,, we know that:

n n n n

D la)i <1, > (a2)i; <1, > ()i <1, Y (ba)iy < 1.

Jj=1 Jj=1 Jj=1 Jj=1
Therefore, the row sums of the resulting matrix are also less than or equal to 1.
A similar argument can be made for the column sums.
Hence, we have shown that for any ¢ € [0, 1] and for any matrices A, Ay, By, By €
Wy, the matrix ¢(A; o By) + (1 — t)(Ay o By) is also in w,. O

Lemma 2.2. Let A, B € w,,. Then theset H = {Ao B | A, B € w,} is compact.
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Proof. To show that the set 4 is compact, we need to demonstrate that it is both
closed and bounded.

We will use the Frobenius norm to show that the set A is bounded. The Frobe-
nius norm of a matrix M is defined as

IM||r =

Let C = Ao B € H,with A, B € w,. Since 0 < a;;,b;; < 1foralll <i j<mn,we
have 0 < Cij = aijbij <1. Then,

IC|lF = ZZ|CU|2 < 2212 —Vn2 =n.

i=1 j=1 i=1 j=1

Therefore, the set H is bounded with respect to the Frobenius norm.

Now, let {A; o By }r—1 be a sequence of matrices in H that converges to some
matrix C. We need to show that C' € H. Since A, B;, € w,, we know that their
row and column sums are less than or equal to 1. As { A} o B}y converges to C,
the row and column sums of C' must also be less than or equal to 1. Moreover, the
elements of C' are non-negative, since the elements of A o B, are non-negative for
all k. Thus, C' € w,, and the set H is closed.

Since H is both bounded and closed, it is compact. O

Lemma 2.3. ([2]) Let {a;}!, and {b;}!_, be two sets of real numbers with 0 < a; <
land 0 <b; <1fori=1,2,...,n.If Y " ja;=S1and ) . b; = S, then

Zaibi Z Sl+52—n.

i=1
Theorem 2.1. If A, B € w,, then
max{sd(A), sd(B)} < sd(Ao B) < max{n, sd(A) + sd(B)},

where o is the Hadamard product.

Proof. For the lower bound, we need to show that:

max{sd(A),sd(B)} < sd(Ao B).



ON SUB-DEFECT OF HADAMARD PRODUCT OF DOUBLY SUBSTOCHASTIC MATRICES 55

Given A, B € w,, their Hadamard product A o B is also in w,,, and each element
(Ao B);; = aj; - b;; is less than or equal to both a;; and b;;.
Let m = max{sum(A),sum(B)}. Then we have:

sum(A o B) < m.

Since m is the sum of the matrix with the smaller sum, n — sum(A o B) will be
greater than or equal to n — m. Therefore:

sd(Ao B) = [n—sum(Ao B)| > [n—m| = min{sd(A), sd(B)}
For the upper bound, we need to show that:
sd(A o B) < max{n, sd(A) + sd(B)}
Since sd(A) = [n —sum(A)],
n —sum(A) < sd(A) <n—sum(A4) + 1,

which implies

2.1) n —sd(A) <sum(A) <n —sd(A) + 1.
Similarly,
(2.2) n —sd(B) <sum(B) <n —sd(B) + 1.

By (2.1), and Lemma 2.3]
sum(Ao B) > sum(A)+sum(B) —n > (n—sd(A))+ (n —sd(B)) —n
= n—sd(A) — sd(B).

Hence sd(AoB) = [n—sum(A o B)] < n—(n—sd(A)—sd(B)) = sd(A)+sd(B). O

Example 1. Consider two 2 x 2 doubly substochastic matrices A and B:

() o)

Their Hadamard product A o B is:

o= (00)(00)- (0 8)
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The sums of matrices A, B, and Ao B are:
sum(A) =sum(B) =2, sum(AoB)=0.
The sub-defects are calculated as:
sd(A)=[2-2]=0, sd(B)=[2—-2]=0, sd(AoB)=[2-0]=2.
Therefore, we have:
sd(A) =0, sd(B)=0, sd(AoB)=2.

Example 2. Consider two 3 x 3 doubly substochastic matrices A and B:

0.5 05 0 0.5 05 0
A=105 05 0|, B=]05 05 0
0 0 0 0 0 0

Their Hadamard product A o B is:

0.5 05 0 0.5 05 0 025 025 0
AoB=105 05 0]o]05 05 0] =1]025 025 0
0 0 0 0 0 0 0 0 O

The sums of matrices A, B, and Ao B are:

sum(A) =sum(B) =2, sum(AoB)=1.
The sub-defects are calculated as follows for a 3 x 3 matrix:

sd(A)=[3-2]=1, sd(B)=[3-2]=1, sd(AoB)=[3-1]|=2.

Therefore, we have:

sd(A) =1, sd(B)=1, sd(AoB)=2.
Corollary 2.1. If A, B € w,, then

sd(Ao B) > sd(AB).

Corollary 2.2. If A € w,,, and B € Q,, then Ao B € w,,.

Proof. Let A € w,; be an n x n doubly substochastic matrix with sub-defect £,
and let B € 2, be an n x n doubly stochastic matrix. We want to show that the
Hadamard product A o B is an n x n doubly substochastic matrix in wy, j.
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First, we show that the Hadamard product Ao B is a doubly substochastic matrix.
Recall that a matrix is doubly substochastic if the sum of its elements in each row
and each column is less than or equal to 1. Since A is a doubly substochastic
matrix and B is a doubly stochastic matrix, we have:

n n

Zaij S ]_, Zaij S 1, ibm = 17 and ibw =1.
i=1 j=1

i=1 j=1
Now, consider the Hadamard product A o B = (c;;);—,, where ¢;; = a;;bi;. We
need to show that > ", ¢;; <land } 7, ¢;; < 1.
For the row sums of A o B:

n n n
g Cij = g aijbi; < E a;; <1,
i=1 i=1 i=1

and for the column sums of A o B:
n n n
> e =) aiby S ) ay <1
j=1 j=1 j=1

Thus, A o B is a doubly substochastic matrix.

Next, we need to show that the sub-defect of A o B is equal to k. Recall that
the sub-defect is defined as sd(C) = [n — sum(C)|, where sum(C) is the sum of
all elements in the matrix C'. Since B is a doubly stochastic matrix, the sum of its
elements is equal to n. Thus,

sum(A 9] B) = Z Z aijbij S Z Z Q5 = sum(A).
i=1 j=1 i=1 j=1
Now, we have:

sd(Ao B) = [n—sum(Ao B)] > [n—sum(A)] =sd(A) = k.
Since A o B is a doubly substochastic matrix with a sub-defect equal to k, we have
Ao B € wyy. O

Corollary 2.3. If A, B € (), then Ao B € (,,.

Proof Let A,B € 2,. We know that doubly stochastic matrices have row and
column sums equal to 1. Since A and B are doubly stochastic matrices, for each
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row and column, we have:
E CLij = E bij =1.
j=1 j=1

Now, first consider the row sums of the Hadamard product A o B:

n

> (aibiz) ZaUwa— (Zaw> (wa) =1-1=1.

Jj=1 j=1
Similarly, we can show that the column sums of the Hadamard product A o B
are also equal to 1:

n

}:(@u@ﬂ==:£:au§£:@j

B[S

-1

1
= 1.

Since the Hadamard product A o B has row and column sums equal to 1, it is also
a doubly stochastic matrix. Thus, Ao B € €),. O
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