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SOLUTION OF NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS BY A
DEFORMATION BASED SAWI’S TRANSFORM

R.A. ODERINU!, K.A. SALAUDEEN?, W.A. TIJANI?, AND S.0. SANGONIYT*

ABSTRACT. In this paper, a new method for solving nonlinear Klein-Gordon and
Korteweg-de-Vries (KdV) partial differential equations based on the combination
of the Sawi Transform (ST) and the Homotopy Analysis Method (HAM) was pro-
posed. It was shown that Sawi transform can transform nonlinear patial differen-
tial equations into an algebraic form which can then be solved using HAM. Three
examples were considered to demostrate the effectiveness and efficiency of the
proposed method. The results indicated that the proposed method is a promising
approach for solving nonlinear partial differential equations.

1. INTRODUCTION

Integral transforms are one of the most easy and effective methods for solving
problems arising in mathematical physics, applied mathematics, engineering and
sciences, signal processing [8]. They are mathematics operations that connect
functions or mathematical objects in one domain to another domain through the
use of integration, these transforms simplify the analysis of mathematical models
and systems and are of the following advantages such as simplification and com-
pact representation of function, frequency analysis of function by decomposing
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the function in frequency components. They as well convert differential equations
into algebraic equations thereby making them easier to solve [2, 6, 9,13, 14, 27,
28]. They are mostly used mathematical techniques to determine the answers of
advance problems of space, science, technology and engineering. Several integral
transforms such as Laplace [16, 29], Elzaki [2], Aboodh [27], Sumudu, Mohand
[31], Sawi [9, 13, 14, 23] have been used extensively to find analytical solution of
linear problems of differential equations be it classical (ordinary differential equa-
tion, partial differential equation,integral equations )and fractional order differ-
ential equations. These integral transforms were combined with other numerical
methods such as homotopy pertubation method [32], homotopy analysis method
[16, 18, 29], variational iteration method [7], adomian decomposition method
[13,] to find approximate solution of integro-differential equation, ordinary differ-
ential equation, partial differential equations of classical type as well as fractional
order differential equation [1, 3, 8, 10, 12, 16, 18, 19, 22]. Klein-Gordon equation
has important applications in plasma physics together with Zakharov equations de-
scribing the interaction of Langmuir wave also known as a plasma oscillation and
the ion acoustic wave in plasma, It is a relativistic wave equation that describes
the behaviour of scalar particles with spin zero. This equation was proposed by
Oskar Klein and Walter Gordon in 1926 as an attempt to incorporate relativistic
effects into the Schrodinger equation,it also describes the propagation of particles
with mass and satisfies relativistic invariance [7, 8, 17], it as well explains several
phenomena in the quantum realm that is the structure of atoms and molecules, Its
drawbacks is that it allows for negative probabilities which lead to difficulties in
interpreting it as a probability equation [17, 25, 33, 34]. Klein-Gordon equation
provides a simple but rich model to describe a self-interacting scalar field.

2. CONCEPT OF HOMOTOPY ANALYSIS METHODS

The basic idea of HAM is explained in this section by considering the differential
equation [18, 19, 21]:

(2.1) Nlu(z,t)] =0, (x,t) € Q,
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where N is the operator both linear and nonlinear, = and ¢ are the independent
variables, u is the unknown function in the domain 2. Next,

(2.2) H(p,s) = (1—8)[L(éd(x;5)) —up(x)] — shN(p(x; s)).

The homotopy operator H is defined as in [12], where s € [0, 1] is an embedding
parameter and h # 0 is the convergence control parameter , ug is an initial guess
of the solution of Eq. (2.1), ¢ is an unknown function and L is the auxiliary linear
operator satisfying the feature L(0) = 0 when H(¢, s) is consider to be zero [12,
19]. Therefore,

(2.3) (1 —s)[L(p(x;t;8)) — ug(x, t)] = shN(¢p(x;t; 9)),

which is known as the zeroth-order deformation equation. From Eqn. (2.3), it can
be observed that if s = 0,

(2.4) L(p(x,1;0)) — uo(x,1) = 0,

which gives ¢(z;0) = wug(z,t). Conversely, if s = 1, Eqn. (2.3) reduces to
N(¢(z,t;s)) = 0, and this gives ¢(z,¢;1) = u(x). Thus, by replacing s from 0
to 1, the result changes from u, to u.

Using Maclaurin Series, the function ¢(z, ¢; s) with parameter s may be written
as [12]

L1 0Fg(x,t;5)
(2.5) o(x,t;s) = ¢(x,t;0) kz::k— ek i
representing

1 0%(z,t; )
2. =20 =1,2
( 6) yk($7t) k" 85’“ szok ) 3
Then Eqgn. (2.5) changes to
(2.7) o(x,t;8) = up(x, t) + Z ug(z,t)s*
k=1

If the series in eqn. (2.6) converged for s = 1, then the solution of Eqn. (2.1) is
given as [12]

(2.8) u(z,t) = Zuk(x,t).
k=0
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To find the function u,, Eqn. (2.3) is differentiated, & times with respect to s and
the result is divided by k! where s = 0 [12] through this kth-order deformation
equation for & > 0 is defined as

(2.9) L(yk(xv t) — &= kyk—l(x7t)) = hH($>t>¢k(yk—l<x7t))7

where H(x,t) is the auxiliary function.

3. DEFINITION OF SAWI TRANSFORM

Sawi transform of the function f(¢) for all ¢ > 0 is defined as:

3.1) _ wg/ (1) ~ fw), w0,

where S stands for Sawi transform operator , w stands for complex frequency do-
main parameter and ¢t = R > 0 [14]

0, n<l1

1, n>1

and

Ok (yp-1(x,1)) = (k _11 ( o (iy] ))

TABLE 1. Sawi transform of some functions [31]

S/N F () S(F(1) = f(w)
1 1 %

2 t 1

3 t2 2w

4 tF ke K kw1

5 th k> —1 [(k+ 1)wk!
6 €xt m

7 sin xt Trara?

8 cos xt m

9 sinh zt To5o2

10 cosh xt m
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3.1. Deformation Based Sawi’s Transform (SHAM). Consider the nonlinear dif-
ferential equation

(3.2) N(Z/(mat)) = f($7t>7

where N is the general nonlinear operator including both linear and nonlinear
terms in which the linear term is divided into G + L where L is the highest order
linear operator and G is the remaining of the linear operator, F'(y) is the nonlinear
operator and g(x, t) is the source term. Then the equation can be written as

(3.3) L(y) + R(y) + F(y) = g(=,1).

Applying Sawi transform on both sides of eqn.(3.3) gives

(3.4) S[L(y)] + S[E(y)] + S[F(y)] = Slg(z, )],
where
(3.5) SIL(y)] = Yﬁ) - ni j,ff?il

— +w"S[L(y)] + w"S[R(y)] — w"S[g(z,)] = 0.

By applying n-th order deformation equation to find gy, 71, . . ., we have

S[ﬂﬂ(xv U})] - Xngn—1<x> w) = th—l(N(¢(xv w, q))),

and so,

(37) gn(l', U}) - Xnyn—l(x UJ)
1

(3.8) = thl( T, w;q)

(S + SR ~ Sl ) ).

where
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(3.9) Yo (z,w) = S~} (xnynl(x, w)) +h (ﬂw(f@ w)

1_Xn 1 <Zw1 —j (Ivt)]>

+lzh1<w”GNLQHD-FSUﬂy»>>>,

where y,, is the solution of the equation, A is the convergent control parameter, w

is the complex number, ¢ is the real number greater than or equal to zero

0, n—1<1

Xn—1 = s
1, n—1>1

where v, is evaluated from the simplified expression that emerges from the given
initial condition and the source term.The successful iteration is obtained by taking
the Sawi inverse of equation (15).

3.2. Application 1. Consider the nonlinear Klein-Gordon equation [17]:
d*y dQ?J 2 2,2
with the initial conditions

(3.11) y(x,0) =0, wy(z,0)=u=z.
The exact solution of eqn. (3.9) is given by
(3.12) y(x,t) = xt.

Apply Sawi transform on both sides of Eq. (3.9) subject to the initial conditions in
eqn. (3.10). then,

d?y

- 2 2 3,.2

(3.13) Un(z, W) —x+w S( 2)) 2w’z” = 0.

Applying n-th order deformation equation on Eq. (3.12) by subjecting » = —1 and

using homotopy derivative properties, we have
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G148 gale,w) = xudnr (@,0) = (Gas(,w) + (1= o 0) (= @ = 2002

(3.15) 4D (wts (- T,

where

Do (125(e1n0)) = (S )

and
(3.16) S(y(:c,t)) =z + 2uw3z? + w? ( yn ! Zylyn 1 Z)
Thus,
2t
(3.17) yo(z,t) = S71 (1: + 2w3x2> = ot + T
For n > 1, recursive relation is given as
—1 d yn 1
(318) pal,t) = S7H (w2 S (= Zyzyn i)
The following iterations were obtained from eqn. (24) as follows,
.T2t4 t6 l'4t4 $3t7 ZLAth
= t _— = —-— —_ P
Yo=HE T TR0 12 T 22 12960
1 2?12 xt? N 22 tT 112t N 375213 N x5¢16
2= 180 71280 5670 252 45360 7076160 18662400
n—1
y(@, ) = yn(rt) =yo+y1 +y2 + ...
i=0
4t10 $2t12 Itg 37.T5t13 thlG

t) = at - -
y(@,t) =+ I8 T 71280 5670 T 7076160 | 18662400

3.3. Application 2. Consider the nonlinear partial differential equations [10]:

ov 1 0v?
(319) E—'—_Q%_U—'—U —O

with initial conditions v(z,0) = e~*.
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Applying Sawi transform derivative property using given initial conditions and
applying nth order deformation as well as homotopy derivative property, then the
recursive relation is given as

1 1 8 n—1 n—1
(3.20) vp(z,w) = =571 (—S(—— Z Viln—1—i — Up_1 + Z vivn_l_,») ) .
w 20v i=0 i=0

By varying the values of n from 1 to 5 in eqn. (3.18) then the following iterates
were obtained

t2
vg =€ 7, v =te Vg = 56_’3
A o "
v3 = —e 7, = —e 7 = —
76 S > 7120

The solution of Eqn. (3.17) is given as

n—1

y(l‘,t) :Zyn(xat> =Y+ yr1+y2+ ...
=0

23 ¢ t°
3.21 H=e"|1+t+—+—+—+ —
( ) y(z,t) =e ++2+6+24+120
The closed form solution of (3.19) is given as:

(3.22) y(z,t) ="

3.4. Application 3. Consider the nonlinear KDV equation [3]:
oy 0y %

3.23 e 2y 7 =
( ) ot 0y Ox + Ox3 0
with the initial conditions
(3.24) y(z,0) = %
The exact solution of Eqn. (3.21) is given by
(2,8) = o=
(3.25) y(z,t) = 61 —1)

Applying Sawi transform on both sides of Eqn. (3.21) subject to the initial condi-
tion (3.22) gives,
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(3.26) ) - = wfs( - LY o

w dz? dx

Simplifying Eqn. (3.24) using n-th-order deformation equation, leads to

gn(xa w) - Xnﬂn,1(33, w) = th,1<N(¢<ZE, w, Q)))

- x Py oy

(3.27) = hD,a (O, w.)) — o w8 (55— 6y )
Applying Homotopy derivatives property on Eqn. (3.25) with h = —1 gives

v (1 =) 5 T

l,0) = =(1 = X1 w0) + (L= o) (- )

n—1
OYn1-i  PYn

(3.28) + (wS(fS;yi )]

The initial approximation y, is obtaned from Eqn.(35) having taken inverse Sawi
transform thus:

_gi( Py ®
(3.29) yo(z,t) = S <6w) -
The recursive relation for the solution of Eqn.(30) is given as
n—1
_ OYn—1- Py
_ g1 , —
(3.30) Yn(z,t) =8 (wS (6 ; U ) e )

For n > 1 in Eqn. (3.28), the following iterations were obtained thus:

x xt xt
yO(x7t) = G yl(l‘;t) = G yz(ﬂﬁat) = G

xt3 xtt xt®
ys(w,t) = 5 ys(w, t) = 5 ys(z,t) = e

The solution of Eqn. (3.21) is obtained as

y(aﬁ,t) - Zyn(mat)

(3.31) y(z,t) =

o8

<1+t—|—t2+t3+t4+t5>.
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The closed form solution of Eqn. (3.29) is given as

(3.32)

y(z,t) =

i

6(1—1)

TABLE 2. Comparison of Solution of SHAM, PITM with Exact and

absolute error for x=1 at different values of t

SHAM

PITM

Exact

AESHAM

AEPITM [17]

0.1

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
MAE

0.1000000000

0.1999999998
0.2999999915
0.3999998900
0.4999992114
0.5999960883
0.6999849554
0.7999519818
0.8998671262
0.9996715886

0.1000000000

0.1999999998
0.2999999910
0.3999998820
0.4999991372
0.5999956314
0.5999828312
0.7999439424
0.8998411081
0.9995971250

FIGURE 1. SHAM of y(t)

0.1000000000

0.2000000000
0.3000000000
0.4000000000
0.5000000000
0.6000000000
0.7000000000
0.8000000000
0.9000000000
1.0000000000

0.0000000000

0.0000000002
0.0000000085
0.0000001100
0.0000007886
0.0000039117
0.0000150446
0.0000480182
0.0001328738
0.0003284114
5.29167 x 107°

0.0000000000

0.0000000002
0.0000000090
0.0000001180
0.0000008628
0.0000043686
0.0000171688
0.0000560576
0.0001588919
0.000402875
6.403519 x 10~*



DEFORMATION BASED SAWI'S TRANSFORM 107

vt 0.

FIGURE 2. HPM of y(t)

FIGURE 3. Exact of y(t)

Solution of Exact and SHAM against ¢ in application 1
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TABLE 3. Comparison of SHAM, HPM with Exact and absolute errors
for different values of ¢ at = 1 for aplication 2

t SHAM HPM Exact AESHAM AEHPM [10]

0.1 |0.4065696592 | 0.4065696592 | 0.4065696597 | 0.00000000005 0.00000000005
0.2 | 0.4493289304 | 0.4493289304 | 0.4493289641 | 0.0000003370 0.0000003370
0.3 | 0.4965849149 | 0.4965849149 | 0.4965853038 | 0.00000003887 | 0.00000003887
0.4 | 0.5488094175 | 0.5488094175 | 0.5488116361 | 0.00000221860 | 0.00000221860
0.5 | 0.6065220683 | 0.6065220683 | 0.6065306597 | 0.00000859140 | 0.00000859140
0.6 | 0.6702940001 | 0.6702940001 | 0.6703200460 | 0.00002604590 | 0.00002604590
0.7 | 0.7407515275 | 0.7407515275 | 0.7408182207 | 0.00006669320 | 0.00006669320
0.8 | 0.8185798263 | 0.8185798263 | 0.8187307531 | 0.00015092680 | 0.00015092680
0.9 |0.9045266111 | 0.9045266111 | 0.9048374180 | 0.00031080690 | 0.00031080690
1.0 | 0.9994058152 | 0.9994058152 | 1.0000000000 | 0.00059418480 | 0.00059418480
MAE 1.15954022 x 10~* | 1.15954022 x 104

vix1

FIGURE 4. SHAM of v(t)
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FIGURE 5. Exact of v(t)

FIGURE 6. HPM of v(t)

Solution of Exact and SHAM of application 2
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TABLE 4. Comparison of Solutions of SHAM with Exact and absolute
errors for different values ¢ of aplication 3

X

SHAM

Exact

AESHAM

AEHPM [3]

0.2
0.4
0.6
0.8
0.10

0.01
0.01
0.01
0.01
0.01

0.002083200000
0.002766400000
0.003972266667
0.006148800000
0.01000000000

0.002083333333
0.002777777778
0.004166666667
0.008333333333
0.003333333333

8.320000000 x 10—5
4.330666670 x 10—4
1.30560000 x 10—3
3.148800000 x 10—3
6.666666667 x 10—3

8.320000000 x 10—5
4.330666670 x 10—4
1.30560000 x 10—3
3.148800000 x 10—3
6.666666667 x 10—3

0.2
0.4
0.6
0.8
1.0

0.05
0.05
0.05
0.05
0.05

0.01041600000
0.01383200000
0.01986133333
0.0374400000
0.05000000000

il

0.01000000000
0.01166666667
0.013333333333
0.01500000000
0.016666666667

4.160000000 x 10—4
6.252800000 x 10—3
6.252800000 x 10—3
1.574400000 x 10—2
1.33333333 x 10—2

FIGURE 7. SHAM of y(t)

4.160000000 x 10—4
2.165300000 x 10—3
6.252800000 x 10—3
1.574400000 x 10—2
1.33333333 x 10—2
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vin1

FIGURE 8. HPLTM of y(t)

VN1

FIGURE 9. Exact of y(¢)

Solution of Exact and SHAM of application 3
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4. RESULTS AND DISCUSSION

Table 1 shows the results of the Eqn.(17) with its coresponding absolute error.
The maximum and minimum error calculated is 1.3287 x 10~3 and 2.0000 x 10~°.
These errors were compared with PITM in [18] which were 1.5889 x 10~%and
2.0000 x 10~?.Also, the MAE value for SHAM is 5.2845726 x 10~° while that of [18]
was 6.403519 x 10~* and this shows that SHAM performed slightly better than
the result of the referenced literature. The 3D plot of SHAM, PITM and Exact for
Eqn.(18) were presented and the shape of the figure are the same for the three
methods which demonstrated the behaviour of the classical equation of motion for
a free massive scalar field Klein Gordon equation.Table 2 shows the results of the
non linear gas dynamic partial differential together with absolute error which was
obtained by subtracting each result obtained at each values of t from the exact
solution ,it was observed that the Mean Absolute Error obtained from SHAM was
the same with the solution of [10] which shows that SHAM compared favourably
with the referenced solution. the graph agrees with each other as it describes the
behaviour of gases in motion under the influence of various forces.

The solution of Eqn.(25) was shown in Table 3 together with its absolute er-
ror from which it was observed that maximum and minimum error of SHAM is
1.5093 x 1072 and 5 x 10~2.Which is the same result with that of [15]. The MAE
calculate for SHAM and that of HPM were the same which is 1.1595 x 10~%. fig-
ure 4, 5 and 6 are the graphical representation of the method considered with its
Exact, this graph show the behaviour of airflow over an aeroplane wing to flow
of water in a pipe which in essence means the effect of pressure, temperature as
well as density. The graphs were in excellent agreement with one another.The
solution of Eqn.(29) is presented in Table 3 together with its exact solution and
its absolute error. The maximum and minimum error for SHAM is 2.0686 x 1073
and 1.852 x 107° respectively.These errors were obtained by finding the absolute
difference between the calculated values and the Exact values at each points, the
same result were obtained with that of [3]. MAE was as well the same and was
calculated as 1.9361 x 10~3. Figure 7, 8 and 9 were the graphical representation
of Eqn.(29) for SHAM, HPM and Exact. The figures shows the shape of waves in
shallow water and it was discovered that there is an agreement between the solu-
tion of the methods. The solution of the non linear KdV equation was presented
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in Table 3 with the Mean Absolute Error (MAE) calculted, the obtained MAE was
the same with that of Ahmet (2009) and this demonstrated the efficiency and
applicability of SHAM, the graphs also agrees with that of the reference solution.

5. CONCLUSION

This work has achieved successful applications of the homotopy analysis Sawi
transform method to solve nonlinear Klein-Gordon and Korteweg-deVries (KDV)
equations. Through the consideration of three examples, the results obtained
demonstrate the efficiency and effectiveness of the proposed method. Further-
more, the method’s versatility is highlighted, as it can be applied to solve various
types of higher-order nonlinear differential equations, whether they are partial or
ordinary differential equations.
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