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DIFFERENTIABILITY IN THE SENS OF FRECHET OF A FUNCTIONAL
RELATED TO A NONLINEAR HYPERBOLIC PROBLEM AND DEPENDING ON
COMMANDS

Dieudonné Ampini' and Arno Chadel Mankessi

ABSTRACT. In this paper we demonstrate the result of the differentiability with
commands in the sense of Fréchet of a functional related to a nonlinear hyperbolic

problem.

1. INTRODUCTION

Consider the following problem:
( 0?u(x;t)

9 Au(z;t)
ou(z;t) .
+|u(z; t)|Pulz; t) + T f(z,t) withp >0
(1.1) u(z, t)’ = up(x) x €
=0
ou(z,t) () req
Guat t=0
L ajn BQZO tE]O,T[

in a cylinder D = {(z;t)/x € Q;t €]0; T[} where 2 is a bounded open set of R" of
differentiable boundary 992, 7 the unit normal vector to 9.
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2. THEOREMS

2.1. Existence theorem of the solution.

Theorem 2.1. Let be f(x;t) € L*(D),up(z) € L' (Q) N H (Q) withp =p+2 >0
and uy(x) € L*(Q) the given functions.The problem (1.1) — (1.1) admits a solution
u(x;t)satisfying to the following:

u(x;t) € L™ (]0; T[; LP(2) N HI(Q)>,

Ou(x;t)
ot
2.2. Uniqueness theorem of the solution.

€ L™ (]0; T[; LQ(Q)).

Theorem 2.2. Let f(x;t) € L*(D),up(x) € H'(Q) N LP(Q), ui(z) € L*(Q) the given
functions. Then the solution u(x;t) obtained at the theorem 1 is unique.

Remark 2.1. The theorems 1 and 2 are demonstrate in [1].

3. HYPOTHESES

The function u(z;t) is the unique solution of the problem (I.I)-(1.I) corre-
sponding to the commands f(z;t) € Y C L*(D), ug(z) € X C HY(Q), ui(z) €
W C L*(Q) where Y, X, W are convex sets.

Let V be the set of distributional solutions of the problem (1.I)-(1.1I). When
(f(x,t),up(x;t); us(x;t)) traverses Y x X x W. The set

V C {u(x;t)/u(x;t) e L=((0;T[; H'Q) N LP(Q)); 6ug;t)

is endowed with the norm ||U(ZL‘, t)HHl(D) = ||f([E7 t)||L2(D)+||UO([E)||H1(Q)+||U1(ZE) ”LZ(Q)

c L°°<10;T[;L2<Q>>}

and checks the condition of Lipschitz, we obtain:

[ulz; )l oy < CT)f ()l 22y + [Juo (@) @) + [lua (@) 2(@)-
The variations f¢(z;t), u§(x), u5(x) commands f°(x;t), ud(z), u)(x) along the direc-
tions f¢(z;t) — fO(x;t); ui(z) — ud(x); u§(x) — u(x) are defined as follows:
folast) = fOlat) + 0(f°(a5t) — fO(x31)) ug(x) = ug(x) + 0(uj(x) — ug(z))
of = fo(z;t) — fO(a3)
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{U?(iﬂ) = u(z) + 0(ui(z) — ui(x)) {UE(SE; t) = u’(x;t) + 0(u (z; 1) — u’(x;t))

du = uf(z;t) — u’(z; ).

where v (z; ) is the unique solution of the problem (1.1I)-(1.1I)) corresponding the
functions f°(x;t),u5(x),us(x) and u°(z;t) is the unique solution of the problem
(T.I)-(T.I) correspondig the commands f°(z;t), ud(x),u)(x) that ju has the norm
6wl zrpy = 10f |l 2py + ||0wol|ar o) + [|0ur 2. Of all these variations 6 €]0; 1]
and that fO(z;t), fo(x;t) € Y; ud(2), ug(z) € X; ud(x), u§(x) € W.

4. FUNCTIONAL DIFFERENTIABILITY THEOREM

Theorem 4.1. Let be the functional:

(4.1) J(f(z;1); uo(@); ur (2)) =/D(U(I;t);f(:c;t);u()(fﬂ);ul(fv))dwdt
D
verifying the following conditions:

i) The function D and all its derivatives D,,, Dy D,,,, D,, satisfy the Lipschitz
conditions relative the variable u(x;t); f(z;t); uo(z); ui(z).

ii) The function u°(x;t) is the unique solution of the problem (L.I)-(1.1) cor-
responding to commands f°(z;t) € Y, ud(z) € X, ul(z) € W. Then the
functional is differentiable in the sense of Fréchet relative the variables
f(x;t);up(z); uy(x) and its partial derivatives at the point (f°(x;t);ud(z);
u?(x)) are defined as follows:

( (1)

Jf(fo(:v;t);ug(a:);u?(x)):/Dagf (w0 (w5 t); fOws t); ud(2); ud(x); ®(x; t)dwdt
(2)

Tun( £ i) = [ O s a0 ) ) (s )
(3)

kJul(fo(x;15);u8(m);u?(w)) = : ang (uo(a:;t);fo(x;t);ug(m);u(l)(x);CID(:E;O)dxdt.

Proof. The increment of the functional J at the point (f°(z;t); u)(x);ul(z)) is de-
fined as follows:

AJ(f st ug(@); ua (@) = J(f (@) ug(@); ui (@) — J(f°(25); ug(2); i (@)
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with
I Gas (a0 (2) = [ DO G0 (o 0o ()
4.2) AT(fO(x;t);ud(x); ul(x)) = /D[D(us(x;t);fg(:v;t);ug(x);ui(x))
— D(®(z;t); fO(z;1); ub(2); ud ()| dadt
Additionally
D(u(w;t), f2(w;t); ug(2); ui(x)) — D(u®(@;t); fO(w;t); up(e); ui (@)
= D(us(;1); f*(2;1); ug(2); ui()) — D(u®(@;t); f2 (25 t); ug(w); ui(x))
+D(u’ (x5 1); £ (25 )5 ug(2); ui(z)) — D(u’(w;t); fO(2;5t); ug(w); ui(x))
+D(u’ (w3 t); fO(;); ug(@); ui(w) — D(u(w;t); fO(;1); ug(2); ui(w))
+D(u’(w;t); fO(z31);ug(w); ui(2) — D(u(z;0); fO(w38); ug(@); ui(2)).
Note that,

D(u (x5 t); f°(x;8); ug(2); ui () — D(u®(2;t); (5 1); ug(2); ui (z))

- / (D@5 1) + 0u; (s 0): 6 s o5 ()
— Du(uo(x; t),
(4.3) 4 Dy (u(x;t);

with
n=| [Du(u® () + 00u; f2(x;t); ug(x); ui(x))
— Dy (u’(231); f2(x;1); ug(2); uy ()] dude.
Next,
D(u®(w;t); [ (a5 t); ug(2); ui (z)) — D(u® (2 1); fO (5 1); ug(); us (2))
(4.4) =7+ Dp(u’(a;t); (@) ug(a); ul (@) f,

with
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7”2:/0 [Df(uo(:v;t);fo(:v;t)+95f;u8(56);ui(56))

— Df(uo(m;t);fo(m;t);ug(x);u?(x)) 0fdo.

Since
D(u’(;t); (s t); ug(); us (a56)) — D(u’(w;1); fO(251); ug(x); ui(2))
(4.5) =73+ Dy (u’(z;t); fO(z;); ug(x); uf (z))dug
and
ry = /0 [DUO(uo(x;t); FO(x;);ud(x) + O6ug; us (z; 1))
— Dy (u®(z;1); fO(z;1); ub(2); u?(x))] dupdh.
Finally,
D(u®(w; t); fO(w; 1) ug(); ui () — D(u®(a;t); fO (1) ug(x); ul (x))
(4.6) = 74 + Dy, (u® (w3 1); (5 1); ug(2); 13 (2) ).
with

ry = / 1 [Dul (W0 8); f0(: 8); w0 (2); u(x) + BOuy)
0
— Dy, (u®(;1); fO(;); ug(); U?(w))] dudo.
By introducing the relations (4.3)-(4.6) in (4.2), we obtain:
A (s b)) = [ [Dulu® st 6o ) )i dla))du
D

+ Dy (u®(a;1); fO(as t); ug(x); uf ()0 f 4+ Dug(u® (2 t); fO (3 ); ug(x);

4
4.7)  ud(z))0ug + Dy, (u®(z;t); fo(m;t);ug(x);u?(x)ﬁul] dxdt +/ an:pdt.
D=

Consider the function ®(x;t) whose trace ¢t = 7' is equal to 0.
By multiplying the equation (1.1)) by ®(z;¢) and integrating over D, we obtain:
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[8u(x;t) OP(x;t) + fz; 1) D (s t)

@8 [ (o) +unle) (0o + [ [
0D (x;t)
ot
The function u®(z;t) is the unique solution of the problem (I.I)-(L.I) corre-
sponding to the commands f¢(z;t), u§(x), u;(z) and verifies the integral equality

(4.8]). we then obtain:

/Q(ug(x) + ui(2))®(z;0)dx + /

D
N Ous(z;t) 0P (x;t)
ot ot
e (s )P (x; t)@(x;t)}dxdt —0.

+ u(x;t) — (Vu(z;1); VO(x;51)) — u(z; t)|u(; t)|pCI>(x;t)] dxdt = 0.

0D (x;t)
ot

[ff(x; ) (:) + u (23 1)

(4.9) — (Vu'(x;1); VO(z3 1))

Similarly «°(z;t) is the unique solution of the problem (T.I)-(1.1I) corresponding
to the commands f°(z;t), u)(x); u)(z) and verifies the integral equality (4.8). We
obtain:
0P (x;t)

ot

[+ e+ [

D

oul(z;t) 0P (z;t)
ot ot
— [ (z; t)|pu0(x;t)q>(m;t)}dmt —0.

By subtracting (4.9) and (4.10), we obtain:

/ﬂ(éuO + 0up )@ (; 0)dw + /

(411)  — (Vou; VO(x51)) — (Ju(z;1)] u(2;2)

[fo(x; )P (a5 t) + u’(a;)

(4.10) — (Vu®(2;1); VO(z; 1))

0P (z;t) | oudP(z;t)

[5f<1>(a:; t) + du 5 T

(s )Pl (1)) B t)] drdt = 0.

By setting I = / (Ju (5 t)|Puf (25 t) — [u® (25 8)[Pu’ (25 t)) @ (; t)dadt, the transfor-
D
mation of I leads us to I = I, + I, + I3 with

h= [ (G = i) s (i)
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I= /D (s )P — [0 (s £)]7))5ub (s ),

[3:/ |u®(2; )P ou® (x; t)ddt.
D

Remark 4.1.

- For even p, we have |[uf(x;t)|P — [u®(z;1)|? = (uf(2;t))” — (u®(z;1))"
- For odd p, we have |u (z;£)]? — [u(a;1)]P = — [(uf(;p; 1)’ — (uo(x;t))p].
- For odd p and v¢(z;t) > 0, u®(x;t) < 0, we have

[ (@ )] — [u (25 0)]” = (u(2:0))" + (u”(2:1))".
- For odd p and v¢(z;t) < 0, u®(x;t) > 0, we have

(s D = (s D) = = | (u (@) + ()]

Since the last two cases are not interest, then

L = /Dgo[/ol((uo(x;t)) + 00u)P~t — uo(x;t)p_1)5ud6’] u®(z; )P (x; t)dadt

1
+p/ [/ u®(x;1)Poudd | ®(z; t)dadt.
p tJo
Let set:
1
qr = / p[/ (u®(z;t) + 06ug)? 1 — u®(z; )P~ 1) Supdd | u’ (z; 1)@ (x; t)dadt.
p LJo

Choose k such that: duy = u(x;t) — u'(w;t), ep = %, qg. — q, oup, — 0,

”(SukHHl(D) — H(SuHHl(D) when £ — +o0.
2(n+1)
n—1

. 1 1 . .
Consider # =55 with 1 < ¢ < p* for n > 3; we then obtain 1 < ¢ <
n

for n > 2. Taking n = 2(p + 1) with ! + % = 1 and applying Holder’s inequality,
q

we get:
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‘Qk‘

2p+1
2(2p+3) L

< /0 /D [(‘p«uo(%t) + 06uy)" "t — u(x; t)f’*l)uo(x;ﬂq)(x; t)]) 2+ dadt ER

X (/ \5uk|2da:dt) :
D

Applying the Sobolev injection H'(D) C L?(D), we obtain:

Jau] < llp((u”(xst) + Odur)~" — (uo(x;t))”_l)‘P(w;t)uo(f?’5)||L%<D)'||5ukllm(ma

and
im
k—+o0 ||5uk||H1(D)
= q=0(|0ullar(p)) = O([|0.f || 2(p) + [ 6ol a1y + 10ur ]| L2(0))-
Hence

I = p/ u®(; 1) Sud (w; t)dadt + 0(|0 f || L2y + [[duoll m1() + 16w 2(e)
D
1
I, :/ [p/ (u’ (1) —|—95u)p_16ud9} oud(z; t)dzdt.
pt Jo
By setting

1
qk = / p[/ (u’(2;t) + 95uk)p_1§ukd9} up®(z; t)dxdt
p tJo
and applying Holder’s inequality, we get:

2p+1

! 2(2p43) 2(2p+3
|| s/ / [(|p((u0(a:;t)+6’5uk)p_1)5uk<1>(x;t)|) 2ot dxdt} 7 de
0 D

X (/ |5uk|2d:cdt) :
D

Applying the Sobolev injection H'(D) C L?(D), we obtain:

] < lp((u w:8) + 600) )00 ) s el o)

and
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i |Qk|
1m
k—+o0 ||(5ukHH1(D)

= q=0(|0ullar(p)) = O(|0f || 2(p) + l[6uol| mr(0) + |0ur|L2(0))-

=0

From where
Iy = 0([|0 fl| 20y + 0ol () + [0ur ]| L2(q))-

Taking the case where u°(z;t) > 0, we obtain:
I3 = /D (u°(z;t))"Sud(z; t)dadt.
Then the expression of / becomes:
I'=(p+ 1>/D (u (a5 8)) "ud(; t)dadt + 0([[6f || 2oy + 6wl () + [15ua]l L2(2)-
The relation becomes

/(5% + duyp)®(x; 0)dx + / [6fD(x;t) + 5u0<13(a:;t) n dou 0P (x;1)
0

. ot ot ot
(4.12) = (Véu; VO(x;1)) — (p+1)/[Uo(x;t)]"5u@(x;t)]dxdt—0(H5f||L2(D)
D

+ [[0uo || g (@) + [|0ur]|22)) = 0.

The increment of the functional J of (4.7]) becomes:

AJ(fO(x;t);ug(x);U?(fE))Z/D | D (a3 ); s 1); u()s uf(2)0 f
+ Doy (u® (a5 8); fO(w58); ug(2); () ) dug
+ Dy, (W (z;1); 2> 1); ug (2); u(l](x))&tl] dxdt

0P (z;t) ‘ 06u 0D (x;t)
(4.13) —l—/D[(Su S Of () + S

+ Dy (u(z;t); fO (2 t); uf(z); ul (2))du

= (p+ VI3 )" )6 — (Vous V(s 6)) + Y n} drdt

+ [ (Bua + 6u)(w; 0 = (16 120y + 5wl o)+ 601200
Q
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By taking the approximation of the term r; by virtue of the fact that D, verifies
the Lipschitz condition. By setting

0= [ [ (0us0) + 0w s

= Da(®(a:1); (s £); u(); ud(2))) X gt | dodt
< [ [ [ 19000+ 60w G060
= Dy (s £); £ ) u(): S (2))] x |G| a8 dadt

! 1
e g/ [L/ 9|5uk|2d9]dxdt:—L/ |6y, |2ddt.
D 0 2 D

Applying the Sobolev injection, H'(D) C L?*(D), we obtain:

k| L (/ )5 " (/ D6
—_— < — ou|2dxdt +
H5uk||H1(D) 2 D‘ k’ ; D’ 83}1

= lim [9x]
k—+o0 Héuk“Hl(D)

2 3
dwdt)

<0.

From where

1= 000 fll 2y + [10uoll (o) + l[0w ]l 2(y)-

By taking the approximation of r, by virtue of the fact that D, verifies the Lipschitz
condition. By setting

w= [ [ [P, 2@ + o5 fniiie)

— Dy (u (x5 1); fO(2; 1); ug(x); U?(:B))] X § frdfdadt,

1
|Qk\§//
D JO

- Df(uo(ﬂf;t);fo(m;t);ug(w);u(f(w))‘ x [0 fi|dfdd,

Dy (u(w;t); fO(w;t) + 00 fi, ug(); u (x))

1
1
|| s/ /L9|5fk|2d9dxdtg§L(|y<5fk||L2(D)+||5u0k||H1(Q)+||5u1k\|L2(m)2
0 D

1
< §L”5uk”%{1(D)
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2 3
dxdt)

|ka| L / 2 / Aoy,
< Z
||6uk||H1(D -2 (G| *ddt +Z ’ Ox;

= lim 2

< 0.
k—+4o0 ||5Uk||H1

From where

T2 = 0(||0 fll 22Dy + [[0%ol 1 () + (6]l L2(e))-

By taking the approximation of r3 by virtue of the fact that D,,, satisfies the Lips-
chitz condition. By setting

1
qk = / / [Duo (u® (25 1); fO(251); O6uer + ug(w); ui(z))
b Jo
— Dy (u”(z;t); fO(z; t);ug(:c);u(f(:c))} X dugpdfdxdt
L
lgk| < 5/ |Sugr|*dedt
D
L T
<5 | Iounlagt
By applying the Sobolev injection H'(Q) C L*(2), we get:

L [ 2
0l <5 [ Qs + 16502 + ouarllin)*at
0

i LT (/ ) )5 " (/ Doy, |2 >3
—_ < — oup|°dxdt ] + dxdt

k—+o0 H5uk||H1

<O

From where

r3 = 0([0fll 2oy + [[0uoll a1 (o) + l[0w ]| 2(y)-

By taking the approximation of r, by virtue of the fact that D, satisfies the Lips-
chitz condition. By setting
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G = /D/Ol [Dul (u® (s 1); fO (5 1); ug(); ui (z) + B0ua)

— Dy, (u’(z;t); fo(x;t);ug(x);u?(x))} X duydfdxdt
L L ("
ol < 5 [ lsunPdode < 5 [ foun eyt
D 0

L (T 2
01 <5 [ Qlonllazi + 16520y + W o) e

st <2 () 55 ()

= lim |9
k—+4o0 H(SUkHHl

<0.

From where
74 = 0(||0 fll 2Dy + [[0uol a1 () + [ 6ur]|z2(e))-

Because ry =ro =1r3 =14 = 0(||5f||L2(D) + ||5u0||H1(Q) + ||5U1||L2(Q)) The relation

becomes:
AJ(f(w;t); ug(2); ui(w)) = [Df(uo(fv;t); FOwst); ug () w3 () du
+ Do (u” (3 8); f(58); ug(@); ui () Sug

4 Dy, (W03 1): £ 1) ud(); () )0 + 6 fcp(x;t)}dxdt

g\

»—AO

0P(x;t dou 0D (x;t
@19) 4 [ [P0t O IV 4 80 o)) )

— (Vou; VO(z3t)) — (p+ 1) x [u’(z;t)] P (x; t)(5u] dxdt
Q

To express the writing of the derivatives of the functional J of the relation (4.14)
in a convenient form, it is necessary that:
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/D [— (Vou; VO(x;1)) + 8;: 8@{(39;;15) + 5u8¢(.(;;t> — (p+ D[u’(x;1)]P®(2;t)du

+ Dy (u®(z;t); fO (3 t); ug(2); u(l)(:v))(Fu} dxdt = 0,

[ 20 e [ [(Z55 - 22D Av(ait) + (p+ Dl

ot Jo ot? ot
- ®(z;t) — Dy (u’(m;t), fO(z3t), ug(z), u?(x))éu)} dxdt = 0.

Consider the function ®(x;t) whose trace ¢t = T is equal to 0,

0P (z;t)
(D(.T; t) }t:T = T ‘t:T

Moreover uf(x;t), u’(z; t) being the unique solution of the problem (I.1)-(L.I)).
uf(z;t) — u®(z;t) } o = 0. We get the following conjugate problem:

( 2 .
TR AB(rt) + (o Dl )P0 (1) — 20800

Dy (u®(;); fO(a;1); ud(z); u(x)), p >0

= 0.

O(z;t)|j=0 = Po(z), € Q
0D (x;t)
ot ‘t:O

0P(x;t
%—)bg =0, E]O;T[

= <I>1(x), x €

\

of the nonlinear hyperbolic problem (1.I)-(1.1)) in a cylinder D = Qx]0; T'[ where
Q is a bounded open set from R”, with differentiable boundary 99, 7/ the unit
normal vector to 0.

Let us show existence and uniqueness of the solution of the conjugate problem.

4.1. Existence of the solution of the conjugate problem.

4.1.1. Variational formulation. By multiplying the equation (4.15) by the function
v(x;t) and by integrating over D, we obtain:

28 (- :
/wv(x;t)dwdt—/ A@(m;t)v(x;t)dxdt—/ a(b(x’t)v(x;t)d:vdt
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+(p—|—1)/D [uo(x,t)]pcb(:v;t)'u(x;t)dxdt:/DDu(uO(x;t);fo(x;t);ug(x);
(4.15) u}(z))v(z;t)dzdt.

Let’s examine the first three terms of the equality(4.15)

/D—azqgg;wv(a:;t)dxdt = /Q (—&I)(;; T)v(m;T) — @1(13)71(13;0))0195

0P (x;t) Ov(z;t)
1 — .
(4.16) [
According to Green’s formula
(4.17) /A@(x;t)v(m;t)dxdt:—/ (VO(z;t)Vo(z; t))dxdt,
D D
and
(4.18) /aq)é?t)v(x;t)dmdt:/ (@(z; T)v(z; T) — ®o(z)v(x;0))d
D Q
(4.19) - / oz )2 ot
D ot

By introducing the relations (4.16)), (4.17), (4.18) in (4.15)), we obtain:

/Q ( — O(z; To(x; T) + 8(1)(;; T>U(x; T) — @y (x)v(x;0) + Do(x)v(z; O))d:v

+/ (V@(w;t};Vu(x;t))dmdt—/ 92(z;t) av(x;t)dmdt+/ () 2250 gt
b L, ot ot b ot

+(p+ 1)/D [uo(x,t)}pcb(x;t)v(a:;t)dxdt :/ Du(uo(x;t);fo(x;t);ug(x);u?(x))

D
X v(x;t)dxdt.

Definition 4.1. We call distributional solution of the problem (4.15)-(4.15), any
function ®(z;t) € H'(D) equal to ®y(x) for t = 0 and satisfying the following
integral equality:

/Q (— @1(@)ola:0) + Bo(w)o(a:0) ) + / (V0 (s £); Vo(a: 1)) dadt

D
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W) 4t

0P (z;t) Ov(x;t) /
/D 5 g dxdt + : (x;t)

+(p+1) / [0z, )] @ (s o (s 0 dedt
/D (3 1); [ 6); ug(2); ) (2) ) v(z; t)dadt,

for all v(x;t) € H'(D) whose the trace for t = T is equal to 0.

0D (x;t)

4.1.2. A priori estimate. Multiply the equation (4.1I5) by a function and
integrate over ().

0?®(x;t) 0P(x;t) 00(z3 1)

/Q 5 Y dm—/ﬂA@(m,t) g dx
0D (x;t) 0P(x;t) / 0 o 0P (x;t)
.20 - dx 1 )| P(x;t d
@20 - [ FEOEE ek (o4 1) [ [ 0] o) e
P
/D (z;1); fO(z;1); ub(2); ul(m))wdaz
By applying Green’s formula
0P (x;t) 1d
21 AP(z;t)————=dxr = P(z;t); VO(x;
(4.21) /ﬂ (z;1) Ey dx th/(v (2;t); V(23 t))dz
= —§E||V‘P(f )1 720
By introducing the relation (4.21)) in (4.20)), we obtain:
0D (x;t)2 N
L0 st
0P (x;t 0P (x;t)|2
(4.22) —|—(p+1)/[ O(x, t)]p(I)(a:;t)de—/ ’ﬁ‘ dx
a1 oot

/D (5 1); [ 6); ug(2); ul (2)) aq}(g;t)dx.

By integrating the relation (4.22)) from O to ¢, we obtain:
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0b(x;t)2
[P gy * 170 ey + 200+ 1) |

(4.23) -/t [W(z, 5)]"®(; )a(b Vaads _2/ /)a(bas

_2/ /aq) %3 5) (u(x; 8); £O(; ); ud(x); 1l (x)) dds

+ [| @1 (z )HL2(Q) +[|[V®o(x )H%Q(Q)

Thus, for all ¢ €]0; T'| we obtain:

0d(x;t) 2 a2
H o L2(9)+||v<1><x,t>r|m>
oz
2(p+1) // )71 (2 |‘a ‘d dt
O(z; 1)
(4.24) +2 / / ‘5’—$‘ dudt

v2 [ | 2200 1, (00 0 ) o)

+ 121 (@) 12200 + IV (@) [Z2 ()

1 1 1 2
Considering §+—+— = 1 where g = p—j:l, g > 0 and applying Holder’s inequality
noq P
(x5t
to the term 2 f, [ )| (o)) 22 2, we obtain:
<I> t)
2 [ |16 0)|| 252 [0t )] o
O (x;t)

<2 [<u0<x,t>]p|\Ln<a>)!

Since [(u’(z, )} is bounded in L"(Q) and L*(Q2) C L4() we will have:
0P (x;t)
ot

By applying Young’s 1nequality to the second member of the equation (4.25]), we
obtain:

() it q
i 2@ Dl

acp )
(4.25) 2/} (z; ‘|<1> |d$<2018H 19 (23| 2

L2()
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2 [ e
4.26) < clg(Ha‘p 1 ||<1><x;t>||%z(m).

Applying Holder’s and Young’s inequality to the term

CI) t)
8 (z; ‘\@ t)|dx

L2(Q)

/ Dy (s ); 15 0); () |‘a“ ‘d dt.
we get:
O(x
/ | Dy (u® (s 8); f2 (25 1); ug(2); u ”8 ‘d dt
0D (x;t)2
427) <HD (st s o) o) o + [ 2 )
By introducing the relations and (4.27) in (4.24), we obtain:
0P (x;t) |2 a2
|5 [y 172 D20

< (p+1)C18/0T (H@(m 1120 +HM

)dt
L2(Q)
T OP(x;t) 2 0 0 0
(428) +3/0 HT L2(D)dt+||Du(u (.T7t),f (mvt)au0<x) ul( ))HLQ(D

+121(2)1Z2(0) + IV Po(2)[72(0)

By adding member to member the term ||®(z;t)||? 12(q) to the relation (4.28), we

2 )
dt
L2()
70 (a;t) 2 0 0 0 0 2
(4.29) +3/0 1= o U 1D (3 2); 1930 06); w2(2) N

21272 (0) + V()72 () + 12(2: ) 1720

obtain:
H 0P (xz, )2
ot

O (z; 1)
PR LEI

0P (x;t)

T
<(p+ Dews [ <H<I><x;t)|!%z<m +|
o
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LOD(x;s)

By setting ®(z; ) :/ ds + ®(z;0),
0 88
L1O®(x; 8) L10®(x; 8) 2
O(z;1))* < [@o()]* + 2|® ’ : :
(i) < (ool + 2100 [ [P s+ ([ |55 as)
_ , . . L0 (z; )
By applying the Young’s inequality to the term |®y(x)| e ds, we get:
0
B 0D (x; 1 O(
|y () 9%(z; 5) ds < =|®o(2)[? + _< M‘d )
2 2\ J,
Thus
- t . 2
|(I>(I;t)|2 <92 ’(I)Q(JI)|2—|— </ aCI)(ZE73) dS) }
L 0 s
t .
Similarly, M
0s
t : 2 toNz /o[t )2\ 272
[/ 0P (x; ) ds] < {(/ ds) ( 0D (x; ) 5) ] .
0 83 0 0 aS
We will have:
0P (x;s)

|®(z;1) > < 2{@0(55”2 "’t/ot Os

2
ds].
By taking ¢ €]0; 1[C]0; T[, we have: 0 < 1 —t < 1 and

t q) . 2 t
()| < 2[|c1>0(x)|2+t/ 0 (x’s)‘ ds} —|—2(1—t)/
0 s 0
L10®(x;8) |2
2 sl
Os S]
By integrating the relation (4.30) over 2, we obtain:

00300y <2 [ [B0(o) +2 / ( / o2t )ds,

L10D(x;8) 2
0s

ds

0P (x; s) ‘2
s

(4.30) [®(z;t)|* <2 {|(I>0(x)|2 +

0

12(2; )]I72(0) < 2[Po(@) 1720 +2

0 L2(Q)

Thus, for all ¢ €]0; 7 we obtain:
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T
0P (x;t) |2
31 (1) 2y < 2| 1|@0 ()2 /H : t ).
(4.31) [P (z;8) 1720y < (H (@) 72(0) + ; ot Il
Introducing the relation (4.31) in (4.29), we obtain:
0P (x;t) 2 N
[P0, o
T
0P (x;t) |2
A\ [[2 v
<o+ Ve [ (1200 +| 2, )i

2

T .
(4.32) +5/ HM‘ dt + || Dy (u (3 ); f2 (25 1); up(2); 1} (2)) 172y
0

ot
+2]|®o (@) [[72(0) + [P1(2) 172 + IV Po(2)[172(0)-

L*(Q)

By adding to the second member of the relation (4.32) the following terms:
T T

5 / 10 (2 )21yt [I9Po(2) 255, and ez, / IV (a5 )22 OF c1g = (p+1)ers+
0 0

5. By setting

ca0 = || Du (u® (3 1); 2 (@3 1) ug(2); ui (2)) 122 ) + 1@1(2) [ Z2(0) + 200 (@) [l 1110,

we have:
(4.33) H%] ;m) + [Ju(zs )7 o)

<ewtan [ (Iutailn + | 22|, e
By setting F(t) = H%’ ;(Q) + [Ju(@; )7 @)

T
F(t) < ¢ + Clg/ F(s)ds
0

According to Gronwall’s lemma F'(t) < czoeclgfoT 95, Hence F(t) < M a.s for all
t G]O; T[ with M = CQQGClQT.
Haé(:c;t) ‘ 2 Hc‘?CI)(a:;t)’

<c = sup €ss
ot L2(Q) 21 te]O;I;“[ ot

2

= C22.
L2(Q)

Thus we have:
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0P (x:t
(4.34) gi ) e 1= (]O;T[; L?(Q)),
2
ot < ot <
Hu(x, )‘ e = Cozs = tgﬁg[ess“u(m, )‘ vy S Cou4
Thus we have:
(4.35) O(x;t) € L® (]O;T[; H1(9)>.

The relation (4.32)) show that ®o(z) € H*(Q2), ®1(z) € L*(Q), Dy (u®(z;t); fO(z;t); ud(2);
u(z)) € L*(D); the relations (4.34) and (4.35) shows that
D(a;t) € L=(J0; T H'(9))),
0P (x;t)
ot

Theorem 4.2. Let D, (u®(z;t); fO(x;t); uj(x); ul(z)) € L*(D), ®o(x) € H'(Q) and
®,(x) € L*(N) the given functions. Then the problem (4.15)-(4.15) admits a solu-
tion ®(x;t) satisfying the following conditions:

€ L>(]0; T[; L*(2)).

O(x;t) € L™ (]0; T} H1<Q)>7

0P (z;t)
ot

Proof. The proof of this theorem requires the use of the Faedo-Galerkin method

€ L>(]0; T[; L*()).

which takes place in three steps.

Step 1: Approximate solution. Since the Hilbert space H'(() is separable, it admits
a countable Hilbert basis denoted by (w;)i<;<n, for all i # j, ||w;|| = 1 where the
functions w; are regular such that w; € H'(2) for all ;.

With the homogeneous Neumann bound condition, the operator A has a se-
quence of eigenvalues (););>; whose functions w; are eigenfunctions associated
with it. The problem is to find in any subspace V,, of H'(Q) generated by w;, ws,

- ,w,, an approximate solution ®,, of V,, and V,, = {wy,---,w,} dense in
H'(Q). We will look for ®,,(z,t) = Z ;. (z;t)w;, solution to the problem be-

=1

low.
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(02D, (2;1) 0 P 0P, (z;t)
Cp T — A (wit) + (o + 1)[ (x,t)] p(ait) = I =
Dy (u® (s £); f(as); ug(2); uf(2)); p > 0
@m(x;t)’ = Do, (), € Q
0P, (x,t) B
T P (z), z€Q
&I)T() =0, t €]0; 7.
Let us write in the Hilbertian basis the following terms:
(p+ Ve (@ ) ®(:t) = (p+ 1) D [u(w3)] @i (a5 ),
=1
D (u®(z;t); fO(x;t); ug(2) ZD”" (25 0); 225 1) ug(2); uf () ) wis

= Z (Dim(w; t)w
i=1
Multiply the equation (4.36) by w, € V, we get:

(—a%gt(f; ) ; wk> — (AD,,(z;t);wy) + (p+ 1) [uo(x;t)r(q’m(f;t); wy)

0P, (z;t m

(4.36) - (#;wk) = (D (u® (s £); 05 £); g (); ul () s wie)

with A = —)\;. The system (4.36)) is a system of nonlinear ordinary differential
equations of order 2 which admits initial conditions:

0P, (z;0)

D, (x;0) = Doy (), T

The basis (w;)1<i<m, being orthonormal then
lsii=k
(wi; wy,) = 6ip, = L
0sii#k

and
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. @2,7;2(3;; J- dq)knﬁzix; D My (it) + (o )i ] (D (:1)

— Dy (u (a5 6); £ (s t); ug(x); ul(x)) = 0.

We will have:
Ofl(058) = P (38) + N @rn (3 8) + (p + 1) [t (58)] Py (1)
4.37) = Dy (a3 t); £ ) ug(a); uf(2)) = 0.
The relation is written in the following matrix form:

10 -0 oY (1) 10 -0 ) (z;1)
01 -0 o) (x;t) 01 -0 o5 (23 t)

00 --- 1 o7 (1) 00 --- 1 o (x5t)

A0 - 0 Dy (23 1)
0 )\2 0 (I)gm(z;t)

0 0 - Am mm(:ct)

(p -+ 1) (2 )@y (1 £) — DY (w0 2); (s 1); () ()
(p -+ L)u (5 ) B (w:1)) — D2 (u(a51); (a3 1); ) (a); () 0

(p + 1)ul(@;8) Dy (w3 8)) — D™ (u® (w3 8); fO(3); ud(2); ud(2))) 0

Thus, the system of equations (4.37)) becomes I, X" (x;t)—1,, X' (x;t)+ A X (z;t)—
10 - 0
01 --- 0

By, =0,withl,, = | = . -,
00 - 1
A+ (14 p)[u(z; 1)) 0
0 A+ (14 p)[ul(z;0)]P - 0

5 : et (L4 RO
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Yy, (23 1) @Y, (z;1) Dy (25 1)
Do, (5 1) o, (z;t) Dy, (3t

X" (z;t) , X'(x5t) = , X(z;t) = and
o’ (x;t) o (1) D@ (5 1)

—DYm (u® (s t); fO(w: ) uf(2); ul(2)))

—Dm (uo(x; t); fO(z;t); ud(x); u[l)(x)))
Since det I, # 0, then the matrix [, is invertible. So the system admits a solution
defined in |0; t,,|.

Let us show that ¢, = T" and look for the spaces in which the solution and the
initial conditions of the problem (4.36)- (4.36) belong.

10 -0 oY (x;t) 10 -0 O, (23 t)
0o1 -0 o (x;t) o010 oL, (z3t)
00 - 1) \®" (:%) 00 - 1) \@ (2:¢)
0 X -+ 0 <I>2m(x;t)
1. .. N IR
0 0 - Ay mm(:v t)
(p+ D)l (z;8) D1 (25 ) — D™ (u(zs5t); fO(x5 1) uf(2); ud ()
| D (fcyt)%m(%t)) Dy (u (%t),fo(%t),uo(x);u(f(x)) _|o
(p + D) (@) By (31)) — D™ (w0 (a3 0); O3 0); u(); () ) \O
Thus, the system of equations (4.37) becomes I, X" (x;t)—1,, X' (x; 1)+ A, X (z;t)—
10 --- 0
01 -0

B, =0,with I, = | | ) -,



246 D. Ampini and A.C. Mankessi

A+ (14 p)[ul (s t)]° 0 0
0 Ao+ (1+ p)[u® (1))
Ay = . .
0 0 At (L )
@Y, (z:1) P, (z31) D1y (731)
(I)/rlnm (33; t) (I)/mm (33; t) Dim (37; t)

=D (u0(z; t); fO(x; 1) u(z); ud(z)))
By, =
—D{L"m(uo(:c;t);fo(:c;t);ug(x);u?(x)))

Since det I,,, # 0, then the matrix [, is invertible. So the system admits a solution

defined in |0; ¢,,[.

Let us show that ¢,, = T" and look for the spaces in which the solution and the

initial conditions of the problem (4.36)- (4.36) belong. O
. . . . 0D, (z;t)
Step 2: A priori estimate. Multiply the equation (4.36]) by a function o and
integrate over ():
D?®,, (x;t) 0D, (;t) 0P, (z;t)
0D, (x;t) O, (z; 1) 0 o 0P, (x;t)
. - 1 O, (1) —m )
(4.38) /Q Y o de + (p + )/Q [u(z,1)] (x;t) T dx
= / Dum(uo(x;t); fo(x;t);ug(x);u?(x))%m—wdx.
Q ot
By applying Green’s formula
0P (zit) . 1d L .
/QA(I)m(a:, t)de = 3a ), (VO (z;t); VP, (2 1)) da
— ld P . 2
(4.39) = —§£HV m (T3 )| 720 -
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By introducing the relation (4.39) in (4.38)), we obtain:

O, (z; 1) ||2
1| |2t

+ ||V‘I’m($§t)||2L2(Q)]

L2(Q)
440)  +(p+1) /Q [0, )] B £) 22T g / ‘aq)
m 0 aq) (
:/QD“( Ox;t); fO(z;t); uo(x),ul(x))de.

By integrating the equation (4.40) from O to ¢, we obtain:
H 0P, (x;t)
ot L2(Q)

(4.41) // (@, )] o s)aq) //‘8@ ‘d ds

= 2/ / m)m—’S)Df(uo(:U; s); fO(z; 3);u8(x);u(1)(x))dxds
0 Q 85
NP (2) 720y + IV Pom (2) 1720 -

Thus, for all ¢ €]0; T'[ we obtain:

H 0P, (x;t) 2
ot L2(Q)

// [z, 1)]"[| @ (@ )\‘W‘dxdt+2/oT/ﬂ‘W’2dxdt

+2/ /’8(1) “Dm (u®(@;); fOast); uf(2); ul () | dwdt

+ 1@ 1 (@)l[72(0) + IV Pom (@) 1720

2
+ ||V, (z; t)||L2 +2(p+1)

(4.42)

+ [V (25 t)l|72() < 200 +1)

1 1 1
Considering 3 + -+ p = 1 and applying Holder’s inequality to the term

/‘ )71 (2 )\‘%—‘dm‘ We get:

/\ P2l i0)|g,, (a:)]de

0P, (;
< 2” [(uo(x, t)]pHL”(Q) H# Q)Hq)m(.iﬁ; t)HLq(Q).

Since [(u°(z,t)]” is bounded in L™(Q2) and L*(Q2) C L9(f2) we obtain:
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2 [ [

(443) S 2025

‘]@ x;t)|dx

0P, (x; )

" @5l 20

L2(Q)
ptz 2

q =
p+1
relation (4.43)), we obtain:

0P, (x;
(4.44) < CQE’(HT) @) + ||q)m(a7§t)||L2(Q))'

Applying Holder’s and Young’s inequality to the term

, p > 0. By applying Young’s inequality to the second member of the

‘|c1> :0)|dz

Ou(
[ 1D sty £t s o)) | 2 o,
We will have:
(4.45) /D]D;”(uo(x;t);fo(x;t);ug(x)sutf(x))”a@—‘d di
1 0Py (2;1) )2
< 5 (1220w 0 st o) gy + [ 250,

By introducing the relations (4.45)) and (4.44) in (4.42) we obtain:

Ha‘bm_w
)
(4.46) +3/TH8<I>m—(a:;t) 2
0

N
@) + IV (258|720

T 0P, (x;t
<(p+ 1)c25/0 <H<I>m(x;t>\|i2<m + H#

ot
5 LQ(D)dt + | D7 (W () fO (s t); ug(2); ud (@) 12y

@1 (@) [ Z20) + IV P () [ 720 -

By adding member to member the term ||®,,(z; 75)”%2(9) to the relation (4.46), we
obtain:
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H 0P, (z,t) 2
ot L2()

+ [P (25 1) 371

T 0P, (z;t
<(p+ 1)625/ (”q)m(x%f)ﬂi%ﬂ) + H#
o

00, (z;t) |12
4.47 +3/ —_—
“wan 3 | |7

L2(D)

2
dt
L2(Q)

dt + || Dy (u (3 8); f0 (s £); ug(2); ul (2)) 12y

+ ||q)1m($)||%2(9) + ||V<I>0m(x)||%2(m + ||q)m($;t)||%2(9)‘

By setting
t (I) .
D, (x;t) = / am—(m’s)als + @,,(z;0)
0 ds
8(1) (

!d)

[P (25 6)[* < Do ()] + 2| Do (2

Applying Young’s inequality to the term |®g,,(x ”é( )

1 0D, (x; s) 2

< = 24 - ——myn T/
o)l [ |22 i < Ly, o) +2( |20t ) ,

thus

09,

- @ (]
(x;9)

ds, we obtain:

v

t . 2
0P, (x5 8) ds} .

ds
0D, (z;5) 2
0s ‘ d

”—M ('

B, (1) 2 < 2 {|<I>0m(x)]2 +t

[

Taking ¢ €]0;1[C]0; T, we have: 0 < 1 —¢ < 1, and

|, (3 1) 32[|<I>0m(x)|2+t/0 M)—’ ds } —|—2(1—t)/0t

0 0

0

I
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L10®,,(z;5) |2
Os

By integrating the equation (4.48)) over 2, we obtain:

0P,
H(I),n(:v;t)H%z(Q)SQ/Q@Dm( !dﬂf”/ (/‘ )d

(4.48) (a5 < 2| [Bun o)+

0

0D, (x; ) 2
2 < m 2 e e— .
o)y < 2o 2 [ |22
Thus, for all t €]0; T'[ we get:
T
0, (2:1) |12
. 2 2 m\+
(449)  ||0nait) §2<H<1>0m<x>\lmm+ J Lz(mdt)-
Introducing the relation (4.49) in (4.47)), we obtain:
0D, (x;t) 2 5
e
T
0, (x:1) |12
. 2 m\<L,
<t Ve [ (Bontastlf + [ Z5Z0, o

700, (1) m(.0 0 0 0 2
(4.50) +5/0 = oo B 1D (1 a52); 12 1); )8 0)

+ 2||‘I)0m(95)||%2(9) + ”(I)lm(x)H%?(Q) + HVCDOm(x)H%Q(Q)

By adding to the second member of the inequality (4.50) the following terms:
T

T
5 [ 190 ) oyt VB0 () oy and e [ 900030l

where Cog — (p + 1)C25 + 5.
By setting

cor = || D3 (w5 ); £ (@) ug(2); 0 (2)) 2y + 1P 1 (2) 1 72(0) + 20 Pom (@) | 11262

then we get:

0P, (z;1) |2 9
(4.51) |75 iy + 1 )
T
0P, (x;t) (|2
< D, (z;1)||? H—m ’ dt.
_627+C26/0 <|| (z )||H1(Q) ot LQ(Q))
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D, (z;t) 2
By setting F'(t) = Haa—(tx)

L2(Q

Gl e

T
F(t) S Co7 + 626/ F(S)dS
0

According to Gronwall’s lemma F'(t) < cg7e® Iy e, F(t) < M a.s for all t €]0; T
with M = 0276026T.

H 0P, (z;t) 2 < < 0P, (z;t)
—_— Cog => Sup ess||——= c
ot L2(Q) — > te]o;l?r[ ot L2(Q) — 2
D, (z;t
(4.52) 0% (i) ”éix ) ¢ (1071 £2())
D (230|121 < €30 = su esstbm x;t H <c
[P (3 8) |7 Q) 30 te]O;PT[ (2:1) HLU(Q) 31
(4.53) O(z;t) € L (]O;T[; Hl(Q)).

The relation (@.51I) shows that ®,(z) € HY(Q), ®1.(z) € L*Q),
D (uf(z;t); fO(x;t); ug(2);ul(x)) € L*(D); the relations (@.52) and (@.53) show
that

O, (1:t) € L® (]O;T[; Hl(Q);),

@ .
—8 m(7:) € LOO(]O;T[; LQ(Q)).
ot
Since
(4.54) | @ (2;8) || 1 (o) < 31 (independent of m),
and
@ .

(4.55) H 3m—($,t)‘ < ¢99 (independent of m),

ot H1(Q)

we deduce that ¢, = T.

Lemma 4.1. Let O be a bounded open set of R? x Ry, g, and g of functions of L?(O)
where 1 < q < oo such that: ||g,||Ls0) < C, g, = g a.sin O then g, — g weakly in
L1(O).
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Step 3: Passing to the limit. The relations and show that, when
m — o0, ®,,(z;t) remains in a bounded set of L>(]0;T'[; H'(2)) and a@ma—(:’ﬂ
remains in a bounded set L>(]0; T7[; L*(12)).

The sequence (®,,(z;t))n,>1 is bounded in L>*(]0;T'[; H*(2)) and that the Ba-
nach space being separable, consequently we can extract a subsequence
(@ (x5t))y>1 from (@, (2;1)),>1 such as: [P, (2:8)||mr0) < cs1, Pulwst) — O(x31)
in H(Q) then (®,,(z;t)),>1 — ®(z;t) weakly in L™ (]O,T[, HY()).

Moreover the sequence (M”g—f“t)) is bounded in L>(]0; T'[; L*(2)) and the
m>1

0P mu(w;t)
ot

— —aq’éf;t) in L2(2) then

space being Banach separable, therefore we can extract a subsequence <M>
>1
S Ca9,

ot
of <M> such that HM
m>1 L2(Q)

Ouleit) _, 025i0) \yeakly in L (]0 T[ L3(Q)).

According to the equation (4.36]), we consider

A HY(Q) = H Q) = A e L(HY(Q); H(Q),

D, (z;t) € L(J0; T H(Q) = AD,, (z;t) € L=(J0; T HH(Q)).

The space L>(]0;T[; H~'(f2)) being a separable Banach space, we can extract a
subsequence (A®,(z;t)) ., from (A®y,(x;t)), ., such that: [AD, (1) 5-1(e) <
ez, AP, (25t) — ACID(JJ t) in H'(Q2) then A®,(z;t) — A®(x;t) weakly in

L>(]0;T[; H'(2)), and
02D, (z;t)

ot?

+ L(J0; T L™(Q) N HY(RQ)).

€ L=((j0; T[; HH(Q)) + L=(J0; T[; L*(Q2))

In particular & T8t ¢ 120(10; [ LA(Q) + HH(Q)).

ot?

The space L™ (] ;T[; H1(Q) + L?(2)) being a separable Banach space, we can
extract a subsequence (%) of (%) such that:
p>1 m>1
2D, (w5t 2P, (x;t 2P (3t
‘ T m(t) < a3, 0 gt(f? ) — 0 a(tf’ ) dans H'(Q) + L*(),

H=1(Q)+L2(Q)

then 2 8t§ RN 82%5“ weakly in L (]0; T[; H(Q) + L*(Q)).
Also (D (u®(x;t); fO(x;t); ud(x); ul(x)) . is bounded in L?(D), we can extract

a subsequence (D (u®(w;t): fO(x;t);ug(x);uf(w)) of (D (u®(w;t); fO(w;t); ug();
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u?(z)) such that:
D (a5 1); £ £)s u()s wd()) = Dy (u(a:1); £ £); u(); ud()) .
and strong in L*(D). Since m being fixed for m = p and multiplying the equation
by w; € V,,,. We get:

<%§Wi) — (AD,(z;t);w;) — (%;%)

+ (14 ) [’ (z; )] Dy (5 8);w5) = (Dl (u (25 8); £0(a58); up(2); wf () ;wi),

fori=1,--- ,m. Passing to the limit, we get:
*P(x;t) L OP(r;t) 0 e N1PD (- 1)
(T,wi) — (A@(:p,t),wi) — ( By ,wi> + ((1 + p)[u’(z;t)] (ID(:E,t),wi)

- (Du(uo(x;t);fo(x;t);ug(x);u(l](x));wi).
V,, being dense in H'(2), so for all v € H'(2), w; — v when i — oo,

(Z0.) ey (0

(L o)l )P0 );0) = (Du(u (i t): £ ) ()i (@) ).

i L S

= D (w5 ); /(w3 ); g (2); ) (2))),

for all v € H'(1). Check that 221

(4.56) — AD(z;t)

= &y (x) and O(z;1)
t=0

= Py(x).

t=0

Definition 4.2. We call distributional solution of the problem (4.36)-(4.36), any
function
®,(z;t) € L2(J0; T H'(Q2))

equal to Oy, (z) for all t = 0 and satisfies the following integral equality:

/Q<q>om(:c)—@lm(x;t))\lf(x;O)der/D(<Vq>m(x;t);vpsi(x;t)>

+ D, (; t)aqjg? ) + (p+ 1) [u(z; t)}pém(x; O (x;t)

_ 0Pp(n, 1) OV (a3 t)
ot ot

) dwdt
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[ o (s sl ) sy
D
for all U(x;t) € L>(]0; T[; H' (X)), whose trace for t = T is equal to 0.

Since (P, (x))m>1 is bounded in H'(2), we can extract a subsequence (P, (x)),>1
of (Pgn(x))m>1 such that: g,(z) — Po(z) in H(Q). Similarly (P, (x))m>1 is
bounded in L*(2), we can extract a subsequence (®1,,(z)),>1 of (®1,,(2))m>1 such
that:

®y,(z) = @ (z)in L ().
Multiply the equation (4.56) by ¥(z;¢) and integrate over |0; T[:
0P, (z;t)

5 (zst)+ (14 p)

/0 <aq)gb—t<2x’t)qj($vt) — AD,, (z; 1)U (z;t) —

[u® (s )] D (5 1) (o t)>dt = /0 Dy (u® (s t); fO(a58); ug(2); wl) () ) U (s ) dt.

With m being fixed for m = u, we get:

T 0P, (x;t) OV (x;1) T
_/0 o ot dt_/o A, (z;t)W(z;t)dt

+/0 (1—I—p)[uo(x;t)]ptb(x;t)\ll(x;t)dt—/0 %.W(x;t)dt
= [ Doty £t e ) Wiyt + P w0,

Passing to the limit, we get:

_/T 0D (x;t) OV (z;t)
o Ot ot

at + / (1 + p) [ (3 )P D (s )W (5 )

T 0d(x;t)

(4.57) —/TAé[)(x;t)\If(x;t)dtJr—/ 5D (st
- / Du(u (a3 ; 42 ); d(); wd(@) ¥ (3 )t + 225 w(50),

On the other hand, by multiplying the equation (4.56) by ¥(z;¢) and integrating
over |0; T'[ we will have:

_/T oV (x;t) OV (x;t)
0 o ot

dt + /OT(l + p)[ul(z; )] (z; 1)V (; t)dt
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T T .
(4.58) —/ A@(x;t)\lf(x;t)dt—/ aq)(m7t).‘lf(x;t)dt
0 0 ot

:/0 Do (a3 £); f(a; £);18(@); 0 (2)) U (a; €t + By () U (3 0).

By subtracting (4.57) and (4.58), we get:
<0<I>(x; 0) 0®(x;0)  0P(x;t)
ot oo ot
because ¥(z;0) # 0. Multiply the equation by W¥(x;t) and integrate over
10; 7.

T 52 . T T .
/ TOnlTi) s )t — / A, (1) (a 1)t + / o, () 22 gy

. <I>1(x)>\ll(x; 0)=0=

= (I)l (.13)

t=0

+ / (14 )00 £)]P 3 )W (5 )t = — By (5 0) W ()

T
+/ D (u®(; 1); f0 (5 0); ug (@) uf () W (a5 £ dt.
0
m being fixed, for m = u we will have:

T a2 . T T :
/ aq)”—(x’t).\ll(x;t)dt—/ A@u(x;t)\ll(x;t)dt—/ @M(x;t)alp(x’t)dt

+ [ P st o )0 s )t = 8, 030) (0

T
+/ D (™ (w5 £); (5 4); ug(); uq () W (s t)dt.
0
Passing to the limit, we get:

T 92 . T T .
/M.\If(x;t)dt—/ A(I)(:c;t)\ll(a;;t)dt+/ oz 1) 22T gy

(4.59) + /DT(l + p)[u’(z; 1)) P (z; )V (2; t)dt

= —®(z; 0)‘1’($;0)+/0 Dy (u® (s t); fO(w5t); ug(w); uf () ) U (s ) dt.
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By multiplying the equation (4.55) by W(x;t) and integrating over |0 : T[; we

obtain:
T 92 . T T .
/ w.\b(w;t)dt—/ ACI)(x;t)\I/(a:;t)dtJr/ oz ) 22X 4y
0 0 0

ot? ot

(4.60) + /OT ((1 + p)[uo(;p;t)]PCI)(x;t)\I/(x;t)>dt

:/0 (Do (u® (25 1); fO(25t); ug(2); ul () U (2 t)dt — Po(z) W (x;0).

By subtracting (4.59) and (4.60), we get
(®(;0) — Bo(x)) ¥ (20) = 0 = B(a; t)} — ®y(x) car U(x;0) # 0,
t=0
Hence ®(x;t) is the solution of the problem (4.15)-(4.15) with the initial condi-
tions:
P(w;1) J1=0= Po(z)
and
0D (x;t)
ot

|i=0= ®1 ().

4.2. Uniqueness solution of the conjugate problem.

Theorem 4.3. Let (D, (u’(z;t); f(x; t); uf(z); ul(z)) € L*(D),uo(z) € H'(Q), ui(z) €
L?(Q) of the given functions. Then the solution ®(x;t) obtained in theorem (4.15)-
(4.15) is unique.

Proof. Let ®(x;t) and V(z;t) be two solutions to the problem (4.15)-(4.15). Then
the function v(x;t) = ®(z;t) — ¥(x;t) checks for the following problem:

([ O%y(x:t x;
—73(75 S0 Aty + 0G0 4 (o 4 1) (s )]y (1) = 0
&ygx; 2 =0;2 €2
46D 3 t_t =
N _ppeq
ot li=o
Ov(z;)
L on  laa 0;t €)0; T
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By multiplying the equation (4.61)) by 87 i t ) and integrating over ), we obtain:
0%y(x; ) A O(@st) ) Oy(wst) 2
(462 J (g - s TS - |7
oy(x;t
+ (o DA t))%)dx.
0? (:ct)afyxt 8fya:t
(4.63) /Q ot? T 2dt H L2(Q)'
According to Green’s formula
0y(z;t) 1d
(4.64) | 3y = LV st oy
By introducing the relations (4.64) and (4.63) in (4.62)), we obtain:
0y(z;t) 87 x;t)
2dt {H L2(Q) +IVy(e:t) HLQ(Q] ” L2(0)
0 6’7(1’, t)
(4.65) < (,0+ D) [u® (@3 8)]° |y (s t)] x Y dx.

Considering 2 3 + + 1 — 1 where ¢ = 22 +1’ q > 0 and applying Holder’s inequality
to the second member of the relation (4.65]), we obtain:

/Q((p+1)}[u°(x;t>]p\|7(x;t)|)‘375;?”‘dm

a'yxt)

(4.66) < (p+ Dl Dll oo |3 0 ey % | 25

L3(Q)
Moreover [u°(z;t)]* is bounded in L"(Q) and that L*(Q)) C Lq(Q).
The relation becomes:

o+ [ Hu0<x;t>mw<x;t>r\a”f,jf;; 2ir

87

(4.67) < esaly (@i )| 2o H

LQ(Q)'

By applying Young’s inequality to the second member of the relation (4.67), we

will have: o
2(P+1)/Q|[u0(x;t)]p\|7( |) th ‘
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Oy(z;t) 2
68 < / H | .
(468) cu (IOl + o)
By introducing the relation (4.68)) in (4.65]), we obtain:
Oy(x;t) |2 5 | 0(z; t)
it %‘
| B ST o
0y(x; t)
. < 2 .
(4.69) 634<||7(93 Oleer + [,
By integrating from O to ¢ the relation |b , we obtain:
%xt 2 o2
[ H@+WM%NHQ—W%MWHQ
Oy(x; s) t :5) ]2
w0 1T, s [ (ot + |2 Lo
Since v(z;0) = 0, in partlcular V7(z;0) = 0. Thus, the relation (4.70) becomes:
37 x;t) ) Ll10y(z; 8) )12
it -2 —_ d
|75y + 19 ey =2 TG
t ) 2
(4.71) < e3y x/ (Hw(x s)||L2 + H (93 L2(Q)>ds.
By adding the term ||v(z;¢)3. oy member to member of the relation (4.71), we
obtain:
37 9 L0y (s 8) |12
0t 1 -2
|52y ey =2 [ 2

(4.72) g@/@mxs

By setting v(z;t) = [1 67 (=it) 4s, by squaring both sides and by applying Hélder’s

oy I s>r|%z(m)ds ) e

inequality in its second member, we obtain:

t . 2
(4.73) Iy(z;)]* < t/ &2’3)‘ ds.
0
By integrating the relation (4.73) over ), we obtain:
9y (x;s)?
. 2 )
(474) ”’}’(I’,t)||L2(Q) <t ; Js 12() S
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Taking ¢ €]0;1[C]0; T[we have 0 <1 —1¢ < 1,

b oy(x; 0(
e <t [ [P0 asra-n [P o
£\ (e
@75) |0l < [ [T5 d
By introducing the relation (4.75) in (4.72), we get:
|20+ Ol
(4.76) < cy / (H%‘Zs o !Iv(x;s>||%2<m>ds+3 Ot %ﬁjs) ;(Q)

t
By adding the terms ¢35 [, | Vy(; 5) 1725, 3 / I7(2; 1) ||72 (0 in the second mem-
0
ber of the relation and setting c35 = C34 + 3, We get:

c%yxt
| mmm@@

L2()

(4.77) §c35/ (Ha7 v o

For all ¢ €]0; T'[ the relation (4.77) becomes

+mmw%@ys

87 (x;t) T 10vy(x;8) )12 5
[0+ 0 < s [ (25220, + It B ) s
2
According to Gronwall’s lemma (|22 - + (@ )fn < 0asforallt e

L2(Q
10; T'[ we have
) _
ot = yzt)=0 &  B(x;t) = V(a;t).
y(x;t) =0
Hence the solution ®(z;t) of the problem (4.15)-(4.15) is unique. 0

The solution ®(z;t) of the problem (4.15)-(4.15) being unique, therefore the
final increment of the functional J at the point (f°(x;¢), u)(z),u(z)) becomes:

AJT(fO(z;t), ug(x), uf(z))
:/D[Df(fo(a:;t),ug(:v),u?(w))+‘D($;t))5f
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+ Doy (f (1) ug(2); uf (2)) + B(230))dug
+ (Do, (f° (3 ), ug(x); uf (2)) + (2 0))dus | dadt
+ 0(llf |22y + 16uol| (@) + 10w ]| r2(e))-
Consider the following Hamiltonian functions:
HY (u(xs;t); fz;); ug(x); uy (z); ®(; 1))
= D(u(x;1); f(x;t) s uo(a);ua(x)) + O(x;1) f(a;),

H® (u(z;1); f(25t);u0(2); ui (2); @(230))
~ Dlute, 0 (o s ua(a)sun(e)) + 7 [ @si0puo(a)ar
H® (u(a;t), fla;t), uo(x); ur(z); D(x;0)

= D(u(x;t); f(z;t);up(x); us(z)) + %/0 O (z;0)uq (x)dt.

On the one hand the increment of the functional .J at the point (f°(z; t)ud(z); ud(x))
is written:

AJT(fO(x;t); ug(z); ul(z))

(1)

(u® (w3 1); fO (3 1) ug(2); g (2); @ (w3 0))dug

OH®
Uo
OH®
+ 8u1

+ 016 fl 20y + 10uo |l @) + [[0ur] 22 ()

(u® (5 1); fO(251); ud(w); ud(x); @(x,0)) x Suy |dadt

On the other hand the increment of the functional J at the point (f°(x;t); ud(z);
u?(x)) is written as follows:

AJT(fO(x;t); ug(z); ul(z))
= Jp(fO(z; t); ug(); wd (@))8 f + Juo (f° (5 1); ug(x); uf () dug
+ Juy (fO (s 8); 09 (x); ul () dur 4+ O(|6f 1| 2y + 16uoll ) + 16w r2(0))-
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Hence the functional J is differentiable at the point (f°(z;t);u](x);ul(z)) in the
sense of Fréchet relative the variables f(z;t), uo(x), ui(x) and its partial derivatives
at the point (f°(x;t); ud(z); ud(x)) are written as follows:

oHW
p Of

(2)
T (P03 £); w0 () = /D on

8u0

Jr(f0 (s t); ug(2); uf (x)) = (u® (2 t); O (3 ); ug(2); uf (2); ®(x; t))dadt

(u®(w;); fO(as5); ug(w); ui (x); @ (a3 0))dadt

3)
(1 o) o)) = | a0 ) o) o)s O 0))
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