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FIXED POINT THEOREMS ON CONVEX SB-METRIC SPACE
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and G.A. Adewale7

ABSTRACT. In this paper, we introduce an extension of Sb-metric space called
the convex Sb-metric space, in which we establish and prove some fixed point
theorems for a self-map defined on such spaces. we also prove some fixed point
results on the topology of the Sb-metric space. Examples are given to establish the
validity, applicability, and originality of our work.

1. INTRODUCTION

The Polish Mathematician S. Banach [9] in 1922, proved a theorem that estab-
lished the existence and uniqueness of a fixed point given necessary conditions.
His theorem provides a method for solving many Applied problems in mathe-
matics, Mathematical sciences, Economics, Engineering, and Optimization. Since
its inception, many authors and researchers have extended, generalized, unified,
modified, and improved on Banach’s fixed point theorem in many ways. (see
for example [30, 31]). Czerwick [12], extended the Banach contraction princi-
ple (BCP) and its generalizations under many contractions [1-25, 27-31]. Refer-
ences [26,32,33], show that several authors have investigated the S-metric and
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Sb-metric spaces by generalizing several results concerning the existence of fixed
points. Nizar and Nabil [26], first introduced the S-metric space based on the
work of Bakhtin in [10] which is an expansion of b-metric space and later proved
some fixed point results under different types of contractions in a complete Sb-
metric space. In this work, we introduce the concept of convexity on Sb-metric
space through the convex structure. We establish and prove many fixed point
theorems.

In[32], Sedghi et al. introduced the notion of an S-metric space as follows:

Definition 1.1. Let X be a non-empty set and Sλ : X3 → R+,a function satisfying
the following properties:

(i) Sλ(x, y, z) = 0, if, and only if, x = y = z;
(ii) Sλ(x, y, z) ≤ Sλ(x, x, a) + Sλ(y, y, a) + Sλ(z, z, a) for all a, x, y, z ∈ X (rec-

tangle inequality).

Then, Sλ is a metric on X and (X,Sλ) is called a S-metric space.

Below is the definition of Sp-metric spaces, a generalization of both S-metric
space and Sb-metric spaces.

Definition 1.2. Let X be a non-empty set and Sλ : X3 → R+, with a strictly in-
creasing continuous function,β : [0,∞) → [0.∞) such that β(t) ≥ t for all t > 0 and
β(0) = 0, satisfying the following properties:

(i) Sλ(x, y, z) = 0, if, and only if, x = y = z;
(ii) Sλ(x, y, z) ≤ β(Sλ(x, x, a) + Sλ(y, y, a) + Sλ(z, z, a)) for all a, x.y, z ∈ X

(rectangle inequality).

Then, Sλ is a metric on X and (X,Sλ) is an Sp metric space.

Remark 1.1.

(i) If β(z) = z, Sp-metric space reduces to S-metric space.
(ii) If β(z) = bz, Sp-metric space reduces to Sb-metric space.

2. MAIN RESULTS

Definition 2.1. Let (X,Sb) be Sb metric space and α + β + γ = 1. A mapping
Φ : X3 × [0, 1] × [0, 1] × [0, 1] → X is said to be a convex structure on X if for each



FIXED POINT THEOREMS ON CONVEX SB-METRIC SPACE 125

(x, y, z, α, β, γ) ∈ X3 × [0, 1]× [0, 1]× [0, 1] and u, v ∈ X,

(2.1) Sb(u, v,Φ(x, y, z, α, β, γ)) ≤ αSb(u, v, x) + βSb(u, v, y) + γSb(u, v, z).

Lemma 2.1. Let (X,Sb,Φ) be a convex Sb-metric space, then the following statements
hold:

(i) Sb(x, y, x) ≤ bSb(y, y, x), Sb(y, x, x) ≤ bSb(y, y, x) & Sb(x, x, y) ≤ bSb(y, y, x)

(ii) Sb(x, x,Φ(x, y, y, α, β, γ)) + Sb(y, y,Φ(x, y, y, α, β, γ)) ≤ Sb(x, x, y)

(iii) Sb(x, x,Φ(x, y, y, α, β, γ)) = (β + γ)Sb(x, x, y)

(iv) Sb(y, y,Φ(x, y, y, α, β, γ)) = αSb(y, y, x)

(v) Sb(x, y,Φ(x, y, y, α, β, γ)) ≤ b(α + 2β + 2γ)Sb(y, y, x)

Proof.

(i) Sb(x, y, x) ≤ b[Sb(x, x, x) + Sb(y, y, x) + Sb(x, x, x)] = bSb(y, y, x)

Sb(y, x, x) ≤ b[Sb(y, y, x) + Sb(x, x, x) + Sb(x, x, x)] = bSb(y, y, x)

Sb(x, x, y) ≤ b[Sb(x, x, x) + Sb(x, x, x) + Sb(y, y, x)] = bSb(y, y, x).
(ii) Let ϕx = Sb(x, x,Φ(x, y, y, α, β, γ)) and ϕy = Sb(y, y,Φ(x, y, y, α, β, γ)), then

ϕx + ϕy ≤ αSb(x, x, x) + βSb(x, x, y) + γSb(x, x, y)

+αSb(y, y, x) + βSb(y, y, y) + γSb(y, y, y)

= βSb(x, x, y) + γSb(x, x, y) + αSb(y, y, x)

≤ βSb(x, x, y) + γSb(x, x, y) + αSb(x, x, y)

= (α + β + γ)Sb(x, x, y).

= Sb(x, x, y)

(iii)

Sb(x, x,Φ(x, y, y, α, β, γ)) = αSb(x, x, x) + βSb(x, x, y) + γSb(x, x, y)

= βSb(x, x, y) + γSb(x, x, y)

= (β + γ)Sb(x, x, y).

(iv)

Sb(y, y,Φ(x, y, y, α, β, γ)) = αSb(y, y, x) + βSb(y, y, y) + γSb(y, y, y)

= αSb(y, y, x).
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(v)

Sb(x, y,Φ(x, y, y, α, β, γ)) ≤ αSb(x, y, x) + βSb(x, y, y) + γSb(x, y, y)

≤ αSb(x, x, y) + βSb(x, y, y) + γSb(x, y, y)

≤ b(α + 2β + 2γ)Sb(y, y, x).

□

Definition 2.2. Let (X,Sb,Φ) be a convex Sb-metric space. For y ∈ X, r > 0, the
convex Sb-sphere with centre y and radius r is

Sr(y) = {z ∈ X : Sb(z, z,Φ(y, z, z, α, β, γ)) < r}.

Definition 2.3. Let (X,Sb,Φ) be a convex Sb-metric space. A sequence {xn} ⊂ X is
convex Sb-convergent to z if the limit of Sb(xn, z,Φ(z, z, z, α, β, γ)) tends to zero as n
tends to infinity.

Definition 2.4. Let (X,Sb,Φ) be a convex Sb-metric space. A sequence {xn} ⊂ X is
said to be a convex Sb-Cauchy sequence if the limit of Sb(xn, xm,Φ(xl, xl, xl, α, β, γ))

tends to zero as n,m, l tends to infinity.

Example 1. Let X = R and Sb be defined by

Sb(x, y,Φ(z, z, z, α, β, γ)) = α|2x− (y + z)|+ β|2y − (z + x)|+ γ|2z − (x+ y)|,

then (X,Sb) is a convex Sb-metric space.

Verification:

(i) If x = y = z, then Sb(x, x,Φ(x, x, x, α, β, γ)) = α|2x− (x+x)|+β|2x− (x+

x)|+γ|2x−(x+x)| = (α+β+γ)|2x−(x+x)| = 1×|2x−2x| = 0. Conversely,
if Sb(x, y,Φ(z, z, z, α, β, γ)) = 0, then α|2x − (y + z)| + β|2y − (z + x)| +
γ|2z − (x + y)| = 0 which implies α|2x − (y + z)| = 0, β|2y − (z + x)| = 0

and γ|2z − (x+ y)| = 0. Hence, solving simultaneously, x = y = z.
(ii) We are required to show that:

Sb(x, y,Φ(z, z, z, α, β, γ)) ≤ b[Sb(x, x,Φ(a, a, a, α, β, γ))

+ Sb(y, y,Φ(a, a, a, α, β, γ))

+ Sb(z, z,Φ(a, a, a, α, β, γ))]
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(2.2) Sb(x, y,Φ(z, z, z, α, β, γ)) = α|2x− (y+ z)|+β|2y− (z+x)|+γ|2z− (x+ y)|

(2.3) Sb(x, x,Φ(a, a, a, α, β, γ)) = α|2x− (x+a)|+β|2x− (a+x)|+γ|2a− (x+x)|

(2.4) Sb(y, y,Φ(a, a, a, α, β, γ)) = α|2y− (y+a)|+β|2y− (a+ y)|+γ|2a− (y+ y)|

(2.5) Sb(z, z,Φ(a, a, a, α, β, γ)) = α|2z− (z+ a)|+β|2z− (a+ z)|+ γ|2a− (z+ z)|

Expressions (2.7), (2.8), (2.9) and (2.10) imply (2.6) for all x, y, z, a ∈ X

and b > 1.

Theorem 2.1. Let X be a complete convex Sb-metric space and T : X → X a map for
which there exist the real number, a satisfying 0 ≤ k < 1 such that for all x, y ∈ X,

(2.6) Sb(Tx, Ty,Φ(Tz, Tz, Tz, α, β, γ)) ≤ kSb(x, y,Φ(z, z, z, α, β, γ)).

Then T has a unique fixed point.

Proof. Suppose T satisfies condition (2.6) and x0 ∈ X be an arbitrary point and
define a sequence xn by xn = T nx0, then

Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

= Sb(Txn−1, Txn,Φ(Txn, Txn, Txn, α, β, γ))

≤ kSb(xn−1, xn,Φ(xn, xn, xn, α, β, γ))

= kαSb(xn−1, xn, xn) + kβSb(xn−1, xn, xn) + kγSb(xn−1, xn, xn)

= k(α + β + γ)Sb(xn−1, xn, xn)

= kSb(xn−1, xn, xn).

Also,

Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

= αSb(xn, xn+1, xn+1) + βSb(xn, xn+1, xn+1)γSb(xn, xn+1, xn+1)

= (α + β + γ)Sb(xn, xn+1, xn+1)

= Sb(xn, xn+1, xn+1).
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Then, (2.7) and (2.8) implies

Sb(xn, xn+1, xn+1) ≤ kSb(xn−1, xn, xn) ≤ k2Sb(xn−2, xn−1, xn−1)

≤ k3Sb(xn−3, xn−2, xn−2)

...

≤ knSb(x0, x1, x1).

Taking the limit of Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ)) as n → ∞, we have

(2.7) lim
n→∞

Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ)) = lim
n→∞

knSb(x0, x1, x1) = 0.

Using (ii) of Definition 2.1 repeatedly with n < m < l, we obtain:

(2.8) lim
n,m,l→∞

Sb(xn, xm,Φ(xl, xl, xl, α, β, γ)) = 0.

So, {xn} is a convex Sb-Cauchy Sequence.
By completeness of (X,Sb), there exist xo ∈ X such that xn is convex Sb-

convergent to xo. Suppose Txo ̸= xo

(2.9) Sb(xn, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ kSb(xn−1, xo,Φ(xo, xo, xo, α, β, γ)).

Taking the limit as n → ∞ and using the fact that function is convex Sb-continuous
in its variables, we get

(2.10) Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ kSb(xo, xo,Φ(xo, xo, xo, α, β, γ)).

Hence,

(2.11) Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ 0.

This is a contradiction. So, Txo = xo.
To show the uniqueness, suppose x1 ̸= x2 is such that Tx1 = x1 and Tx2 = x2

then

(2.12) Sb(Tx1, Tx2,Φ(Tx2, Tx2, Tx2, α, β, γ)) ≤ kSb(x1, x2,Φ(x2, x2, x2, α, β, γ)).

Since Tx1 = x1 and Tx2 = x2, we have

(2.13) Sb(x1, x2,Φ(x2, x2, x2, α, β, γ)) ≤ 0,

which implies that x1 = x2. □
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Remark 2.1. Convex Sb metric space is an extension of Sb metric space. This will
probably extend application in real life.

Corollary 2.1. Let (X,Sb) be a convex Sb metric space, for all x, y, z, a ∈ X. Then,

(i) Sb(x, y,Φ(z, z, z, α, β, γ)) = 0 ⇐⇒ x = y = z;
(ii) Sb(x, y,Φ(z, z, z, α, β, γ)) ≤ Sb(x, x,Φ(a, a, a, α, β, γ))+

Sb(y, y,Φ(a, a, a, α, β, γ)) + Sb(z, z,Φ(a, a, a, α, β, γ)).

Proof.

(i) If Sb(x, y,Φ(z, z, z, α, β, γ)) = 0, then

αSb(x, y, z) + βSb(x, y, z) + γSb(x, y, z) = 0,

which implies (α + β + γ)Sb(x, y, z) = 0, and further Sb(x, y, z) = 0.

Conversely, if x = y = z, then, Sb(x, y, z) = 0 (Since (X,Sb) is Sb metric
space) and Sb(x, y, z) = 0. This implies (α + β + γ)Sb(x, y, z) = 0, and
further αSb(x, y, z) + βSb(x, y, z) + γSb(x, y, z) = 0. Hence,

Sb(x, y,Φ(z, z, z, α, β, γ)) = 0.

(ii)

Sb(x, y,Φ(z, z, z, α, β, γ)) = αSb(x, y, z) + βSb(x, y, z) + γSb(x, y, z)

= (α + β + γ)Sb(x, y, z)

= Sb(x, y, z).

Sb(x, x,Φ(a, a, a, α, β, γ)) = αSb(x, x, a) + βSb(x, x, a) + γSb(x, x, a)

= (α + β + γ)Sb(x, x, a)

= Sb(x, x, a).

Sb(y, y,Φ(a, a, a, α, β, γ)) = αSb(y, y, a) + βSb(x, x, a) + γSb(y, y, a)

= (α + β + γ)Sb(x, x, a)

= Sb(y, y, a).
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Sb(z, z,Φ(a, a, a, α, β, γ)) = αSb(z, z, a) + βSb(z, z, a) + γSb(z, z, a)

= (α + β + γ)Sb(z, z, a)

= Sb(z, z, a).

Expressions (2.17), (2.18), (2.19) and (2.20) imply

Sb(x, y,Φ(z, z, z, α, β, γ)) ≤ Sb(x, x,Φ(a, a, a, α, β, γ))

+ Sb(y, y,Φ(a, a, a, α, β, γ))

+ Sb(z, z,Φ(a, a, a, α, β, γ)).

□

Theorem 2.2. Let X be a complete convex Sb-metric space and T : X → X a map for
which there exist the real number, k satisfying 0 ≤ k < 1

2
such that for all x, y ∈ X,

Sb(Tx, Ty,Φ(Tz, Tz, Tz, α, β, γ)) ≤ k[Sb(x, Tx,Φ(Tx, Tx, Tx, α, β, γ))

+ Sb(y, Ty,Φ(Ty, Ty, Ty, α, β, γ))].

Then T has a unique fixed point.

Proof. Suppose T satisfies condition (2.21) and x0 ∈ X be an arbitrary point and
define a sequence xn by xn = T nx0, then

Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

= Sb(Txn−1, Txn,Φ(Txn, Txn, Txn, α, β, γ))

≤ k[Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

+ Sb(xn−1, xn,Φ(xn, xn, xn, α, β, γ))]

= k[Sb(xn−1, xn, xn) + Sb(xn, xn+1, xn+1)]

=
k

1− k
Sb(xn−1, xn, xn).

Setting a = k
1−k

, we have

(2.14) Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ)) = aSb(xn−1, xn, xn)
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Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

= αSb(xn, xn+1, xn+1) + βSb(xn, xn+1, xn+1)γSb(xn, xn+1, xn+1)

= (α + β + γ)Sb(xn, xn+1, xn+1)

= Sb(xn, xn+1, xn+1).

Expressions (2.23) and (2.24) imply

Sb(xn, xn+1, xn+1) ≤ aSb(xn−1, xn, xn) ≤ a2Sb(xn−2, xn−1, xn−1)

≤ a3Sb(xn−3, xn−2, xn−2)

...

≤ anSb(x0, x1, x1).

Taking the limit of Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ)) as n → ∞, we have

(2.15) lim
n→∞

Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ)) = lim
n→∞

anSb(x0, x1, x1) = 0.

Using (ii) of Definition 2.1 repeatedly with n < m < l, we obtain:

(2.16) lim
n,m,l→∞

Sb(xn, xm,Φ(xl, xl, xl, α, β, γ)) = 0.

So, {xn} is a convex Sb-Cauchy Sequence.
By completeness of ), there exist xo ∈ X such that xn is convex Sb-convergent to

xo. Suppose Txo ̸= xo

Sb(xn, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ k[Sb(xn−1, xn,Φ(xn, xn, xn, α, β, γ))

+ Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ))].

Taking the limit as n → ∞ and using the fact that function is convex Sb-continuous
in its variables, we get

(2.17) Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ 2kSb(xo, xo,Φ(xo, xo, xo, α, β, γ)).

Hence,

(2.18) Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ 0.

This is a contradiction. So, Txo = xo.
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To show the uniqueness, suppose x1 ̸= x2 is such that Tx1 = x1 and Tx2 = x2

then

Sb(Tx1, Tx2,Φ(Tx2, Tx2, Tx2, α, β, γ)) ≤ k[Sb(x1, Tx1,Φ(Tx1, Tx1, Tx1, α, β, γ))

+ Sb(x2, Tx2,Φ(Tx2, Tx2, Tx2, α, β, γ))].

Since Tx1 = x1 and Tx2 = x2, we have

(2.19) Sb(x1, x2,Φ(x2, x2, x2, α, β, γ)). ≤ 0.

which implies that x1 = x2. □

Theorem 2.3. Let X be a complete convex Sb-metric space and T : X → X a map for
which there exist the real number, k satisfying 0 ≤ k < 1

3
such that for all x, y ∈ X,

Sb(Tx, Ty,Φ(Tz, Tz, Tz, α, β, γ)) ≤ k[Sb(x, Tx,Φ(Tx, Tx, Tx, α, β, γ))

+ Sb(y, Ty,Φ(Ty, Ty, Ty, α, β, γ))

+ Sb(z, Tz,Φ(Tz, Tz, Tz, α, β, γ))].

Then T has a unique fixed point.

Proof. Suppose T satisfies condition (2.31) and x0 ∈ X be an arbitrary point and
define a sequence xn by xn = T nx0, then

Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

= Sb(Txn−1, Txn,Φ(Txn, Txn, Txn, α, β, γ))

≤ 2k[Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

+ Sb(xn−1, xn,Φ(xn, xn, xn, α, β, γ))]

= k[2Sb(xn−1, xn, xn) + Sb(xn, xn+1, xn+1)]

=
k

1− 2k
Sb(xn−1, xn, xn).

Setting a = k
1−2k

, we have

(2.20) Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ)) = aSb(xn−1, xn, xn),
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Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

= αSb(xn, xn+1, xn+1) + βSb(xn, xn+1, xn+1)γSb(xn, xn+1, xn+1)

= (α + β + γ)Sb(xn, xn+1, xn+1)

= Sb(xn, xn+1, xn+1).

Expressions (2.33) and (2.34) imply

Sb(xn, xn+1, xn+1) ≤ aSb(xn−1, xn, xn) ≤ a2Sb(xn−2, xn−1, xn−1)

≤ a3Sb(xn−3, xn−2, xn−2)

...

≤ anSb(x0, x1, x1).

Taking the limit of Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ)) as n → ∞, we have

(2.21) lim
n→∞

Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ)) = lim
n→∞

anSb(x0, x1, x1) = 0.

Using (ii) of Definition 2.1 repeatedly with n < m < l, we obtain:

(2.22) lim
n,m,l→∞

Sb(xn, xm,Φ(xl, xl, xl, α, β, γ)) = 0.

So, {xn} is a convex Sb-Cauchy Sequence. By completeness of (X,S), there exist
xo ∈ X such that xn is convex Sb-convergent to xo. Suppose Txo ̸= xo,

Sb(xn, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ k[Sb(xn−1, xn,Φ(xn, xn, xn, α, β, γ))

+ 2Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ))].

Taking the limit as n → ∞ and using the fact that function is convex Sb-continuous
in its variables, we get

(2.23) Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ 3kSb(xo, xo,Φ(xo, xo, xo, α, β, γ)).

Hence,

(2.24) Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ 0.

This is a contradiction. So, Txo = xo.
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To show the uniqueness, suppose x1 ̸= x2 is such that Tx1 = x1 and Tx2 = x2

then

Sb(Tx1, Tx2,Φ(Tx2, Tx2, Tx2, α, β, γ)) ≤ k[Sb(x1, Tx1,Φ(Tx1, Tx1, Tx1, α, β, γ))

+ 2Sb(x2, Tx2,Φ(Tx2, Tx2, Tx2, α, β, γ))].

Since Tx1 = x1 and Tx2 = x2, we have

(2.25) Sb(x1, x2,Φ(x2, x2, x2, α, β, γ)). ≤ 0,

which implies that x1 = x2. □

Theorem 2.4. Let X be a complete convex Sb-metric space and T : X → X a map for
which there exist the real number, k satisfying 0 ≤ k < 1 such that for all x, y ∈ X,

Sb(Tx, Ty,Φ(Tz, Tz, Tz, α, β, γ)) ≤ k[Sb(x, Ty,Φ(Ty, Ty, Ty, α, β, γ))

+ Sb(y, Tx,Φ(Tx, Tx, Tx, α, β, γ))].

Then T has a unique fixed point.

Proof. Suppose T satisfies condition (2.31) and x0 ∈ X be an arbitrary point and
define a sequence xn by xn = T nx0, then

Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

= Sb(Txn−1, Txn,Φ(Txn, Txn, Txn, α, β, γ))

≤ k[Sb(xn−1, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

+ Sb(xn, xn,Φ(xn, xn, xn, α, β, γ))]

≤ k[Sb(xn−1, xn−1, xn) + 2Sb(xn, xn, xn+1)].

Hence,

Sb(xn, xn,Φ(xn+1, xn+1, xn+1, α, β, γ)) =
k

1− 2k
Sb(xn−1, xn−1, xn).

Setting a = k
1−2k

, we have

(2.26) Sb(xn, xn,Φ(xn+1, xn+1, xn+1, α, β, γ)) = aSb(xn−1, xn−1, xn),
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Sb(xn, xn,Φ(xn+1, xn+1, xn+1, α, β, γ))

= αSb(xn, xn, xn+1) + βSb(xn, xn, xn+1)γSb(xn, xn, xn+1)

= (α + β + γ)Sb(xn, xn, xn+1)

= Sb(xn, xn, xn+1).

Expressions (2.33) and (2.34) imply

Sb(xn, xn, xn+1) ≤ aSb(xn−1, xn−1, xn) ≤ a2Sb(xn−2, xn−2, xn−1)

≤ a3Sb(xn−3, xn−3, xn−2)

...

≤ anSb(x0, x0, x1).

Taking the limit of Sb(xn, xn,Φ(xn+1, xn+1, xn+1, α, β, γ)) as n → ∞, we have

(2.27) lim
n→∞

Sb(xn, xn,Φ(xn+1, xn+1, xn+1, α, β, γ)) = lim
n→∞

anSb(x0, x0, x1) = 0.

Using (ii) of Definition 2.1 repeatedly with n < m < l, we obtain:

(2.28) lim
n,m,l→∞

Sb(xn, xm,Φ(xl, xl, xl, α, β, γ)) = 0.

So, {xn} is a convex Sb-Cauchy Sequence. By completeness of (X,S), there exist
xo ∈ X such that xn is convex Sb-convergent to xo. Suppose Txo ̸= xo,

Sb(xn, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ k[Sb(xn−1, Txo,Φ(Txo, Txo, Txo, α, β, γ))

+ Sb(xo, xn,Φ(xn, xn, xn, α, β, γ))].

Taking the limit as n → ∞ and using the fact that function is convex Sb-continuous
in its variables, we get

Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ))

≤Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ)).
(2.29)

Hence,

(2.30) Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ 0.

This is a contradiction. So, Txo = xo.
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To show the uniqueness, suppose x1 ̸= x2 is such that Tx1 = x1 and Tx2 = x2

then

Sb(Tx1, Tx2,Φ(Tx2, Tx2, Tx2, α, β, γ)) ≤ k[Sb(x1, Tx2,Φ(Tx2, Tx2, Tx2, α, β, γ))

+ Sb(x2, Tx1,Φ(Tx1, Tx1, Tx1, α, β, γ))].

Since Tx1 = x1 and Tx2 = x2, we have

(2.31) Sb(x1, x2,Φ(x2, x2, x2, α, β, γ)). ≤ 0,

which implies that x1 = x2. □

Theorem 2.5. Let X be a complete convex Sb-metric space and T : X → X a map for
which there exist the real number, k satisfying 0 ≤ k < 1

4
such that for all x, y ∈ X,

Sb(Tx, Ty,Φ(Tz, Tz, Tz, α, β, γ)) ≤ k[Sb(x, Ty,Φ(Ty, Ty, Ty, α, β, γ))

+ Sb(y, Tz,Φ(Tz, Tz, Tz, α, β, γ))

+ Sb(z, Tx,Φ(Tx, Tx, Tx, α, β, γ))].

Then T has a unique fixed point.

Proof. Suppose T satisfies condition (2.31) and x0 ∈ X be an arbitrary point and
define a sequence xn by xn = T nx0, then

Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

= Sb(Txn−1, Txn,Φ(Txn, Txn, Txn, α, β, γ))

≤ k[Sb(xn−1, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))

+ Sb(xn, xn+1,Φ(xn+1, xn+1, xn+1, α, β, γ))]

= k[Sb(xn−1, xn−1, xn) + 3Sb(xn, xn, xn+1)]

=
k

1− 3k
Sb(xn−1, xn−1, xn).

Setting a = k
1−3k

, we have

(2.32) Sb(xn, xn,Φ(xn+1, xn+1, xn+1, α, β, γ)) = aSb(xn−1, xn−1, xn),
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Sb(xn, xn,Φ(xn+1, xn+1, xn+1, α, β, γ))

= αSb(xn, xn, xn+1) + βSb(xn, xn, xn+1)γSb(xn, xn, xn+1)

= (α + β + γ)Sb(xn, xn, xn+1)

= Sb(xn, xn, xn+1).

Expressions (2.33) and (2.34) imply

Sb(xn, xn, xn+1) ≤ aSb(xn−1, xn−1, xn) ≤ a2Sb(xn−2, xn−2, xn−1)

≤ a3Sb(xn−3, xn−3, xn−2)

...

≤ anSb(x0, x0, x1).

Taking the limit of Sb(xn, xn,Φ(xn+1, xn+1, xn+1, α, β, γ)) as n → ∞, we have

lim
n→∞

Sb(xn, xn,Φ(xn+1, xn+1, xn+1, α, β, γ)) = lim
n→∞

anSb(x0, x0, x1) = 0.(2.33)

Using (ii) of Definition 2.1 repeatedly with n < m < l, we obtain:

(2.34) lim
n,m,l→∞

Sb(xn, xm,Φ(xl, xl, xl, α, β, γ)) = 0.

So, {xn} is a convex Sb-Cauchy Sequence. By completeness of (X,S), there exist
xo ∈ X such that xn is convex Sb-convergent to xo. Suppose Txo ̸= xo

Sb(xn, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ k[Sb(xn−1, Txo,Φ(Txo, Txo, Txo, α, β, γ))

+ Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ))

+ Sb(xo, xn,Φ(xn, xn, xn, α, β, γ))].

Taking the limit as n → ∞ and using the fact that function is convex Sb-continuous
in its variables, we get

(1− 2k)Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ))

≤ kSb(xo, xo,Φ(xo, xo, xo, α, β, γ)).
(2.35)

Hence,

(2.36) Sb(xo, Txo,Φ(Txo, Txo, Txo, α, β, γ)) ≤ 0.

This is a contradiction. So, Txo = xo.
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To show the uniqueness, suppose x1 ̸= x2 is such that Tx1 = x1 and Tx2 = x2

then

Sb(Tx1, Tx2,Φ(Tx2, Tx2, Tx2, α, β, γ)) ≤ k[Sb(x1, Tx2,Φ(Tx2, Tx2, Tx2, α, β, γ))

+ Sb(x2, Tx2,Φ(Tx2, Tx2, Tx2, α, β, γ))

+ Sb(x2, Tx1,Φ(Tx1, Tx1, Tx1, α, β, γ))].

Since Tx1 = x1 and Tx2 = x2, we have

(2.37) Sb(x1, x2,Φ(x2, x2, x2, α, β, γ)). ≤ 0,

which implies that x1 = x2. □

CONCLUSION

In conclusion, a new abstract space is introduced in this research work and some
contractive mappings are established and used to prove some fixed point results
on the newly introduced space. Examples are given to validate the originality and
applicability of our results.

CONFLICT OF INTEREST

There is no conflict of interest of any kind, financial or non-financial type.

REFERENCES

[1] O.K. ADEWALE, S.O. AYODELE, B.E. OYELADE, E.E.ARIBIKE: Equivalence of some results
and fixed-point theorems in S-multiplicative metric spaces, Fixed Point Theory and Algorithms
for Sciences and Engineering, 2024 (2024), 1–13.

[2] O.K. ADEWALE, C. ILUNO : Fixed point theorems on rectangular S-metric spaces, Scientific
African, 16 (2022), 1–10.

[3] O.K. ADEWALE, J.O. OLALERU, H. OLAOLUWA, H. AKEWE: Fixed point theorems on a γ-
generalized quasi-metric spaces, Creative Mathematica and Informatics. 28 (2019), 135–142.

[4] O.K. ADEWALE, J.O. OLALERU, H. OLAOLUWA, H.AKEWE: Fixed point theorems of Zam-
firescu’s type in complex-valued Gb-metric spaces, Transactions of the Nigerian Association of
Mathematical Physics, 8(1) (2019), 1–10.

[5] O.K. ADEWALE, K. OSAWARU : G-cone metric Spaces over Banach Algebras and Some Fixed
Point Results, International Journal of Mathematical Analysis and Optimization, 2019(2)
(2019), 546–557.



FIXED POINT THEOREMS ON CONVEX SB-METRIC SPACE 139

[6] O.K. ADEWALE, J.O. OLALERU, H. OLAOLUWA, H.AKEWE: Fixed point theorems on
quaternion-valued G-metric spaces, Communications in Nonlinear Analysis, 6 (2019), 73–81.

[7] O.K. ADEWALE, J.C. UMUDU, A.A. MOGBADEMU: Fixed point theorems on Ap-metric
spaces with an application, International Journal of Mathematical Analysis and Optimization,
2020(1) (2019), 657–668.

[8] A.H. ANSARI, O. EGE, S. RADENOVIC: Some fixed point results on complex-valued Gb-
metric spaces, Revista de la Real Academia de Ciencias Exactas, Fisicas y Naturales, Seria A.
Matematicas, 112(2) (2018), 463–472.

[9] S. BANACH: Sur les operations dans les ensembles abstraits et leur application aux equations
integrales, Fundamenta Mathematicae, (1922) 133–181.

[10] I.A. BAKTIN: The contraction principle in quasimetric space , Fun. An., Ulianowsk, Gos. Ped.
Ins., 30 (1989), 26–37.

[11] A. BRANCIARI: A fixed point theorem of Banach-Caccippoli type on a class of generalized metric
spaces, Publ. Math. Debrecen, 57 (2000), 31–37.

[12] S. CZEWIK: Contraction mappings in b-metric spacs, Acta Math. Inform. Univ. Ostraviensis, 1
(1993), 5–11.

[13] B.C. DHAGE: Generalized metric space and mapping with fixed point, Bulletin of the Calcutta
Mathematical Society, 84, (1992), 329–336.

[14] O. EGE: Complex valued rectangular b-metric spaces and an application to linear equations,
Journal of Nonlinear Science and Applications, 8(6) (2015), 1014–1021.

[15] O. Ege Complex valued Gb-metric spaces, Journal of Computational Analysis and Applica-
tions, 21(2) (2016), 363-368.

[16] O. EGE: Some fixed point theorems in complex valued Gb-metric spaces, Journal of Nonlinear
and Convex Analysis, 18(11) (2017), 1997–2005.

[17] O. EGE, I. KARACA: Common fixed point results on complex-valued Gb-metric spaces, Thai
Journal of Mathematics, 16(3) (2018), 775–787.

[18] O. EGE, C. PARK, A.H. ANSARI: A different approach to complex-valued Gb-metric spaces,
Advances in Difference Equations, 152 (2020), 1–13.

[19] M. FRECHET: Sur quelques points du calcul fonctionnel, Rendiconti del Circolo Matematico
di Palermo, 22 (1906), 1–72.

[20] M. IQBAL, A. BATOOL, O. EGE, M. DE LA SEN: Fixed point of almost contraction in b-metric
spaces, Journal of Mathematics, (2020) 1–6.

[21] H. ISIK, B. MOHAMMADI, V.PARVANEH, C. PARK: Extended quasi b-metric-like spaces and
some fixed point theorems for contractive mappings, Appl. Math. E-Notes, 20 (2020), 204–214.

[22] R. KANNAN: Some results on fixed points. Bull. Calcutta Math. Soc., 10 (1968), 72-76.
[23] Z.D. MITROVIC, H. ISIK, S. RADENOVIC: The new results in extended b-metric spaces and

applications, Int. J. Nonlinear Anal. Appl., 11(1) (2020), 473–482.
[24] Z. MUSTAFA, B. SIMS: A new approach to generalized metric spaces, J. Nonlinear Convex

Analysis, 7 (2006), 289–297.



140 S.O. Ayodele et al.

[25] Z. MUSTAFA, R.J. SHAHKOOHI, V. PARVANEH, Z. KADELBURG, M.M.M. JARADAT: Or-
dered Sp-metric spaces and some fixed point theorems for contractive mappings with application
to periodic boundary value problems, Fixed Point Theory and Applications, 2019 (2019), 20
pages.

[26] S. NIZAR, M. NABIL A fixed point theorem in Sb-metric spaces, J. Math. Computer Sci., 1
(2016), 131–139.

[27] J.O. OLALERU: A generalization of Gregus’s fixed point theorem, Journal of applied sciences,
6(15) (2006(1)), 3160–3163.

[28] J.O. OLALERU:. On the convergence of the Mann iteration in locally convex spaces, Carpathian
J. Math., 22 (2006(2)), 115–120.

[29] J.O. OLALERU: Common fixed points of three self-mappings in cone metric spaces, Applied
Mathematics E-Notes, 11 (2009), 41–49.

[30] I.A. RUS: Generalized contraction, and Applications, Cluj Univ. Press, Cluj-Napoca, 2001.
[31] I.A. RUS, A. PETRUSEL, G. PETRUSEL: Fixed Point Theory, Cluj Univ. Press, Cluj-Napoca,

2001.
[32] S. SEDGHI, N. SHOBE, A. ALIOUCHE: A generalization of fixed point theorem in S-metric

spaces. Mat. Vesn., 64 (2012), 258–266.
[33] T. ZAMFIRESCU: Fixed point theorems in metric spaces, Archive for Mathematical Logic

(Basel), 23 (1972), 292–298.
[34] M. MOOSAE: Fixed point theorems in convex metric spaces, Fixed Point Theory and Algorithms

for Sciences and Engineering, 2012 (2012), 1–6.

1,2,4,7 DEPARTMENT OF MATHEMATICS, TAI SOLARIN UNIVERSITY OF EDUCATION, IJAGUN, IJEBU-
ODE, NIGERIA.

Email address: 20195208005@tasued.edu.ng

Email address: adewaleok@tasued.edu.ng

DEPARTMENT OF MATHEMATICS, BOWLING GREEN STATE UNIVERSITY, OHIO, MIDWEST REGION,
UNITED STATES.

Email address: boyelad@bgsu.edu

Email address: adedejiemmanuel890@gmail.com

5,6 DEPARTMENT OF MATHEMATICAL SCIENCES, LAGOS STATE UNIVERSITY OF SCIENCE AND TECH-
NOLOGY, IKORODU, LAGOS, NIGERIA.

Email address: aribike.ella@yahoo.com

Email address: rajisa@lasued.edu.ng

Email address: adedayoglory06@gmail.com


	1. Introduction
	2. Main results
	Conclusion
	Conflict of interest
	References

