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DIFFERENTIABILITY IN THE FRECHET SENSE OF A FUNCTIONAL RELATED
TO A HYPERBOLIC PROBLEM WITH POLYNOMIAL NONLINEARITY

Dieudonné Ampini! and Challoum Dyaus Elohe Mouanda
ABSTRACT. In this work, we construct a functional related to a hyperbolic problem

with polynomial non linearity and homogeneous Neuwman conditions and its
differentiability in the Frechet sense.

1. INTRODUCTION

Consider the following problem:

(1.1) u”—Au—l—u?’—i-%:f(a:,t), reQ, tel0,T]
0
(1.2) 8—:;;(;;;,75”(99 =0
, ou
(1.3) u(x,0) = ug(x), u'(z,0)= E(m,O) = uy(x)

in a cylinder Qr = Q x (0,T) C R™™.

Icorresponding author
2020 Mathematics Subject Classification. Functional Analysis , Partial Derivative Equations.
Key words and phrases. Differentiability in the Frechet sense, functional, hyperbolic problem, non-
linearity.
Submitted: 01.05.2024; Accepted: 17.05.2024; Published: 08.06.2024.
181



182 D. Ampini and C.D.E. Mouanda
2. THEOREMS

Theorem 2.1. Assume that f(z,t), ug(x) and ui(x) are given functions such that
f(x,t) € L*(Qr), ug(x) € HY(Q) N LY(Q), uy(x) € L*(Q). Then the problem (1.1)-
(1.3) has a solution u(z,t) satisfactory:

g—? € L™(0,T; L*(Q))

u(z,t) € L=(0,T; H' () N LY(Q)).

Theorem 2.2. Let u and v be in L>°(0, T; H*(Q) N L*()), two solutions of the prob-
lem (1.1)-(1.3) under the assumptions of Theorem 2.1. Then the resulting solution
of the problem is a unique solution.

Remark 2.1. Theorems 2.1 and 2.2 are proved in [1]

3. PROBLEM POSITION

In the problem (1.1)-(1.3), we assume that the functions f(z,t), uo(z), ui(x)
are commands and

flzt) €Y C L*(Qr), wu(z) € X C H'(Q), wui(x) € W C L*(Q)

where Y, X,V are convex sets.

Now consider functional of the form
(31) Jk(f7u07u1> = Dk<u<l’,t),f($,t),U0($),u1($))d$dt, k:07$1+52
Qr
(Here u(z,t) is the unique solution of the problem (1.1)-(1.3) corresponding to
the data f, ug, uy).

We need to find such orders fO(z,t) € Y, wud(x) € X, «%(x) € W so that, for
the solution u°(z,t) of problem (1.1)-(1.3) corresponding to orders (f°, u],uY),
inequality constraints are verified,

(32) Jk(fa u07u1) S 07 k= ]-7 S1

equality constraints,

(3.3) Je(fyug,u1) =0, k=s1+1,8 + 2
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and the functional Jy(f, ug, u;) takes the smallest possible value

(3.4) Jo(f% ug,u}) = inf  Jo(f, uo,ur)-
Y xXxW

Such orders (f°, u9, u9) will be said to be optimal.

4. DIFFERENTIABILITY OF THE FUNCTIONAL

Proposition 4.1. Now consider functional of the form
(41) J(fv anul) = D(u(a?,t),f(x,t),uo(x),ul(x))dxdt,
Qr
where u(x,t) is the unique solution of problem (1.1)-(1.3) corresponding to the data
f,up, uy. Assume that the following conditions are met:
a) the function D(u, f,ug,w1) and all its partial derivatives D,,, Dy, D.,,, Dy,
satisfy the Lipschitz conditions for the arguments (u, f, ug, u1)
b) f(z,t) € Y, ud(x) € X, u¥(x) € W are given commands, and u°(z,t) their
corresponding solution to the problem (1.1)-(1.3).
Then, the functional (2.1) defined on L*(Qr)x H*(2)x L*(Q) is Fréchet differentiable
at point(f°, ud, u?).

Proof. Note that if fO(z,t) € Y, u)(z) € X, ul(x) € W are given commands
and f(z,t) € Y, wuop(x) € X, w(r) € W are arbitrary commands, then the
variation f¢(z,t) of the command f°(z,t) along the direction f — f° is defined as
follows:

(4.2) fo(a,t) = fa,t) +e(fa,t) — (1))
Sf=f—f=e(f=r% €>0

In the same way

(43) (.T,t) ($,t) +€(U0(l’,t> - UQO(:E,Zf)),
with dug = up® — up’ = e(ug — ug®), € >0,
4.4) ui®(z,t) = u (2, 1) + ey (2, 1) — uy°(z, 1))

Wlth5U1—U1 — U —€<U1—U1 ),520.
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In all these variations ¢ is the same and f°(x,t) € Y, u§(z) € X, u5(x) € W.
This is accomplished, for example, for € € [0, 1], as Y, X, W are convex sets.
Let u®(x,t) be the solution of problem (1.1)-(1.3) corresponding to the data,

fe5ug, ug.
Let’s determine the formula for the increase V f of the functional J(f, ug, u;) at
the point [, uJ, u!:
AJ(f()? U8, u(l)) = ‘](faa UE, Ui) - J(f07 u87 u(l))

= / [D(u€7f€7u(€]7ui) - D(UO fO anu’l)] d‘rdt
Qr

D( fa u’07u1) D(uovfo anul)
(4.5)= D(us, f¢,u5,us) — D(u®, 5, us, us) + D(u°, ¢, uf, us)0
- D( A ug, Uug) —i—D(uO,fo ug, ug) — D( 7“87“8)
+ D( fO u07u0> D(u07f07u07u1)
= / Dy (u® + 06u, £, uf, us (5ud9+/ Dp(u®, fO4 05 f, us, u5)o fdf
+ / Dy, (u°, 0, ud +05u0,u§)5u0d6+/ Dy, (u, £, u, uf + 05uy)du,do
0

1
= D,(u° f°, u8,u1)5u+/0 [Du(, 2, uf, ui) — Dy(u®, 2, ug, ul) ] dudd
1

+ Df(uo,fo,ug,u(l))éf—i—/ Dy, f i) = D, £, u ud)| 0o
0
1

+ Dy (u®, £, ud, u)dug + [Duo(uo,fo,ufg,ui) — D, (u°, f°, uo,ul)]éuon

1

+ Dy, (W, O ug, uf)duy + | [Dyy (W0, fO,ug, 1) — Dy(u®, f0, ug, u?)] duidb

S— S—

= Du(uoa f07 uga utl))(su + Df(u()? f07 u87 u(l))éf + Duo(u07 f07 ug? U?)(SUO
+ Du1 (UO, f07 u87u(1))5u1 + 1+ 1o+ 13+ Ty,

with @ = u® + 06u, Ju = u® — u’ where

1
r = / [Du(’&a f€7u87u§) — Du(uo fO uo’ul)]éude
0
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<

2

/01 [Df(uo,f, g, us) — Dy(u’, f°, umul)] ofdo

rs

1
/ [Duo(u07f07uA07ui) - Du(uo fo UO,Ul)](leOdQ
0

1
0

Equality (4.5) becomes:
AT = [ DAL S8BT + Danfu £ 08 )30

(4.6) + Dy, (O, ul, u®)ou;|dxdt + Dy (u®, O, ud, ud)dudxdt
1 0> U1 0 U1

o (3o )

=1
Consider the function n(z,t) € H'(Qr) such that n(z,T) = 0 and 7(z,0) # 0.
Multiplying (1.1) by n(x,t) and integrating in ()7, we obtain:

0%u

—n(z,t)dxdt — Aun(x, t)dxdt + wn(z, t)dxdt
ot

Qr T

4.7) + / % (x,t)dxdt = f(z, t)n(z, t)dzdt.

¢ Qr
Integrating by parts the first and second terms of the first member of (4.7), we
obtain

- /ul(m)n(%())dx—/ ut.ntdxdt+/ Vu.Vndxdt
0

(4.8) -+ / (u)3n(x,t)dxdt+/ Qu (x,t)dzxdt = f(z, t)n(z, t)dzdt.
Qr Qr ot Qr

Note that the function u®(z,t) satisfies equality (4.8)

- / ui(z)n(z,0)dr — / ul mydadt + / Vs Vndadt
Q Qr Qr

€

4.9 + / (u5)377(x,t)dxdt+/ n(z,t)dxdt = fe(x, t)n(x, t)dxdt.
Qr Qr 0 Qr

In the same way u°(z,t) verify (4.8):
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— /u(l)(:c)n(x,O)dx—/ u mydadt + Vu' . Vndzdt
Q T Qr
0
(4.10) + / (u®)3n(x, t)dxdt + / —n(z, t)dzdt = Oz, t)n(x, t)dxdt.
Qr Qr ot Qr

Subtracting (4.10) from equality (4.9), we obtain:

/5u1(x)7](x,0)dx+ dup.mpdxdt — V(0u).Vndzdt
Q Qr Qr
411 - 00U ) dadt — / [(u€)3—(u0)3]n(m,t)d:cdt

op Ot o

+ df(z,t)n(z, t)dzdt = 0.
Qr

Let’s put n(z,t) = ®°(z, t):

/ 51y ()8 (2, 0)dz +

@12 — [ 2200 t)dwdt - / [<u€)3—(u0)3}q>0(:¢,t>dmt
o, Ot

5ut.(1>gdxdt—/ V(6u). VO dzdt

Qr Qr

T

+ / §f(x,1)®%(x, t)dxdt = 0.

T

Transforming the fourth term of (4.9) by virtue of immersion compactness H'(Qr) C
L*(Qr), we obtain the following expression:

/ () — )] 8. t)drds = 3 / (120 (&, t)dudzdt + o([5ull )

T T

In fact

(uf)? — (UO)ﬂ (2, t)dadt

~

[ (u¥)? = (u0)? ) + (uO)Q(uE - uo)} Y (z,t)dxdt

S
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= / ((u‘a)2 - (u0)2>u0<1>0da:dt +/ <(u8)2 - (u0)2>5u¢>0dazdt

+ / (u0)25uddadt = I + I + I.
T

By transforming /;, we obtain:

L= / (0 — () )@ (o, t)dadt

T

1
- / (/ 2(u’ + 95u).u0.5u.d0> P dxdt
Qr 0

1 1
= / (/ 2((u” + 9ou) — uo).uo.éu.d9> POdxdt + 2/ / u’ uoud’dfdxdt.
Qr 0 T /0

Let be
1 1
k= / / (u® + 06uy) — u®).u’ @ duydfdadt = / / (00uy ). u’ DSy dodxdt,
Qr J0 T J0

where duy, = u™* —u’, gy = 1, duy, — 0 and e, — 0 when k — oo.
From Holder’s inequality, it follows that:

1 1
lgx| = ‘/ / (05uk).u0®05ukd9dxdt‘ < / |00y ||u® || @°duy|dOdzdt
QT 0 QT 0

1
x| < COnStHduanl(qT)'/o H|95uklluollq’°’\\d9

||
||5Ulc||H1(qT)

IA

const|[|ou||u’[|@°]||.
By stretching  to infinity, we find gx = o([|6ul| ;1 ,)- Therefore

I — 2/ () 5u®°dzdt + o[|0ull 41 g, ).

T
By analogy, by transforming /,, we obtain:
I =2 / W00 (5u) dadt = of 160 11 )
T
Therefore

Iy = o([|0ull 1 (gy))-
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Using the results of /; and /; and using /3, we obtain the following expression for
I:
[ == Il + [2 + [3

I= 2/ (u0)*5ud°dzdt + o([[6ull g1 (,) +/ (u0)*5ud’dadt
Qr

Qr

[=3 / (W 25udadt + o |3ull 11 o)
T
Equality (4.12) takes the form:

/5u1(:v)<1>0($,0)d:r+/ Suy PV dwdt — V(6u). VO dxdt
Q Qr Qr

- 3/ (u0)26u<l>od:1:dt —/ (Sg—tutbo(:v,t)dxdt+ §f(x,t)®%(x, t)dxdt = 0.
T T Qr

Then formula (4.6) for the AJ increase in the functional becomes:

AJ = / (D6 f + Diuybug

+ Dy, 0uy]dzdt + Dﬁudmdt—i—/5u1(x)<130(x,0)dx
Q

Qr
+ / Sup. ®dxdt — | V(0u). VO drdt — 3 / (u0)*5ud’dadt
Qr Qr Qr
0o0u 0
(4.13) - W(I) (x,t)dxdt + Of(x,t)®°(x, t)dxdt
QT T

4
+ / (Z m) dadt + o([|oull g1g,)-

=1
Taking the approximation of the remaining terms by virtue of the fact that D and
D, satisfy the Lipschitz conditions and (4.13), we can show that:

4

/ (Z Ti) drdt = o <||5f||L2(QT) + [[0uo|l 1) + ||5U1||L2(Q)> :

=1

For example,

1
‘/ rldwdt' = ‘/ / (D (@, £2,u5, us) — Du(u07foyugju?)]éudedxdt’
T Qr J0
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1
< [ [ APt ) = Dl £, )5l a0
Qr J0

1
< [ RGa =17 = £ fuf ]+~ ) fouldpdade
Qr JO
1
= L —/ |5u|2d:tdt+/ |0 f||du|dxdt
2 Qr Qr

+ / |5u0||(5u|dxdt+/ |5u1||5u]dxdt}
T Qr
So,

3 3
'/ T’ldftdt‘ < ELH(SUHiQ(QT) < §LC||5UH§P(QT)
T

= ridzdt = O(H(SUHHI(QT))'
Qr

Similarly, we find approximations for the other remaining terms. Formula (4.13)
can thus be written as:

AJ = / [D¢df + Dyydug + Dy, duq|dadt + D, dudxdt
T Qr

+ /6u1(x)<1>0(x,0)dx+ 5utCI>0da:dt—3/ (u0)25uq)0dxdt
Q

Qr T
@149 — | V(u).Vedrdt / 90U 40 gt
Qr T ot
+ 5f($at)q)0($at)dxdt+0(||5u||H1(QT))-
Qr

To express the derivatives of functional (4.1) in a more convenient form, consider
the following boundary conjugate problem:

0*® 5. 0D

— — AD No—-—— =D
ot* +3() ot "
0P

(4.15)

od
\ O(x,t) |i=r= E(m,t) lier=0, €
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5. EXISTENCE OF THE SOLUTION TO THE CONJUGATE PROBLEM

5.1. Formulation Variational. Multiplying the first equation in (4.15) by the
function n(z,t) and integrating over (), we obtain:

2P
/Q %n(m,t)dxdt—/ A@n(x,t)dxdt—l—?)/ (u)2®n(z, t)dwdt

T
P
(5.1) - / 8—77(517, t)dxdt = Dy.n(x, t)dxdt.
Qr ot Qr
Using integration by parts and Green’s formula, (5,1) becomes:

/ X (& Dyt T /Q Bl 0)ds — | ndsdt+ [ (V0.Tn)dode

T T

P
+ 3/ (u")2(I>77(a:,t)d:Bdt—/ o® (z,t)dxdt = Dy .n(x, t)dzdt.
Qr Qr ot Qr

Definition 5.1. Any function ®(x,t), equal to ®q(x) for t = 0 and satisfying the
following integral equality, is called a distributional solution of problem (4.15):

- /@ﬂx)n(x,())dm—/ CDmtdxdt—F/ (VO.Vn)dxdt
Q

T T

+ 3/ (uo)zqm(a:,t)dxdt—/ %—f (x,t)dxdt:/ Dy.n(z,t)dzxdt,

T

for all n(x,t) whose trace for t = T is equal to 0.

5.2. A priori estimation of these solutions. Multiplying the first equation of

(4.15) by aa—(f and integrating by parts on (2:
0*°® 8<I> 8<I> 0P 0P

= Du.—dx.
o

Transforming the first member of (5.2), we obtain:

P00
Loz o 2at

(5.2)

(5.3)

Applying the Green formula:

0P
(5.4) [ a0%ids = 5L Iv0g,
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we have:
N2 od B 10 0 112
(5.5) /Q(U ) Q)Ed“f = 55”“ q)Hm(ﬂ)’
and
0P 0P

(5.6) Ead H
Replacing (5.3) (5.4), (5.5) and (5.6) in (5.2), we obtain:

30, o
oy R T 1AL P T 1% =
implies

[l

Using Holder and Young’s inequalities, the second member of (5.7) gives:

1/2 1/2
/Dua—q)dxg (/ |Du\2d:c) . 0 i
Lm)]

00 1 ,
_ D 9
i Y [n Lo+ |5

V002 + 3 [0 —H—

LQ(Q)

[\

(5.7) < [1Dull 2

Using (5.8), (5.7) becomes:

b ||? ) 2 O
i[5l 1Rl + a0l | ~2 5
od ||
2
(5.8) < ||DuHL2(Q)+ E
£2(9)
Integrating (5.9) over (0, t), we obtain:
8@ 2 2 2 2 a@ 2
— + ||V + 37| @ || —2 — ds
H ot . L2(Q) L2(Q) o || ot

12(
od(x,0) ||? )
L2(Q)

2
d
= U/F l)u.éz—-da:

191
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t od ||
(5.9) < / 1DuI72 +H_ *
0 ( v N ?
d
oD ||? 2 e
HB; FIV@Uza@) + 3P NPl 2oy =2 | 57| s

S.
L2(9)

t
(11 By + 190, +m%mmm)s/ommz Hal
0

o0 ||

Finally, we obtain:
ot ds < ||CI)1||2L?(Q)

t 0% ||
(5.10)  +[[VPo|[2(q) + 316’ ]| Do|3 20y /(IIDullizm)*HE o
0 L2(Q)

+ IVOI[72(q + 311720 — 2
0

L2(Q L2(9)

Let’s add the term || || 12(q) to the first and second members of (5.10):

oD oD ||?
HE 0y + 301 2 [ 5|
< |97z +H<I> 1200y + IV ®oll32 ) + 3u°l” H(DOHLQ(Q)
t
0P
(5.11) + / | Dall? +’— ds.
0 L (Q) at I (Q)
Forallt € | ; we have:
> oD ||?
H ol 4301 2 [ G|
0

2
(5.12) < |<I>||Lz +||¢ 172 + IV @0l 20y + 31u”l | @072

T 2
0P
2
+ / (HDuHLz(Q) + )dt.
0 Q)

ot
Let’s put: ®(t) = ®(z,¢). In this case:
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B(t) = /0 aa—f(s)ds—l—(b(())
D)) = /Oaa—f(s)der(I)(O < /0 g—f(s)ds+q>(o) + /0 ‘Z—f(s)ds—q>(0)
(5.13) = |®(t)]° <2 (/Ot g—f(s) ds) + |®(0)?].

Using Holder’s inequality, we obtain:

[k = ()" (]
- (o) = ([ (/12

g(%t) @(8)
a0 < 2[t/0 >

0P
%(3)

0o

0P
5(5)

ds

IN

5 1/2
ds)
2 t
ds | <t /
0

ds + |<I>(0)|2]

2

P
0 ds

g(s)

IN

(5.13) becomes:
2

2

t
(5.14) — [P < 215/ ds + 2|®(0)[.
0

2

P
0 ds

t
We take ¢ € [0,1] C [0,7], then 1—¢ > 0. We can add the term 2(1—t)/ 8_(8)
0 S

to the second member of (5.14)
2

)
8_ ds,

S

ds + 2|®(0)]> +2(1 — t)/ot (s)

2
ds] .

el <2t |50

and finally we get:

0P
g(s)

B(H)2 < 2[|<1><o>\2+ /

Let’s integrate on {2:
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oo, |?
/|<I>(t)|2d:c < 2/ |<I>(O)|2+/ —(s)| ds|dx
Q Q 0 | Os
! P |
< 2 /|<I>0|2da:~|—/ / dx |ds|,
Q 0 Q s
vt € (0,77,
_ . o
/\CID(t)IZd:c < 2 /|<I>0]2dx+/ / 9P i ) at
Q L Q 0 Q at
) L oo
615 = e0ln < 2(I%olie + | |G|
L2(Q)
Using (5.15), (5.13) becomes:
0P| ) 215 o ||
- + (@10 + 31’ @l 20y — 2 - dt
H ot Q) e 2@ o || Ot

2

0o

a0 + ||(I)1||22(Q) + ||V‘I>0||i2(m

2
dt
)

+ 1911710y + 311120y < 201oll720 + 1911720

T
dt + / “DuHiQ(Q)dt
2(Q) 0

By adding the term ||Vd>0||i2(m to the second member, (5.16) becomes:

0_@2
ot

T
(5.17) + 3’ ||¢0||L2 +5/
0

L2(
) T
< 2{ @0l + |
0

02 2 T 2 a@
+ 3 [ Pol[ 12 () + 1Dullza) + |57
0

This is equivalent to:
oo ||”
ot

T
(5.16) + [V Pol[fa(q + 3’| 2ol 72 >+5/
0

2

atl,

2 2| 112 2 2
1l @) + 3 NN o) < 20 Pollae) + 1Pl
)

| r )
o dt +/ | Dul[ 720yt
L2(Q) 0
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T
By adding the term / ||<I>||21(Q)dt to the second member of (5.17), we get:
0

8@ 2 2 2 2
1G] 1 + 3Pl
12(0)

2
< 2] @0l q +||‘1>1||L2 ) + 3161 @072

T od | 2 2
(5.18) + 5/ dt+/ IlDuHLz(Q)dt+/ [ 1 () -
0 L2() 0 0

ot
T 2
Let’s put: k = 2|31 10y + 18117210y + 31u”] @0l + / | Dull72(qdt. Then
0
(5. 18) becomes:

ol

Then, we have the following relationship:

0P

T
+wml+mwwmfg+#
o |l Ot

2 T
2
dH/nwmmt
L2() 0

L2(Q)

(5.19) ‘a Bl <k 45 /T il dt+/T||(I>||2 dt
) a Q) H (Q) - 0 at L2(Q) 0 i (Q) ‘
2
revspuc 50 =58+ o0l
L2(Q)
We get:
T 2 T
0P 9
E(t) <k+5 E(Iat) dt+ [ [z, )| (nydt
0 L2(Q) 0
According to Gronwall
E(t) < l{éfOT 5E(s)ds
E(t) < kel 5
E(t) < ke’
(5.200 = E(t) < c¢ with c = ke’
o9 ||°
BO = |5 ., T2 Oln@ <c pp on 0.T)

We have:
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2

0P
— c
Ot || 120 - 1, with c=c¢; + ¢
||‘I’($775)|’12L11(Q) < e
0P
E S LOO(O,T; LQ(Q))

d(x,t) € L>=(0,T; HY(Q))
On the other hand (5.18) gives:
o0 ||? 2
1G] 1+ 3Pl
L2(Q)

2 2 2 2
< 2[ ol ) + 1P1ll720) + 31Ul 1 Poll L2

T 2
0P
+ 5/
0

T
Let’s adding the term / Hq)Hiz(Q)dt to the second member of (5.18), we get:
0

T
o dt+/0 Dl 0yt
8_<I>
ot

L2(2)

2

2 20512
+ 1@/l 0y + B[Pl
L2(Q)

2

0P
N dt

T
2 2 2 2
< 2ol + 191l + 3ol + 5 |
0 12(2)

T T

(5.21) + /O ||Du||iz(mdwt+/0 1172yt

Let’s put:

0P

T
2 2 2 2
b1 = 2000l 0+ 101l 30 IR0l 045 | |5

2 T

dt+/ 1Dl 750yt
12(Q) 0
The inequality becomes:

e
ot

2 T
2 2 2 2
10200 + B ey < b+ / 1012l

L2(Q)

We obtain:

T
(5.22) 36?1720y < K +/0 11720yt
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Let’s put: |u°|> = ky, implying
k I
2 1 2
||(I)||L2(Q) < 3_k2 + 3_1{;2 o ||(I>||L2(Q)dt'
Let’s put: F(t) = ||®|? ks = i and k4= ! we have:
put: B L@ 3, T 3ky '

T
F@S%+M/H@@®ﬁ
0

According to Gronwall

k’36k4 fOT F(s)ds

IN

T
k36k4 fo ds

IN

k’36k4(T)

~— ~— ~— ~—r
IN

IN

)

(5.23) = I'(t ez with const = kze(

C3

S
A
]
7B
B
IA

= ® € L>(0,T, L*(Q)).

From the above

3
5 € L¥(0,T5 L(Q)

O(x,t) € L0, T; H'(Q))

,and @ € L™(0,T, L*(2)).

Then
0P
— e L™(0,T: L*(Q

B(x, 1) € L0, T H'(Q) N L2(Q))

Hence the following theorem:

Theorem 5.1. Let’ be D, ®y(x) and ®,(z) given functions such as: D, € L*(Qr),
Oy(z) € H(Q)NLAQ), ®1(z) € L*(Q). Then problem (1.1)-(1.3) admits a solution
O (x,t) satisfying the following conditions:

0P

el 00 .72
€ (0. T; 1)

O(z,t) € L0, T; H'(Q) N L2(Q))
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Proof. To prove Theorem (5.1), we will use the Faedo-Galerkin method, which is
divided into three steps:

Step 1: Construction of approximate solutions;

Step 2: A priori estimation of these solutions;

Step 3: Passage to the limit.

Step 1: Construction of approximate solutions. Let’s pose:
V ={ue H'(Q)NL*(Q)}.

As the space V' is a separable Banach space, then it has a basis denoted by (e;),;,,,
i € N*; (ei,e;) =0, Vi#jand |e;|| = 1, Vj where functions (e;) are such that:
(ej) € V V5.
With homogeneous Neumann conditions, the operator —A has a sequence of
eigenvalues {\;},., with associated functions (e;) are its own associated functions.
The problem is to find in any sub-space V;,, = {ej,ea,...,e,} of V an approxi-
mate solution ®,, = ®,,(¢) in the form:

The ®,,, to be determined by the following conditions:

0’d,, 02 Ou,,
= |po=0, te(0,T
Py |i=0= Pom(z), 7 €Q
0P,
ot li=0= P1m(7), T€Q.
By posing g(®,,(t)) = 3(u?)*®,y,, for all e; € V, we obtain:
0*®,, 0P,

(5.26) (W?€j> — (A, e5) + (g(Pin(t)), €5) — (7,%) = (Dy, €j).

By replacing u,,(t) = Z ®;,,(t)e; in the equation (5.23)

=1
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3 (00 g int) + D () ) + (6(@ul1)). )

D (et g Pan(t) + D 61N @i (1) + (9@ (1)): )
3 (e gy Punlt) = (Duses)

1 if 1=y
The base (e;),.,.,, being orthonormal, then: (e;,e;) = 0;; = .
T 0 if i#y
Then, we have:

O 1) + A1) + (90, €5) — 5 Bun(t) = (Duvey).

Let’s pose: %fbim(t) =@, and thim(t) =,

m?

ot
D+ N (1) +
— D, 4+ N\ DPin(t) +

) _

(5.27) - (I);lm + )\iq)im(t o, + (g<q)m(t)) = Dy, 63') =Y.
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The equation (5.24) is a system of nonlinear differential equations completed by
the following initial conditions:

(528)  ,(0) = Do, Pom = ¥ ime; — Do in H'(Q) N L*(Q)

- m—0o
=1

(529)  ®,,(0) = Pip, iy =Y Bime; — & in L(Q).
=1

m—r0o0

Equation (5.24) is a system of nonlinear differential equations written in matrix
form as follows:

10 ... 0\ [0, 10 ...0\ [,
01 ...0|]|e, 01 ...0|]a,,
00 ..1) \or_ 00 ..1) \e
M O ... 0 D1, (g(P(t)) — Dy, e1) 0
0 X .. 0| | o (9(@(t)) — Dy, €2) 0
+ + =
0 0 ... Ay Dy (9(P(t)) — Duyem) 0
I X" () — InX'(t) + Ap X (1) + By, = 0,
where
0 M 0 ... 0 (g(P, (1)) — Dy, 1)
1 0 0 /\2 0 (g(@m(t) —Du,62)
Im: :Am: ;Bm:

00 .. 1 0 0 .. A (g(@m(t)).—Du,em)
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(1)2771 (I)IQ/m q>/2m
X(t) = ' , X'(t) = ' and X'(t) =
0] | (I)/; (I)'.

Since det A,,=1 # 0, the matrix A,, is invertible.
So the system has a unique solution defined in the interval [0, ¢,,].

Step 2: A priori estimates. Multiply the first equation of (5.22) of index j by
Phi’, (t) and sum to j. It follows that

jym

(5.30 (S B (0) = (58]0 0) + (o (0). 1)
(% ) = (D8 0)
(5.31) (a;%, a;%) — (Aq)m,a;}%> + (@727“ 8;}%)

(0% 0% _ ([, 0%
ot ot ) \7Y ot )

From Green’s formula and using Holder ’s and Young’ s inequalities, we obtain:

2+ Srvato rolcrontn] |2
= % HD”H;(Q)JFH% ;m)]

_ % aH% o chp [ +3—H( %)’ mHiQ(m] _Ha% ;(9)
= % _”D“”;(Q) " Hé’% ;m)]'
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Then, we have:

3 2 2 8@
+ [[VPl220y + =[] ]| P —QH—
g [H o FIV L)+ 51 ||Lz<m] 7
< lon(Dlae H
L3(Q)
and
3 2 o0d
2 0 2
g [H ot |rv<1>m|rp<m+§|u | chmup(m] -2| %
2
< 1D+ |5
12(Q)
because Hpm(Du)HL2 o < ||Du\|L2(Q). Let’s integrate on (0,7):
3, 02 ) LoD, |I?
+ IVl 2200 + = ||| D, ds—2/ —m ds
a[” e P11l =2 [ |
t 2
od
< [ (1D +[ %2 Jas
0 ( PO )
we obtain:
0P ) 3 02 ) /t 0P, |I?
—_— + ||V®,, + 2|l D, -2 _— ds
% - IVl g2l —2 [ |2
a@Om 2 3 2 2
(H VR0l 0
L2(Q)
< [ (umum + % )
0 12(9)
(I)m
With 0%q = ®,,,, we have:
3 2 2 ! acI)m 2
IVl + Sl Bl —2 [T ds
H L2(Q) P2 ) o Il Ot |12

2 2
_ (chlmum) Vo ae

3 2 2
+ 200l )
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t
< / 1Dl H ds
0 £2(Q)
200+l + PRl 2 [ a
A ml| g2 Sl mllr2(Q) — s S
Ot || 120 DI ) o Il Ot |2
3, 02
(5.32) < ||q)1mHi2(Q)+HVCI)OmHi?(Q + 5’| 1@l 720
t
b [ (1D + |G| s
0 @)
Let’s add member by member inequality (5.28) by ||, || 12(q)» We obtain:
0P 2 2 3 2 2 /t acI)m ?
—_— P, Vo, 7| D, -2 —_— d
% L2(9)+H ey + 19l + 51 POl =2 |2 s

2 2 2 3 2 2 ! 2
< Hq)m”LQ(Q)+H(I)1mHL2(Q)+HVCI)Om‘|L2(Q)+§‘uO’ [Pl 720y + ; (HDU”LQ(Q)

o 2
H 0% ds.
Ot l120)

This gives us:

0P 2 3 2 2 t 8(I>m 2
+||¢)m|| 1 —|——|u0| ||q)m|| 20y — 2 — ds
H Ot 120 @) " L@ o Il Ot |2
2 2 2 3 2 2
t
[ (12 H ds.
0 L2(Q)
For all ¢t € [0, 7], we have:
3 2 2 r (‘)Cbm 2
02y + 2B —2/ ALY
H L2(Q) YD) T 9 L2 0 ot L2(Q)

3. 02
2 2 2
(5.34) < H(I)mHLQ(Q) [ Pumllz2() + IV Pomllz2() + 5’“0\ [Pl 72(0)

T 2
09,,
+ / (HDuHiQ(Q) + HW )dt-
0 L2()

Let’s put: ®,,(t) = ®,,(x,t). Then,
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/as §)ds + @,,(0) = /a§’<)ds+q>0m

because ®,,(0) = ®y,,. Also,

Lod,,

2_
o = [Pn(t)f =

(s)ds + uom,

(s)ds + Do,

dS + q)(]m

0P,
/0 P (s)ds
0P,

2
ds> + |<1>0m|2] .
According to Holder:

[feecle < ([me)"(f
([ o) = (L) ([

0s (s)
We obtain:

|@A®F£2P/

By taking ¢ € [0,1] C [0,77], then 1—t > 0. We can add the term 2(1—t)

e < 2|([

0P,

P (x,t)|ds

IN

t1od,,

2
B (s)| ds.

0P,

0P
0s - (5)

=0

2
ds ds + 2|Dgp|*.

t
+ |<I>0m| < 2t/
0

oD,
55 5

2
ds

to the second member:

t
|@4m2sm/
0

Finally we obtain:

2

o blod

2
s (s)| ds.

ds + 2|®o,|* + 2(1 — t)/
0

Integrate on (2,
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/Q|<I>m(t)|2da: < 2/Q [\¢Om\2+/0t

9P,
55 5

2
ds] dx

) t . ]
< 2 /\¢0m\2d:v+/ / dx |ds
/o 0 ol 0Os ]
vt € (0,77,
] . o P _
/\(I)m(t)\2dx < 2 /yq>0my2dx+/ / O\ 1 at
Q L Q 0 Q at i
[ T 9d,, ||
635 10Ol < 2[IRml + [ |52 .
i 0 L2(Q)

By using (5.31), (5.30) becomes:
2

a(bm 2 2 3 2 2 T a(bm
Ol @y + P @22 —2/ 9l g
H Ot |20 L 1) 0 Ot |20
2 09, 2 2 2
< 2[®omllz2i) +3 ot dt + [ @1ml72 () + IV o720
0 L2()

3 02 2 g 2
+ SHPIRu e+ [ 1Dyt

By adding the terme ||V<I>0m||iQ(Q) to the second member of (5.32), we obtain:

aém 2 3 2 2 2
630 || 1l + S IRl < 2P

T
0

T
By adding the term / H<I>m\|ip(ﬂ)dt to the second member of (5.33), we obtain:
0

2
L2()
0d,,

ot

2 T
3, 02
2 2 2
1+ iy + 1Bl + [ 1Dy
0

L2(Q)

a@m 2 2 3 2 2

ol 4 Nl + P Il

H T . @13 )
T 2

0P
2 m 2
< Hbonlne +5 [ |G| e+ IRl

0 12(9)
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3 2 2 T 2 T 2
Wl + | ID it + [ Nl e

, 3 02 g
Let’s put: ks = 2H‘I)OmH12Hl(Q) + ||<Z51m||iz(9) + §|UO| Hq)mHi2(§2) +/O HDu|\i2(Q)dt-
Then (5.34) becomes:
0P,,
ot

2
2 3, 02 9
Py + §|U0| [P ll72 (0

L2(Q)

T
< k5+5/
0

09, ||
ot

m

ot

2 T
2
dt + / 0,2
L2(Q) 0

2
Rl R 2 PR

L2(Q)
T 2 T )
0 L2(Q) 0
2
+ [Pl 71 (-

P,
Let’s put: I,,,(t) = H%

m

ot

IN

2
2(Q)
This implies

L,(t) < ks + /T 51, (s)ds.
0
According to Gronwall, we have:
Lo(t) < kseh 2 = L.(t) <kse’T = I.(t)<cs
with ¢4 = kse®”. Then we obtain:

ob 2 %
H_atm o

2

2 <¢s
+ [ ®Pmllz10) < ¢a;  and L2(Q)

2
[Pl < co

L2(Q)

with ¢, = ¢5 + ¢, and

od

— 2 e L>(0,T; L*(Q
(5.37) - ot ( () )
Uy € L®(0,T; HY(Q))
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T
Let’s add the term / |\®m||iQ(Q)dt to the second member of (5.33), we obtain:
0

2

09,, 9 3 02 2
— F Pl 0y + 51 1Pl 2
H ot L2(Q) e 2 o
T 2
0P
< ol +5 [ ||
HH@) o Il O |12
3
(5.38) + ||(I)1m||i2(g)+§|u0’2|l®m||iQ(Q)

T T
2 2
i / 1Dl 2ot + / [0 2 -

2

09,

T
Let’s put: kg = 2| Pom||> +5/ —
HI(Q) 0 8t

3, 02

2 2
dt+H<D1mHL2(Q)+§’u0| [Pl 72(0)+
L2 (Q)

T
/ ||Du||i2(mdt. Then (5.37) becomes:
0

0,
ot

2 T
2 3 2 2 2
+ @m0y + 51T Pl 120y < Ko + Pzt

L2(Q)

2

IA

09,
ot

3 2 2 2 3 2 2
§\uol [Pl 72(0) 1Pl ) + §!u0| [Pl 72(0)
)

L2(Q

T
< k6+/ ||q)m‘|i2(9)dt
0

3 2 2 T 2
— SOl < Kot [ 1@l
0
2 r 2
e Bl < hr+ s / 1B

T
(5.39) — ol < kot ks [ @nlaqd
0
According to Gronwall, we have:

>, 2. < k7ek8font
L2(Q)

H(DMHiQ(Q) < ket

= Hq)mHiz(Q) < ¢y with ¢7 = k7€k8(T)
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inf ||(I>m||i2(ﬂ) <7
te[0,7

(5.40) — &, € L>(0,T,L*(Q)).

According (5.36) and (5.39) we have:

0P, - 9
{ o & 17(0, T 1(9)

O, € L=(0,T; H'(Q) N L(Q)).

(5.41)

When m — oo, ®,, is still a bounded set of L>=(0,T; H'(Q2) N L*()) and % of
L>(0,T3 L*(2))

Step 3: Passage to the limit. The sequence (®,,) is bounded in L>(0,7; H'(Q2) N
L*()), so it is bounded in L?(0, T; H*(2) N L?(Q)). Since L>(0,T; H'(Q) N L*())
is a separable Banach space, then there exists a sub-sequence (®;) extracted from
(®,,) such that:

(5.42)

{(I),giwb in L>(0,T; H () N L*(Q))
0P . 0D . o 12
E — E in L (O,T, L (Q))

So,

(5.43) 0b;  Od

s = : 00 .72
o5 e in L0 T3 (%)

According to the problem (1.1)-(1.3),

920 o 0D

{cpgécp in L0, T; H(Q) N LX)

0*® w2, 0D
AsA:HY Q) — H Q)= A e L(H(Q),H Q)and ® € L>=(0,T; H'(Q)) =
AP € L>(0,T; H1(Q)), we will have & € L>(0,T; L*(2)). This results in:

802_75 € L=(0,T; H-(Q)) U L™(0,T; L*()) U L*(0, T; L*(Q)) U L*(0, T; L*(2))
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and 20
5z € L0, T; H(Q)U L*(Q) U L*(Q)) U L*(0,T; L*(2)).
. 82(1) 2 —1 2
In particular o € L0, T H () U L7 ().
As ®,, is bounded in L=(0, T; L*(Q2)) then ®; = w in L>®(0,T; L*(2)) then & =
win L>(0, T; L*(2)). O

Lemma 5.1. Let’s be 2 a bounded open of R}, he and h are two functions of L(2),
1 < q < oo, such that:

lhellpay < ¢ he — h ppin Q.
Then he — hin L9()) weak. We apply the following lemma:
he = ®¢, q=2,
which means that
he — w in  L®(0,T; L*(Q)).
According to the lemma (5.1) w = h = ®. Hence
9(2¢) = 3(u’)’ B — 9(®) = 3(u’)’.
We also have:
D = pi(Du)
and
||Dum||L2(Q) = ||pm(Du)||L2(Q) < ||Du||L2(Q)’

D,m is bounded in L?*(Qr). We can extract a sub-sequence Du¢ of f,, such that
Dug — f in L*(Q7).

Now we show that ® satisfies all the conditions of (5.22).

First note that for j fixed, we have:

0?P 0P
(Gt - (30 + (oo, e) - (o)) = (D))

Passing to the limit in (5.43), we obtain

5 (Gro )~ ave) = (o) +a®)e) = (e,
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where V,, being dense in V. Then, for all v € V, e; — v when j — oo, we have:

%(%_f) _(AB0)— (%_‘f) (g(®),0) = (fv)

0?P 0P
(Ge0) - @00 - (5) He@),0) = (f0),
82 0P
Hence,
82 0P

Let’s verify %—qt)(x, 0) = ®4(x) and ®(z,0) = Py(x).

)

— Let’s verify %—(f(x, 0) = &y(x).

Let O(z,t) € L>(0,T; H'(Q) N L*(Q)) be a function whose trace for ¢t = T is
O(xz,T) = 0and 6(z,0) # 0.

As (®g,,,(2))m>1 is bounded in the space H'(Q) N L*(2), we can extract a sub-
sequence (Po¢())e>1 Of (Poy(2))m>1 such that Poe(z) — Po(x) in H1(Q2) N LAH(Q).
As the same (®1,,()),>1 is bounded in L?(f2), we can extract a sub-sequence
(P1¢(x))e>1 Of (P (x))m>1 such that Pie(z) — P1(2) in L*(Q).

Multiply the first equation in (2.24) by 6(z, t) and integrate on (0,7):

T 82(1) T T aq) T
/ me(x,t)dt—/ AD,.0(z,t)dt — —me(x,t)dt+/ 9(®,)0(x, t)dt

T
/ Fb(z,t)dt
0

Using integration by parts, we obtain:

[8;1) 0(x, )LT_ ; ajt 0 (z, )dzf—/OTAcpme(:c,t)dt+/OTg(CPm)(’(fL%lt)d75

T g
—/—Oxtdt /fm (x,t)d
0
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09,, T
W@(JJ T) — —9 (x,0) / —9 (x,t)dt — / AD,,0(z, t)dt
T
v [ oot [ 8o i = [ gt
0 0

aq) T T
= Py ar - / A0z, 1)t + / o(®,)6(x, £)dt
0 ot 0 0

Taq)m T 8(13m
_ /0 W‘)(‘T’t)dt_/o fm(2,t)dt + —=6(z,0),

with m being fixed and for m = &, we have:

T T
_ / 85)59( t)dt — / ADH(x t)dt+/ g(<I>5)6(gc,t)dt_/ %G(x,t)dt
0 0

/fg (2, )t + 22¢ 9( 0).

Passing to the limit, we have:

ob , T
- / O (1)t — / ADO(z t)dt+/ o(®)0(, £)dt
0 at 0
T o O
5. — =
(5.45) /0 at@xtdt / f@xtdt+8t9($0)

On the other hand, consider the equation:

(92 (9CI>

and by carrying out the same calculations, we obtain:
7o T T
- o —0 (x,t)dt — / ADO(x, t)dt + / g(P)0(x,t)dt
0 0

0

(5.46) - / %—q)é’xtdt / f0(z, t)dt + D1(x)0(x,0).
0
Differentiating (5.45) and (5.44), we have:
0P

E(az, 0)0(z,0) — @1(z)0(z,0) =0,
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(%f (2,0) - @ <x>)e<x,o> 0,

0o

E(x’o) = ®y(x), car 6H(x,0) #D0.

* Let’s verify ®(z,0) = ®y(z).
In the same way, multiply the first equation in (5.22) by 6(x,t) and integrate by
parts over (0,7")

T aQq) T T aq) T
me(:c,t)dt—/ Acbme(x,t)dt—/ —mg(l‘,t)dt—i-/ 9(®,,)0(x, t)dt

T
/ fm0(z, t)dt
0

Using integration by parts, we obtain:

T a2q) T
Tf@(m, t)dt — / AD,0(x,t)dt — D, 0(x, T) + up(x,0)0(x,0)
0 0

T
+ / (I)mel(m,t>dt+/ 9(P)0(x, t)dt = /fm (z,t)d
0 0

RRL
TPy dt—/ A®,,0(z, t)dt+/ B0 (. 1)t
0 atQ 0

T
+ / 9(P,,)0(x, t)dt = / fmb(z, t)dt — ©,,(x,0)0(x,0),
0 0
with m being fixed and m = &:

T 52,
o OF

+ /0 9(®)0(x, t)dt = /0 Feb(, t)dt — De(z, 0)0(x, 0).

Passing to the limit, we have:

Ta2(1) T T
/ —H(x,t)dt—/ A@Q(x,t)dt—i—/ QY (x, t)dt
o Of? 0 0
T T
(5.47) + / g(@)@(w,t)dt:/ fO(z, t)dt + ®(x,0)0(x,0).
0

0

T T
O(x,t)dt — ADH(x,t)dt + / Pl (,t)dt
0 0
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On the other hand, considering the equation:

0?P 0P
Z AP — — 4 g(d) =
and using the same calculations, we obtain:

7520

T T
—Q(x,t)dt—/ A@@(m,t)dt+/ .0 (x,t)dt
0 8t2 0 0

T T
(5.48) + / g()0(x, t)dt = / fO(z,t)dt — Do(x)0(x,0).
0 0
Differentiating (5.47) and (5.46), we obtain
O(x,0)0(x,0) — Po(z)0(z,0) = 0
O(x,0) = &o(x), because 0(x,0) # 0.

Hence, ¢ is the solution of problem (1.1)-(1.3).

6. UNIQUENESS OF THE SOLUTION

Theorem 6.1. Let be ® and ¥ € L>(0,T; H'(2) N L*(Q)) two solutions of the
problem (1.1)-(1.3) under the assumptions of Theorem (5.1). Then the solution of
the problem obtained in the theorem is unique.

Proof. Knowing that ® and ¥ are two solutions of the problem, then let put T =
® — U. We have:

( 82*1* oY
g?—AT—EJrg(@)—g(‘P) =0
(6.1) 37 loa=0, 1€ (0,7)

TO(ZL’) = @0(1’) — \I/()(I), T € Q
Ti(z) = &1(x) — Uy(x), =z €.

\
Let be s € (0,7, consider the auxiliary function defined on 2x]0, T
—/ Y(o)do if 0<t<s

t .
0 if s<t<T

(6.2) Az, t) = {
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Such
uch as T

t
Ty(z,t) = / Y(o)do, sothat A(z,t)=T"i(x,t)—Ti(z,s) if t<s.
0

Multiply the first equation in (3.1) by A(z,t) = A(¢) and integrate on |0, s[, we
have:

iy dt—/ ATt dt—/ dt+/s (9(®) — g(0))6(t)dt = 0

o

(6. 3)/ a;;r /SATA(t)dt—/ %fx( )dt:/OS (g(W) — g(®))A(t)dt.

0 0
By integrating by parts the first and last terms of the first member of (6.3), we

obtain:

oY oY 0T O\ s
E(x, s)N(z, s) — E(LO))\(L 0) — N dt—/o ATA(t)dt

(6.4 Y(x,5)\(z,s)+ T(z,0)\(x,0) +/0 T(t )8g§>

dt = / () - g(®))o(t)de
or Axz,s)=— /S Y(o)do = 0:

oY IY O\ s
— E(x,O)/\(a:,O) - Eadt—l—/o AYA(t)dt + Y (x,0)A(z,0)

t

[ = [ o) - @

Integrate on 2, we obtain:

oY S OT 0N s
(6.5) /E(x,O))\(x,O)dx—/ Eadtdx // AYT\(t)dtdx

+ /T(x 0)A(z,0) da:+// AR _// BY)A(H)dtda.

On the one hand:

/%f(x O))\(w,O)d:U:/QTl(x))\(m,O)dx:L(él(a:)—\Ill(a:)))\(x,())dx,
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with
AMz,0) =Ty(x,0) — Tyi(z,s); Ti(z,s) = /OST(J)da
and .
Ti(z,0) = /0 Y(o)do =0,
implying
(6.6) /Q%(QZ,O))\(I, 0)dx :/Q(<I>1(x) — Uy (x))Yy (2, s)dx.

The same work is repeated for / Y (z,0)\(z,0)dx. We obtain:
0

(6.7) /QT(JJ,O))\(:L’,O)dx = / (Po(x) — Yo(x))Y1(x, s)dx.

Q
On the other hand:

/Q O %—f‘g—?dtd —/Q OS%—f% (—/:T(a:,a)da>dtdx
— /Q/ %%ddm—// ( /T(a)da)dtd:c
— / / %%dtdx - /Q Y2(x, 1)) = ; /Q (2, 5) — T2(z,0)]dz,
with Y(z,0) = To(z) = Po(x) — Vo(x). Then,
// %—f%dtdx—;/Q[Tz(x,s)—((IDO(:U)—\IJO(J:)ﬂda:

IT OA 1
689 — [ [ GG = 510l ~ 51%(0) — Vool

The work is reproduced for even / / Gi )dtd:p We obtain:

(6.9) / / aA dtd = / / T dtds = / 11175 (0t

According to Green’s formula:

/Q/OS AY\(t)dtdx = /Q/OS VY.Vdtdr = /Q/OS VT.V (— /ts T(g)dg) dtdz
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:>/Q/OSMA<t)dtdx:/Q/osw. <—/tSVT(a)da>dtdx

We know that:
Oz, t)
ot

_ %(_ [T(a)da) = T(z,t) = T(t)

Mo, t) = —/ Y(o)o if t<s:
t

implying

VY(t) = V
9

(6.10) = 5 (—/t VT(a)dU).
We finally have

/Q/OSVTV)\dtdx = /Q/Os%<—/:VT(J)dU) (—/tsvr(a)da>dtdx
- %/Q/O% (/tSVT(U)dU)thdm__%/QWTl(x’S)‘?d“’v

s 1
(6.11) // VTV/\dtdx:—§||VT1($,S)||i2(Q)-
QJO

implying

Using (6.6), (6.7), (6.8), (6.9) and (6.10), then (6.5) becomes:
1 1
~ [ @) = @) M@ = ST (5 ey + 5 1Bale) = Wl
5 1
612 + [ [Vt + [ (@o(o) = B Ta(a)do + VTG
0 Q

(6.13) = /Q /0 " (g(W) — g(®)A(E)dtda.

We have the following relationship:
9(0) = g(®) = 3(u*)’ ¥ — 3(u)’®.

Integrate on (0, s), we get

/OS g(U) — g(®)dt = /0 3(u)* U — 3(u°) dt,
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and

s

o) —g(@))A(t)dt' _

/0 S (3(u°)*W — 3(u®)*®)A(t)dt
614 < [ 1B -3 A0

We obtain
| Vatw) = st@pinoiar <3 [ e Piiae

with (uo)2 € L0, T; L"(Q)), T € L>(0,T; L*(Q)) and X € L>(0,T; LY (R)).
By integrating in 2, we have:

615)/(/ (g ))|I\?) |dt) ;1;<3/ (/ (W) ][ A(t |dt>daz

Applying the Holder inequality (6.12) becomes:

([ o) = @i >|dt)das

wo  <o([m dﬁ) (/| i) ([ s
[ ([ atw - seoniineoar)as
617 < 3 OS P T P YC P

1 1 1
where 5 + —+ iy 1. As \N(x,t) = Yy(x,t) — T1(z,s), then:

A Ol oy = T2 (2, 8) = Ta @, )l o) < N1 D)l gy + 1T1(2, )] ooy
As H'(Q2) C L)) = Jc; > 0, such as:

1A, )l Loy < esllA@ D)l 1)

(6.18) A, )| oy < s, D)l gy + 1T2(25 8l )
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By using (6.13), (6.12) becomes:

([ 100w = s@niaoiar)ao

<af [uruLz 16y X U1 ()l gy + T2 8) s ) .
Note also that:
1) [ gy < e1001(w) |10y
and (u”) € L>(0, T; H'(1)) implies [[(u®)°|| ;1 < c11 p-p on Q. Also,

2
”(UO) ||Ln(Q) < 2.

Then we have:

([ 1t - st@pinear) e

(6.19) 013/ 1T 20y % (T2 (@, )l 1oy + 11, 8) || 1 ) )l

IN

IN

13/ HTHH(Q)HTl(fL’at)”Hl(Q)dt+Cl2/0 1T 2oy I T (2 ) gyt
0

/(/| ) —g( )I|A<>|dt>dx<clg/ TN e 101 )l s e

(6.20) + cls\\Tl(x,s)HHl(m/o 1] 2 (g

implying

Applying Young’s inequality (6.14) becomes:

*e 1
([ a0 = at@ninoae ) e < cua) [ SITIEx ) + 5103001
0

2 1
+ oo [§T\m<x,s>um(m+ PR

6.21) /</| )H)\()|dt)dx

1 €
< o[ (5 )HTHLQ # 5IT1eOl de -+ 5 Tewl Ms(o )l



DIFFERENTIABILITY OF A FUNCTIONAL 219

By using (6.15), (6.11) becomes:
1 1
— [ @) = @)@ = ST (5 ey + 5 10(e) = Fola)
1 S
IV ey + [ @) = Bole) Va(a)dn+ [T

5 £ 1 2 1 2 g 2
< e [ [(5+ 5 )Mo + 5l Tae Dl |t + STl Ta(o, 9oy

implying

1 1 1
I ) By + 51 0(e) — To(a) a3 IV 5) e
° 2 * € 1 2 1 2
6225 ~ [ Vlagytt+ e | Kg*‘%)HTHH(Q)*‘gHTl(%t)HHl(Q) dt

+ STeulTa(es) g + [ (@1(0) = Ta(o)Ti(a)ds

- / (Po(x) — Vo(2)) Y1 (z)d.
0
Applying Holder to the second member of (6.16), we finally have:

— 1T (@, )l 720y + 1R0(2) — Co(2)|[720) + IV (2, 8)|[72(q)

s 1 2 2 1 2

< o [ (542 - 2 )t + T

(6.23)  + eTew||Ti(x, )|l 0) + 201P1(2) = Ui (2)[[ 20 I T1(@, 9) 7200
— 2| ®o(2) = Yo() |72 | T1(2, 8) 20y

Reducing (6.17) by appropriate expressions on both sides, we have:
s 1 2 1
Mgy < e [ (2424 2 )Tl + HITa(o |
0 9 C13 g
(6.24) + eTers)| Vo (x, 8) |5 -

By adding the term ||y (z, s) ||§{1(Q) to the first and second members of the (6.18)
We obtain:
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2 2
1T (2, )l L2y + 1T1(2s )l
6.2 < s L2 e Lt | d
(6.25) < c¢i3 ; 5+g+£ I HL2(Q)+EH 1@, )1 o |t
+ eTers||Tr (@, 8) o) + all Tr(@, 8) 17 0
and

2 2
1T(z, 5)[[72(0) + 1T1(z, $) | 71q)

s 1 2 , 1 ,
< — 4+ —IT —|IT t dt
< 013/0 [(54' e + 013) | ||L2(Q) + 5” 1(z, )”Hl(Q)]
+ (Ters + )| Ta (@, 9)l 51 q)-

By choosing ¢ > 0 infinitely small (¢ <<< 1) such that:

1 2
e+—+— =const >0
€ (3

and 1 — (eTcys + cua) = const > 0 with [|Y|75 g, = [T (2, 1)][72q)- Finally, we have:
(6.26) 1T, 9)lz20) + 11, 5) [ o)
(6.27) < 00"375/08 [HT(%t)HZﬁ(Q) + ||T1(l’,t)”ill(g) dt.
According to Gronwall, we’ll have:
T=0<=0?- V=0 >=10.

Hence problem (1.1)-(1.3) has a unique solution.
Since there is a unique solution ®(x,t) € H'(Qr) of the conjugate problem, we
obtain the increase DeltaJ the following final expression:

AJ = / [Df(uo,fo,ug,u?)éf+DUO(u0,f0,u8,u(1))5uo

T

+ Dy, (u?, £, ug, ud)dus | dadt

+ /5u1(x)(l>0(x,0)dx+ §f(x,t)®%(x, t)dwdt
Q Qr

+ 0 (118121 + 10l 110 + 601 20 )

Consider the following functions:
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H(1)<u7fau07u17q)) = D(uafaul)_'_(bfa
H(2)<u7f7u07u1) = D(uafau07u1>7

T
1
H (u, f,u0,u1,®) = / [D(u,f,uo,u1>+f<1><x,0>u1 dudt.
0

Then the formula for the increase in the functional can be written as:

H®
AJ = / OH (0, 9 0,8, 8)(f° — [0)dvdt
Qr

of
OH®?
[ ) 0~
3)
/ agf (UO, f07 u87 u(l)u (I)O)(ui - U(l))dflfdt

+ 0 (18 et + 180l oy + 18012y ) -

We have proved the following theorem:

Theorem 6.2. Assume that the conditions of Proposition 2.1 are satisfied for the
function D. Then the functional J(f,ug,u;) is Fréchet differentiable with respect to
the variables f,ug,u, and its partial derivatives at the point ( f°,uJ, u) are expressed
as follows:

OH®M
Iisf = [T £ 8)6 o

H®
JugOuy = / a—(uo,fo,ug,u(f,@())éuodxdt
r Of

OH® o 0 0 0 g0
Ju 0uy = / a7 (u”, [, ug, uy, ®°)ouydadt.
T
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