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FIXED POINT THEOREMS ON CONVEX Sz-METRIC SPACE

S.0. Ayodele', O.K. Adewale?, B.E. Oyelade®, V.O. Adeyemi?, E.E. Aribike ®, S.A. Rajif,
and G.A. Adewale”

ABSTRACT. In this paper, we introduce an extension of S,-metric space called
the convex S,-metric space, in which we establish and prove some fixed point
theorems for a self-map defined on such spaces. we also prove some fixed point
results on the topology of the S,-metric space. Examples are given to establish the
validity, applicability, and originality of our work.

1. INTRODUCTION

The Polish Mathematician S. Banach [9] in 1922, proved a theorem that estab-
lished the existence and uniqueness of a fixed point given necessary conditions.
His theorem provides a method for solving many Applied problems in mathe-
matics, Mathematical sciences, Economics, Engineering, and Optimization. Since
its inception, many authors and researchers have extended, generalized, unified,
modified, and improved on Banach’s fixed point theorem in many ways. (see
for example [30, 31]). Czerwick [12], extended the Banach contraction princi-
ple (BCP) and its generalizations under many contractions [1-25, 27-31]. Refer-
ences [26,32,33], show that several authors have investigated the S-metric and
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Sp-metric spaces by generalizing several results concerning the existence of fixed
points. Nizar and Nabil [26], first introduced the S-metric space based on the
work of Bakhtin in [10] which is an expansion of b-metric space and later proved
some fixed point results under different types of contractions in a complete S,-
metric space. In this work, we introduce the concept of convexity on S,-metric
space through the convex structure. We establish and prove many fixed point
theorems.
In[32], Sedghi et al. introduced the notion of an S-metric space as follows:

Definition 1.1. Let X be a non-empty set and Sy : X3 — R¥,a function satisfying
the following properties:
(1) Sx(z,y,z)=0,if andonly if, x =y = z;
(1) Sa(z,y,2) < Sa(z,x,a) + Sx(y,y,a) + Sx(z,2,a) for all a,z,y,z € X (rec-
tangle inequality).

Then, S, is a metric on X and (X, S)) is called a S-metric space.

Below is the definition of S,-metric spaces, a generalization of both S-metric
space and S,-metric spaces.

Definition 1.2. Let X be a non-empty set and S, : X* — R, with a strictly in-
creasing continuous function, 3 : [0, 00) — [0.00) such that 5(t) > t for all t > 0 and
B(0) = 0, satisfying the following properties:
(@) Sax(z,y,z) =0, if andonly if, xt =y = z;
(1)) Sa(z,y,2) < B(Si(x,x,a) + Sx(y,y,a) + S\(z,z,a)) for all a,x.y,z € X
(rectangle inequality).

Then, Sy is a metric on X and (X, S,) is an S, metric space.

Remark 1.1.

(1) If B(z) = =, S,-metric space reduces to S-metric space.
(73) If B(z) = bz, S,-metric space reduces to Sy-metric space.

2. MAIN RESULTS

Definition 2.1. Let (X, S,) be S, metric space and « +  + v = 1. A mapping
P : X3 x[0,1] x [0,1] x [0,1] — X is said to be a convex structure on X if for each
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(2,920, 8,7) € X* % [0,1] x [0,1] x [0, 1] and u,v € X,
(2]—) Sb(ua U, q)(xa Y, z, &, B: 7)) < CKS],(U, U, .CI?) + ﬂSb(u, U, y) + VSb(ua v, Z)'
Lemma 2.1. Let (X, Sy, ®) be a convex Sy-metric space, then the following statements
hold:

(Z) Sb l’,y,l’) S bSb(y,y,x), Sb(?/,ZL‘,QT) S bSb(ZJ,y,Jf) & Sb(fE,fL’,y) S bSb(y,y,x)

(
(@) Sp(z, 2, ®(2,y,y,0,8,7)) + Sp(y,y, ®(z,y,y, 2, 5,7)) < Sp(z,7,9)
(ii1) Sp(z,z, (2, y,y, 0, B,7)) = (B +7)Ss(z, z,y)
Gv) Sp(y,y, ®(z,y,y,a,6,7)) = aSy(y,y, z)
W) Sp(w,y, @(2,y,y,, B,7)) < bla+ 28+ 27)Sy(y,y, v)
Proof.
@) Sp(x,y,z) < b[Sp(z,7,2) + Sp(y,y, x) + Sp(z, 7, 2)] = bSy(y,y, v)
Sb(ya ZL‘,.I’) S b[Sb(yayv l’) + Sb<l',$, l’) + Sb(l',I, ZL’)] = bSb(ya y,$)
Sb(l’, x,y) S b[Sb(!E',[L’,QS’) + Sb(llf,l',l’) + Sb(yaya IL‘)] = bSb(ya ya'x)

(1) Let ¢, = Sp(z, z, ®(x,y,y, v, 8,7)) and ¢, = Sy(y,y, ®(z,y,y,a, 5,7)), then
< aSy(x,z,x) + BSp(x, x,y) + ySp(z, z,Y)
+aSy(y, ¥, ) + BS(Y, ¥, y) + 1S6(Y, ¥, y)
= BS(x,2,y) +vS(x, 2, y) + aSy(y, y, x)
< BSy(z,x,y) + vS(x, 2, y) + aS(z, . y)
= (a+B+7)S(z,2,y).
= Sp(z,x,y)
(iid)
Sp(z,z, ®(x,y,y, 0, 8,7)) = aSy(z,z,x)+ BSy(x,z,y) + 7S (z, x,y)
= BS(z,z,y) +7S(z, z,y)
= (B+7)5%(z,z,y).
(iv)
So(y,y, ®(2,y,y, 2, B,7)) = aSy(y,y,x) + BSs(Y, ¥, y) + 15y, ¥, y)
= aSy(y,y,x).
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(v)

Sb(x> Y, (I)($, Y, y, o, 57 7))

IN

&Sb(xa Y, l’) + 68{,(%, Y, y) + fySb(']% Y, y)
< aSy(x,z,y) + BSe(x,y,y) + 1S(z,y,y)
< bla+26+27)S(y, y, ).

A

O

Definition 2.2. Let (X, S,, ®) be a convex Sy-metric space. For y € X, r > 0, the
convex Sy-sphere with centre y and radius r is

Se(y) = {2 € X : Sy(2,2,®(y, 2, 2,0, 8,7)) <r}.

Definition 2.3. Let (X, S,, ®) be a convex S,-metric space. A sequence {x,} C X is
convex Sy-convergent to z if the limit of Sy(z,, z, ®(z, 2, 2, «, 3,7)) tends to zero as n

tends to infinity.

Definition 2.4. Let (X, S,, ®) be a convex Sy-metric space. A sequence {x,} C X is
said to be a convex S,-Cauchy sequence if the limit of Sy(x,, Ty, ®(x;, 1, 21, 0, 5,7))
tends to zero as n,m, ! tends to infinity.

Example 1. Let X = R and S, be defined by
Sb(.flT,y,(I)(Z,Z,Z,Oé,ﬂ,'}/)) = CY‘2.I' - (y + Z)’ +B’2y - (Z +£L’)| +’7|22 - ('CE +y)‘7

then (X, S) is a convex S,-metric space.

Verification:
(i) f x = y = 2, then Sy(x, z, ®(x, 2,2, , B,7)) = |2z — (v +2)| + ]2z — (v +
z)|+722—(z+2)| = (a+F+7) 22— (x+2)| = 1 x|2x—22| = 0. Conversely,
if Sp(z,y, ®(2,2,2,a,8,7)) = 0, then a2z — (y + 2)| + B2y — (= + x)| +
7|2z = (x 4+ y)| = 0 which implies «|22 — (y + 2)| =0, 5|2y — (z + z)| = 0
and |2z — (z + y)| = 0. Hence, solving simultaneously, z = y = z.
(11) We are required to show that:

Sb(xa Y, (I)(Zv Zy 2,0, ﬁ> 7))

IN

b[Sb<:U7 xz, (I)(&, a,a, o, 57 7))
+ Sb(y; Y, q)(a’a a, a, o, 67 7))
+ Sb(Z,Z,(I)(CL,a,CL,OQﬁ,’Y))]
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(2.2) Sp(z,y,®(2,2, 2,2, 6,7)) = a2z — (y+2)| + 8|2y — (2 + 2)[ + 7|22 — (v +p)|
(2.3) Sp(z,z,P(a,a,a,,B,7)) = a2z — (z+a)|+ B2z — (a+ )| +v]2a — (z+ )|
@4 So(y,y, (a,a,a,0,5,7)) = a2y = (y +a)| + B2y = (a+y) [+ 7[2a = (y +y)|

(2.5) Sp(z,2,P(a,a,a,a,8,7)) = |2z — (2 +a)| + B[22 — (a + )| + 7|2a — (2 + 2)|

Expressions (2.7), (2.8), (2.9) and (2.10) imply (2.6) for all z,y, z,a € X
and b > 1.

Theorem 2.1. Let X be a complete convex Sy,-metric space and T : X — X a map for
which there exist the real number, a satisfying 0 < k < 1 such that for all z,y € X,

(2.6) Sp(Tx, Ty, ®(Tz,Tz,Tz,,5,7)) < kSp(x,y, ®(2, 2, 2,0, 5,7)).

Then T has a unique fixed point.

Proof. Suppose T satisfies condition (2.6) and z, € X be an arbitrary point and
define a sequence z,, by z,, = T"x, then
Sp(Tns Tni1, (Tni1, Tryrs Tngr, @, 5,7))

= So(Txy_1,Tx,, ®(Txy, Ty, Ty, ) 5,7))

< kSy(Tn_1, Tn, P(x0, Tn, Tn, @, 5,7))

= kaSy(zp_1,Tn, Tn) + kBSy(Tn_1, Tn, Tn) + kYSp(Tn_1, Tn, Tp)

= k(o + B+ 7)S(zn-1, Zn, Tn)

= kSy(Tp_1,Tn, Tpn).

Also,

Sp(Tn, Tng1, P(Tpg1s Try1, Tngr, @, 5,7))
= OéSb(Z'n, Tnii, xn+1> + ﬁSb(xn, Tnii, l’n+1)"}/Sb(l'n, Tnti, anrl)
= (O[ + /8 + V)Sb(ah% xn+17 .Tn+1)

- Sb(xru Tp+1, xn—l—l)-
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Then, (2.7) and (2.8) implies

Sb(xnaxn+17$n+1) S ka(mnflaxnwrn) S ]{,'255(]7”,2,(%”,1,%”,1)

< /C3Sb(l’n73, Tp—2, xan)

VAN

k" Sy(xo, 1, T1).

Taking the limit of Sy(x,,, Zni1, P(Tpi1, Tni1, Tni1, @, B,7)) as n — oo, we have
(2.7) 711220 Sp(Tny Toa1, P(Tpa1, Tnat, Tons1, a, B,7)) = 711;120 k" Sy (o, x1,21) = 0.
Using (ii) of Definition 2.1 repeatedly with n < m < [, we obtain:

(2.8) Hm Sy (2, T, ®(21, 21, 20, @, B,7)) = 0.

n,m,l—oo

So, {z,} is a convex S,-Cauchy Sequence.
By completeness of (X,S;), there exist z, € X such that z, is convex Sj-
convergent to x,. Suppose T'x, # x,

(2'9) Sb(l‘n; T‘/EO’ Q)(Tm07 TmO) TmO? a) /6? 7)) S ka('Tn—17 ZL’O? @(LL‘O’ x07 xO? a) /67 7))'

Taking the limit as n — oo and using the fact that function is convex S,-continuous
in its variables, we get

(2'10) Sb<mO7TxO7®(TxO7T'IO7 Tmo? a’ /67 ’Y)) S k:Sb<m07xO’®($O’ xo? m07 a) 577))'
Hence,
(2.11) Sp(To, Txo, ®(Tx0, Ty, Txo, v, f,7)) < 0.

This is a contradiction. So, Tz, = z,.
To show the uniqueness, suppose x; # - is such that Tz; = x; and Txy = x5
then

(2.12) Sp(Txy, Txo, ®(Txo, Txo, Txo, 0, 5,7)) < kSp(x1, T2, P22, T2, T2, v, 5,7)).
Since Tz, = x; and Tz = x5, we have
(2.13) Sp(21, T2, P(x2, T, T2, v, B,7)) <0,

which implies that x; = 5. O



FIXED POINT THEOREMS ON CONVEX S 5-METRIC SPACE 129

Remark 2.1. Convex S, metric space is an extension of S, metric space. This will
probably extend application in real life.

Corollary 2.1. Let (X, S,) be a convex S, metric space, for all x,y, z,a € X. Then,

(D) Sp(z,y, (2,2,2,0,8,7)) =0 <= v =y =2
(ZZ) Sb(xay7q)(z7zvzuaa677)) S Sb(x)x7®(a7a7a7a7/37/y))+
Sb(yay7q>(aaa'7aaaa/67’7)) +Sb(Z,Z,(P(CL7(I,CL,O[7/B,’Y)).

Proof.

(@) If Sp(z,y, ®(2, 2,2, B,7)) = 0, then
CYSb(‘Tj?/, Z) + BSb(‘T’ Y, Z) + ’YSb('Ia Y, Z) = Oa

which implies (a + 5 + 7)S,(z,y, z) = 0, and further S,(x,y, z) = 0.

Conversely, if + = y = z, then, Sy(z,y, z) = 0 (Since (X, S,) is S, metric
space) and Sy(x,y,z) = 0. This implies (a + 5 + 7)Sy(z,y,2) = 0, and
further aSy(z, y, z) + BSu(x,y, 2) + vSu(x,y, z) = 0. Hence,

Sb(%%‘ﬂ%%%%ﬁﬁ)) =0.
(#1)
Sb(x7y7 @(Z,Z,Z,O{,B?’)/» = aSb($7y7 Z) + 55},(.@,?/, Z) +75b(xaya Z)

= (a+6+’y)5b(a:,y,z)
= Sb(xvywz)'

Sb(m,x,q)(a,a,a,a,ﬁ,’y)) = OéSb(.’ﬂ,LL',CZ) + ﬁSb<£L',$,CL) + P)/Sb<x7$aa>
= (a+B+7)S(z,7,q)

= Sp(z,x,a).

Sb<y7 Y, (I)<a7 a,a, o, B? 7)) = aSb<y7 Y, a) + BSb<x7 xz, Cl) + PYSb(ya Y, a)
= (Oé—i—ﬁ—i—’}/)sb(l’,l’,a)
— Sb(yayva)'
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Sp(z, 2, ®(a,a,a,a,8,7)) = aSy(z,2,a)+ BSy(z,2z,a) +vSy(z, 2, a)
= (a+B+7)5%(z,2,a)
= Sz, z,a).
Expressions (2.17), (2.18), (2.19) and (2.20) imply
Sp(x, Y, (2,2, 2,0, B,7)) < Sp(z, 2, P(a,a,a,0, 8,7))
+5(y,y, ®(a, a, 0,0, 6,7))
+ Su(z, 2, ®(a,a,a,a, B,7)).

Theorem 2.2. Let X be a complete convex Sy-metric spaceand T : X — X a map for
which there exist the real number, k satisfying 0 < k < 3 such that for all z,y € X,

Sp(Tx, Ty, (T2, T2, Tz, ,8,7)) < k[Sy(x,Tz,®(Tx, Tx, Tz, a,,7))
+ So(y. Ty, @(Ty, Ty. Ty, o, 5,7))]-

Then T has a unique fixed point.

Proof. Suppose T satisfies condition (2.21) and z, € X be an arbitrary point and
define a sequence z,, by z,, = T"x, then

Sb(-rm Tn+1, (I)(xn—i-la Tn41y Tn+1, &, ﬁa P)/))

Sp(Txn—1,Txp, ®(Txn, T, T, v, 5,7))

IA

k[Sb(xnu Tn+1, (I)(xn+17 Tn41) Tp+1, &, 57 ’}/))

+

Sb(xn—lv xna (P<ITL7 xn; x?’w Oé, /67 7))]

k[Sb(xn—la L, xn) + Sb(xm Ln+1, xn—i—l)]
k

- Sb(.’,fn_l,ﬂ?n,xn).

1—k

Setting a = £, we have

(214) Sb(l’n, Tn+1, (I)(xn—i-h Tp+1, Tpt1, O 67 7)) - asb('rn—h Ty In)
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Sp(Tn, Tpi1, P(Tni1, Tng1, Tyt @, B,7))
= aSy(Tn, Tny1; Tnt1) + BSp(Tn, Tnt1, Tng1) VS (T Tng1; Tngr)
= (a+B+7)S%(Tn, Tnt1, Tnt1)
= Sp(Tn, Tyt Tny1)-

Expressions (2.23) and (2.24) imply

Sp(Ts Tt Tng1) < aSy(Tn_1, T, T0) < a2 Sy(T 9, Tn1, Tn_1)

< a?’Sb(a:nfg, Tp—2, $n72)

IN

a”Sy(xo, T1, 7).

Taking the limit of Sy(x,,, ni1, P(Tpi1, Tni1, Tni1, @, B,7)) @S n — oo, we have
(2.15) nll_)rlolo So(Tny Tt P(Tnat1, Tnyt, Tnat, @, 5,7)) = nll_>Holo a"Sy(xo, x1,21) = 0.
Using (ii) of Definition 2.1 repeatedly with n < m < [, we obtain:

(216) lim Sb('rnvxrrw(I)(xluxl7xl7a7ﬁ77>) = 0.

n,m,l—oo

So, {z,} is a convex S,-Cauchy Sequence.
By completeness of ), there exist z, € X such that z,, is convex S,-convergent to
x,. Suppose Tz, # x,

Sb('rnaTxoa (P(Txoﬂ T'IO’ Txo? a? /87 /Y)) S k[Sb(In—laxnaq)(xn7xn7xn7 a? /87,}/))
+ So(2o, T, P(Two, Two, Two, v, B,7))].

Taking the limit as n — oo and using the fact that function is convex S,-continuous
in its variables, we get

(2.17)  Sp(wo, T, (T, Ty, Tx0, v, B,7)) < 2kSy(x0, To, P(x0, To, To, , B,77))-
Hence,
(2.18) Sp(zo, T, ®(Txy, Txo, Tx0, v, 5,7)) < 0.

This is a contradiction. So, Tz, = x,.
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To show the uniqueness, suppose x; # x5 is such that Tx; = x; and Txy = x9
then

Sp(Txq, Txe, ®(Tae, Txe, Txo, a0, B,7)) < k[Sy(x1, Txy, ®(Tay, Txy, Ty, 0, 5,7))
+ Sp(we, Txo, ®(Txo, Txe, Txa, v, B,7))].

Since Tz, = x; and T'zy = 2, we have

(2.19) Sp(x1, X2, P(X2, T2, 22, 0, 5,7)). < 0.

which implies that z; = . O

Theorem 2.3. Let X be a complete convex S,-metric space and T : X — X a map for
which there exist the real number, k satisfying 0 < k < % such that for all z,y € X,

Sp(Tx, Ty, ®(T2,T2,Tz, 0, 8,7)) < k[Sp(x, Tz, ®(Tx,Tx, Tz, a,f,7))

+ Sb(y7 Tya (I)(Tya Ty7 Ty7 «, 57 7))
+ Sp(z, T2, ®(T2,Tz, Tz «,B,7))].

Then T has a unique fixed point.

Proof. Suppose T satisfies condition (2.31) and z, € X be an arbitrary point and
define a sequence z,, by z,, = T"x, then

Sb Tpy Tn41, (xn-i-la Tn+1, Tnt1, &, 57 7))

(

Sp(Tap—1, Ty, ®(Txpn, Tapn, Tapn, v, 5,7))
2k|
Si(

IN

Sb(l‘n, Tp+1, (I)<xn+1; Tn+1y Lpt1y O, ﬁ: 7))

+

.Tn I;xn; (l’n,l'n,l’n,a,ﬁ,’y))]

k[QSb(xn—la L, xn) + Sb(xn’ Tn+1, xn—&-l)]
k

- 1 _stb(xn—laxn7xn)-

k

55> We have

Setting a =

(220) Sb(xna Tn+1, (I)<In+17 Tp+1s Tp+1, A Bv 7)) - aSb<In—17 Ty xn)a
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Sb(xna Tn41, (I)(mn-‘rla Tn+1, Tnta, &, /Bv ’7))
= OZSb(iL‘n, Tn+41, xn—&—l) + B’Sb(xna Tn+1, $n+1)75b($m Ln+1, CUn—i—l)
= (O‘ + B+ ’Y)Sb(mm Tp+1, xn-i-l)
= Sb(l'n, Tn+1, anrl)-

Expressions (2.33) and (2.34) imply

Sp(Ts Tt Tng1) < aSy(Tn_1, T, T0) < a2 Sy(T 9, Tn1, Tn_1)

< a?’Sb(a:nfg, Tp—2, $n72)

IN

a”Sy(xo, T1, 7).

Taking the limit of Sy(x,,, ni1, P(Tpi1, Tni1, Tni1, @, B,7)) @S n — oo, we have
(2.21) nll_)rlolo So(Tny Tt P(Tnat1, Tnyt, Tnat, @, 5,7)) = nll_>Holo a"Sy(xo, x1,21) = 0.
Using (ii) of Definition 2.1 repeatedly with n < m < [, we obtain:

(222) lim Sb('rnyxm7(I)('rluxlyxboﬁﬁvf)/)) = 0.

n,m,l—oo

So, {z,} is a convex S,-Cauchy Sequence. By completeness of (X, .S), there exist
x, € X such that z,, is convex S,-convergent to x,. Suppose Tz, # z,,

Sp(Tn, Txo, ®(Txo, Ty, T, a0, B,7)) < k[Sp(n_1,Zn, ®(Tn, Tpn, Tn, a, 5,7))
+  2Sy(x0, Txo, ®(Txy, T, Tz, v, 5,7))].

Taking the limit as n — oo and using the fact that function is convex S,-continuous
in its variables, we get

(223) Sb(flfg, TJZO, CI)(Txm Txm Tl‘o, «, Ba '7)) S 3ka(Ioa Lo, CI)(ZL‘O, Loy, Lo, &, ﬂa '7))
Hence,
(2.24) Sp(To, Txo, ®(Tx0, Ty, Tx0, v, f,7)) < 0.

This is a contradiction. So, Tz, = z,.
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To show the uniqueness, suppose x; # x5 is such that Tx; = x; and Txy = x9
then

Sb(TxlaTx27CI)(TSC%TJ?Z;TSU%O"ﬁa/V)) < k[Sb(mlvTxh(I)(TxlvTxlvTx17O‘7ﬁ77))
+ 25y(z2, Two, ®(Txe, Txe, Txs, v, 5,7))].

Since Tz, = x; and T'zy = 2, we have
(2.25) Sp(x1, T2, (22, 22, T2, v, B,7)). <0,

which implies that z; = . O

Theorem 2.4. Let X be a complete convex Sy-metric spaceand T : X — X a map for
which there exist the real number, k satisfying 0 < k < 1 such that for all z,y € X,

Sb(T:L‘7 Ty7 q)(TZ, TZ, TZ: Q, B? 7)) S k[Sb(.r, Tya (I)(Tya Tyv Ty7 «, ﬂa 7))
+ Sy, Tx,®(Tx, Tx,Tx,,B,7))]

Then T has a unique fixed point.

Proof. Suppose T satisfies condition (2.31) and xy € X be an arbitrary point and
define a sequence z,, by z,, = T"x, then

Sb(SCn, Tn+1, CI)(anrl; Tp+1s Tpt1, &, Ba 7))

Sb(Txnfla TQ:TL? q)(Txna TQ:TL; T'rnv «, 57 fy))

< k[Sb(xn—h%H,@($n+17$n+17$n+170475;7))
+ Sb(xn) xny q)(x’ru xna xn: O{, Ba ’7))]
< k[Sy(Tn-1, Tn-1,Tn) + 25p(Tn, Tny Trgr)]-
Hence,
Sb(xna L, (I)(xn+17 Tn+1y Tp+1, A, 67 ’7)) = 1— 2]{: Sb<xn—1; Ln—1, xn)
Setting a = %, we have

(226) Sb(xna Tn, (I)<In+1; Tn+1y Tnt1, O, 57 7)) = aSb(tTn—l; Tn—1, xn)a
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Sb(l‘n, L, Cb(xn—i—l: Tp+t1, Tnta, &, 67 ’7))
- OéSb(l’n, Ln, CUn—i—l) + BSb(xna o $n+1)75b($n, i xn—&—l)
= (a—i_ﬁ_'_f)/)sb(xnaxnaxn—&-l)
= Sp(zn, Tp, Tpi1).

Expressions (2.33) and (2.34) imply

Sp(Ty Ty Try1) < aSp(Tn1, Tn1, Tn) < @2 Sy(T_9, T, Tn_1)

< agsb(xn—?)) xn737 :CTL*2)

IN

a"Sy(xo, g, T1).
Taking the limit of S,(x,,, x,, P(Tpi1, Tnt1, Tni1, ., B,7y)) as n — oo, we have

(227) lim Sb(xﬂn T, (D<xn+17 Ln+1s Tnt1, A, /87 7)) = lim ansb(x07 L0, Il) =0.
n—00 n—00

Using (ii) of Definition 2.1 repeatedly with n < m < [, we obtain:

(228) lim Sb('rnvxm7(I)(xluxl7xl7a7ﬁ77>) = 0.

n,m,l—oo

So, {z,} is a convex S,-Cauchy Sequence. By completeness of (X, .S), there exist
x, € X such that z,, is convex S,-convergent to x,. Suppose Tz, # z,,

So(Tn, Txo, ®(Tx, Ty, Ty, B,7)) < k[Sy(zn_1, T, ®(Txy, Ty, Txy,x, 3,7))
+ Sb(l’ml’n,@(l’n,l'n,l'n,a,ﬁ,’)/»]-

Taking the limit as n — oo and using the fact that function is convex S,-continuous
in its variables, we get

Sb(JJo; Txo; (I)(Txm Tmo; Txm «, B: 7))

(2.29)

<Sp(To, T, ©(Tx0, Txo, Ty, v, 5,7)).
Hence,
(2.30) Sp(To, Txo, ®(Tx0, Ty, Tx0, v, B,7)) < 0.

This is a contradiction. So, Tz, = z,.
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To show the uniqueness, suppose x; # x5 is such that Tx; = x; and Txy = x9
then

Sp(Txy, Txe, ®(Txe, Tae, Txa, a0, B,7)) < k[Sy(x1, Txe, ®(Txs, Txo, Txa, v, 5,7))
+ Sp(we, Txy, ®(Txy, Ty, Txe, 00, B,7))].

Since Tz, = x; and T'zy = 2, we have

(2.31) Sp(x1, T, D29, 29, T2, v, B,7)). <0,

which implies that z; = . O

Theorem 2.5. Let X be a complete convex S,-metric space and T : X — X a map for
which there exist the real number, k satisfying 0 < k < 1 such that for all z,y € X,

Sp(Tx, Ty, ®(T2,T2, Tz, 8,7)) < k[Sy(2, Ty, ®(Ty, Ty, Ty, cx, B,7))
+ Sp(y, Tz, ®(T2,Tz,Tz,«,[3,7))
+ Sp(z,Tx,®(Tx, Tx, Tx,a, B,7))].

Then T has a unique fixed point.

Proof. Suppose T satisfies condition (2.31) and z, € X be an arbitrary point and
define a sequence z,, by z,, = T"x, then

Sb(-xny Tn+1, (I)(xn—i-la Tn41y Tn+1, &, 67 7))

Sb(Txnfla Txn, q)(TiL‘n, T$n7 Txn; «, 67 7))

IN

k[Sb(Squ, Tn+1, q)(l’ml, Tnt1, T, O B, ’Y))

+

So(Try Trt1, P(Tpat1s Trsts Trgr, @, 5,7))]

k[Sb(xn—lu Tp—1, xn) + SSb(xna L,y In—l—l)]
k

- Sb(xn—lamn—hxn)‘

1 -3k

we have

k

Setting a = 5,

(232) Sb(xna Tn, (I)<In+1; Tn+1y Tnt1, O, 57 7)) = aSb(tTn—l; Tn—1, xn)a



FIXED POINT THEOREMS ON CONVEX S 5-METRIC SPACE 137
Sb(l‘n, L, Cb(xn—i—l: Tp+t1, Tnta, &, 67 ’7))

- OéSb(l’n, Ln, CUn—i—l) + BSb(xna o $n+1)75b($n, i xn—&—l)

= (a—i_ﬁ_'_f)/)sb(xnaxnaxn—&-l)

= Sp(zn, Tp, Tpi1).

Expressions (2.33) and (2.34) imply

Sp(Ty Ty Try1) < aSp(Tn1, Tn1, Tn) < @2 Sy(T_9, T, Tn_1)

< agsb(xn—?)) xn737 :CTL*2)

IN

a"Sy(xo, g, T1).
Taking the limit of S,(x,,, x,, P(Tpi1, Tnt1, Tni1, ., B,7y)) as n — oo, we have
(233) nhﬁrglo Sb(xny L,y (I)(xn—i-la Tni1, Tpg1, O By 7)) = nhﬁrgo anSb(J;Oa Zo, xl) = 0.

Using (ii) of Definition 2.1 repeatedly with n < m < [, we obtain:

(234) lim Sb(xn,xm,@(Z’l,l‘l,ﬂ?l,@,ﬂ,’)/)) = 0.

n,m,l—oo

So, {z,} is a convex S,-Cauchy Sequence. By completeness of (X, S), there exist
x, € X such that z,, is convex S,-convergent to x,. Suppose Tz, # x,

Sb(xn7T‘/'U07¢(TwO7T:EO7TxO7a’/B’7)) S k[Sb(xn—17T:L‘O7(P(TxO’T‘,L‘O’T'TO’a7 /87 7))
+ Sp(wo, To, ®(To, T, To, v, 3,7))
+ Sb(l'o,.’ﬂn,q)(xn,xn,xn,a,ﬁ77))]-

Taking the limit as n — oo and using the fact that function is convex S,-continuous
in its variables, we get

(1 = 2k)Sy(20, To, ®(T 0, T, To, v, B, 7))

(2.35)
< kSy(To, To, ®(To, To, To, v, ,7)).
Hence,
(2.36) Sp(To, Txo, ®(Tx0, Ty, Txo, v, f,7)) < 0.

This is a contradiction. So, Tz, = z,.
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To show the uniqueness, suppose x; # x5 is such that Tx; = x; and Txy = x9
then

Sb(Txla Tz, (I)<T3727 Txo,Txs, 0, 3, 7)) < k[5b<x17 Tz, q)(Tm% Ty, Tas, @, B, 7))
+  Sp(xe, Twg, ®(Tas, Txo, Txe, 0, 5,7))
+ Sb('r27Tx17q)(TxlaTx17Tx17a7/877)>]'

Since T'z; = x; and T'z» = x5, we have
(2.37) Sp(x1, T2, (22, X2, T2, v, B,7)). <0,

which implies that z; = . O

CONCLUSION

In conclusion, a new abstract space is introduced in this research work and some
contractive mappings are established and used to prove some fixed point results
on the newly introduced space. Examples are given to validate the originality and
applicability of our results.
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