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ABSTRACT. This paper investigates the numerical approximation of a system of
heat equations with nonlinear boundary conditions. We prove that the solution of
a semidiscrete form of above problem blows up in a finite time. We also establish
certain conditions under which simultaneous blow-up occurs for the solution of
the semidiscrete problem. After showing that the numerical blow-up time con-
verges to the theoretical blow-up time as the mesh size tends to zero, we finally
present some numerical results to illustrate key points of our work.

1. INTRODUCTION

In this paper, we focus on analyzing the behavior of a semidiscrete approxima-
tion for a system of heat equations with nonlinear boundary conditions:
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ut(x, t) = uxx(x, t), vt(x, t) = vxx(x, t),

wt(x, t) = wxx(x, t), yt(x, t) = yxx(x, t), (x, t) ∈ (0, 1)× (0, T ),

−ux(0, t) = (up1vq2)(0, t), −vx(0, t) = (vp2wq3)(0, t),

−wx(0, t) = (wp3yq4)(0, t), −yx(0, t) = (yp4uq1)(0, t), t ∈ (0, T ),

ux(1, t) = (up1vq2)(1, t), vx(1, t) = (vp2wq3)(1, t),

wx(1, t) = (wp3yq4)(1, t), yx(1, t) = (yp4uq1)(1, t), t ∈ (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x),

w(x, 0) = w0(x), y(x, 0) = y0(x), x ∈ [0, 1],

(1.1)

where constants pj, qj ≥ 0 (j = 1, 2, 3, 4) and u0(x), v0(x), w0(x), y0(x) are posi-
tive smooth functions satisfying the compatibility conditions.

Systems of heat equations with nonlinear boundary conditions like (1.1) come
from chemical reactions, heat transfer, etc., where u, v, w, y represent concen-
trations of chemical reactants, temperatures of materials during heat propagation,
etc.

The existence and uniqueness of local classical solutions to (1.1) is well known
(see, for example, [5]). Here [0, T ) is the maximal time interval on which the
solution exists. The time T may be finite or not. When T is infinite, we say that
the solution (u, v, w, y) exists globally. When T is finite, the solution (u, v, w, y)

develops a singularity in finite time, namely

lim
t→T

sup {∥u(·, t)∥∞ + ∥v(·, t)∥∞ + ∥w(·, t)∥∞ + ∥y(·, t)∥∞} = +∞,

where ∥u(·, t)∥∞ = max
0≤x≤1

|u(x, t)|.
In this case, we say that the solution (u, v, w, y) blows up in finite time, and the

time T is called the blow-up time of the solution (u, v, w, y) .

Non-simultaneous and simultaneous blow-up for systems of heat equations with
nonlinear boundary conditions have attracted significant attention (see, e.g., [1,
2,6,8]). Simultaneous blow-up is defined as

lim
t→T

supmin {∥u(·, t)∥∞, ∥v(·, t)∥∞, ∥w(·, t)∥∞, ∥y(·, t)∥∞} = +∞.
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Non-simultaneous blow-up means that at least j ∈ {1, 2, 3} components blow up
simultaneously while the others remain bounded up to the blow-up time.

In [7], the authors analyzed various blow-up scenarios for system (1.1). Specif-
ically, they examined cases where only one component blows up, where exactly
two components blow up, and where blow-up may be either simultaneous or non-
simultaneous for any initial data. In particular, they proved that the solution blows
up simultaneously in finite time when one of the following conditions is satisfied:

- If βk =
1− qk+1βk+1

pk − 1
with β4 =

1

p4 − 1
, pk ≤ 1 < p4 for k = 1, 2, 3, and if

β1 ≥ 0 and βk > 0 for k = 2, 3.
- If p1, p2, p3, p4 ≤ 1 and

∏4
n=1 qn >

∏4
n=1(1− pn).

The main objective of this paper is to numerically investigate the behavior of the
semidiscrete approximation of system (1.1) under these blow-up conditions and
to provide an approximation of the blow-up time. Our work is inspired by the
studies in [3,4] on the numerical approximation of heat equations with nonlinear
boundary conditions, as well as the references cited therein.

We organise this paper as follows: in the next section, we present a semidiscrete
scheme of the problem (1.1). In the third section, we give some properties con-
cerning our semidiscrete scheme. In the fourth section, under some conditions, we
prove that the solution of the semidiscrete scheme of (1.1) blows up in finite time.
The criteria to identify simultaneous blow-up are proposed in the fifth section.
In the sixth section, we show the convergence of the solution of the semidiscrete
scheme and the convergence of the blow-up times to the theoretical one when the
mesh size goes to zero. Finally, in the last section, we present some numerical
experiments.

2. SEMIDISCRETE PROBLEM

Let I ≥ 2 be a positive integer and define the grid xi = (i − 1)h, i = 1, . . . , I,

where h =
1

I − 1
is the mesh parameter. Approximate the solution (u, v, w, y)

of the problem (1) by the solution (Uh(t) = (U1(t), . . . , UI(t))
T , Vh(t) = (V1(t),

. . . , VI(t))
T , Wh(t) = (W1(t), . . . ,WI(t))

T , Yh(t) = (Y1(t), . . . , YI(t))
T ) and approxi-

mate the initial data (u0, v0, w0, y0) of the same problem by (φ1,h = (φ1,1, . . . , φ1,I)
T ,
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φ2,h = (φ2,1, . . . , φ2,I)
T , φ3,h = (φ3,1, . . . , φ3,I)

T , φ4,h = (φ4,1, . . . , φ4,I)
T ) of the fol-

lowing system of ODEs which is obtained using the finite difference method

U ′
i(t) = δ2Ui(t) + ωi (U

p1
i V q2

i ) (t), i = 1, . . . , I, t ∈ [0, Th),(2.1)

V ′
i (t) = δ2Vi(t) + ωi (V

p2
i W q3

i ) (t), i = 1, . . . , I, t ∈ [0, Th),(2.2)

W ′
i (t) = δ2Wi(t) + ωi (W

p3
i Y q4

i ) (t), i = 1, . . . , I, t ∈ [0, Th),(2.3)

Y ′
i (t) = δ2Yi(t) + ωi (Y

p4
i U q1

i ) (t), i = 1, . . . , I, t ∈ [0, Th),(2.4)

Ui(0) = φ1,i, Vi(0) = φ2,i, Wi(0) = φ3,i, Yi(0) = φ4,i, i = 1, . . . , I,(2.5)

where

p1, p2, p3, p4, q1, q2, q3, q4 ≥ 0, φ1,i, φ2,i, φ3,i, φ4,i > 0, i = 1, . . . , I,

δ2Ui(t) =
Ui−1(t)− 2Ui(t) + Ui+1(t)

h2
, 2 ≤ i ≤ I − 1, t ∈ [0, Th),

δ2U1(t) =
2U2(t)− 2U1(t)

h2
, δ2UI(t) =

2UI−1(t)− 2UI(t)

h2
, t ∈ [0, Th),

ω1 = ωI =
2

h
and ωi = 0, i = 2, . . . , I − 1. Here [0, Th) is the maximal time

interval on which max {∥Uh(t)∥∞, ∥Vh(t)∥∞, ∥Wh(t)∥∞, ∥Yh(t)∥∞} is finite, where
∥Uh(t)∥∞ = max

1≤i≤I
|Ui(t)|. When the time Th is finite, we say that the solution

(Uh, Vh,Wh, Yh) blows up in a finite time and the time Th is called the blow-up
time of the solution (Uh, Vh,Wh, Yh) .

3. PROPERTIES OF THE SEMIDISCRETE SCHEME

In this section, we present auxiliary results for the problem (2.1)–(2.5).

Definition 3.1. We define (Uh, Vh,Wh, Yh) ∈
(
C1([0, Th),RI)

)4 as a lower solution
to (2.1)–(2.5) if

U ′
i(t) ≤ δ2Ui(t) + ωiU

p1
i (t)V q2

i (t), i = 1, . . . , I, t ∈ (0, Th),

V ′
i (t) ≤ δ2Vi(t) + ωiV

p2
i (t)W q3

i (t), i = 1, . . . , I, t ∈ (0, Th),

W ′
i (t) ≤ δ2Wi(t) + ωiW

p3
i (t)Y q4

i (t), i = 1, . . . , I, t ∈ (0, Th),
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Y ′
i (t) ≤ δ2Yi(t) + ωiY

p4
i (t)U q1

i (t), i = 1, . . . , I, t ∈ (0, Th),

0 < Ui(0) ≤ φ1,i, 0 < Vi(0) ≤ φ2,i,

0 < Wi(0) ≤ φ3,i, 0 < Yi(0) ≤ φ4,i, i = 1, . . . , I,

where (Uh, Vh,Wh, Yh) is the solution of (2.1)–(2.5). Similarly, we define (Uh, Vh,

Wh, Yh) ∈
(
C1([0, Th),RI)

)4 as an upper solution to (2.1)–(2.5) if these inequalities
are reversed.

The following lemma provides a semidiscrete version of the maximum principle.

Lemma 3.1. Let eh, ch, αh, βh, λh, γh, µh, ηh ∈ C0([0, Th),RI) and Uh, Vh,Wh, Yh ∈
C1([0, Th),RI) such that

U ′
i(t)− δ2Ui(t)− ei(t)Ui(t)− ci(t)Vi(t) ≥ 0, i = 1, . . . , I, t ∈ (0, Th),

V ′
i (t)− δ2Vi(t)− αi(t)Vi(t)− βi(t)Wi(t) ≥ 0, i = 1, . . . , I, t ∈ (0, Th),

W ′
i (t)− δ2Wi(t)− λi(t)Wi(t)− γi(t)Yi(t) ≥ 0, i = 1, . . . , I, t ∈ (0, Th),

Y ′
i (t)− δ2Yi(t)− µi(t)Yi(t)− ηi(t)Ui(t) ≥ 0, i = 1, . . . , I, t ∈ (0, Th),

Ui(0) ≥ 0, Vi(0) ≥ 0, Wi(0) ≥ 0, Yi(0) ≥ 0, i = 1, . . . , I.

Then, it follows that

Ui(t) ≥ 0, Vi(t) ≥ 0, Wi(t) ≥ 0, Yi(t) ≥ 0, i = 1, . . . , I, t ∈ [0, Th).

Proof. Let T0 < Th and let (Nh(t),Mh(t), Kh(t), Lh(t)) = (eνtUh(t), e
νtVh(t),

eνtWh(t), e
νtYh(t)) where ν is a real. We find that (Nh(t),Mh(t), Kh(t), Lh(t)) satis-

fies the following inequalities : for i = 1, . . . , I, t ∈ (0, Th)

N ′
i(t)− δ2Ni(t)− (ei(t) + ν)Ni(t)− ci(t)Mi(t) ≥ 0,(3.1)

M ′
i(t)− δ2Mi(t)− (αi(t) + ν)Mi(t)− βi(t)Ki(t) ≥ 0,(3.2)

K ′
i(t)− δ2Ki(t)− (λi(t) + ν)Ki(t)− γi(t)Li(t) ≥ 0,(3.3)

L′
i(t)− δ2Li(t)− (µi(t) + ν)Li(t)− ηi(t)Ni(t) ≥ 0,(3.4)

Ni(0) ≥ 0, Mi(0) ≥ 0, Ki(0) ≥ 0, Li(0) ≥ 0.(3.5)
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Let

m = min
{

min
1≤i≤I, t∈[0,T0]

Ni(t), min
1≤i≤I, t∈[0,T0]

Mi(t),

min
1≤i≤I, t∈[0,T0]

Ki(t), min
1≤i≤I, t∈[0,T0]

Li(t)
}

Since for i ∈ {1, . . . , I}, Ni, Mi, Ki and Li arecontinuous functions on a compact,
we can assume that m = Ni0(ti0), for a certain i0 ∈ {1, . . . , I}. Assume m < 0 and
ν < 0 such that:

(ei0(ti0) + ν) < 0, (αi0(ti0) + ν) < 0, (λi0(ti0) + ν) < 0 and (µi0(ti0) + ν) < 0.

If ti0 = 0, then Ni0(0) < 0, which contradicts (3.5), hence ti0 ̸= 0; if 1 ≤ i0 ≤ I, we
have

N ′
i0
(ti0) = lim

k→0

Ni0(ti0)−Ni0(ti0 − k)

k
≤ 0 and δ2Ni0(ti0) ≥ 0.

Moreover through direct computation, we obtain the following results

N ′
i0
(ti0)− δ2Ni0(ti0)− (ei0(ti0) + ν)Ni0(ti0)− ci0(ti0)Mi0(ti0) < 0,

but this inequality contradicts (3.1) which completes proof. □

Lemma 3.2. Let (Uh, Vh,Wh, Yh), (Uh, Vh,Wh, Yh) ∈
(
C1([0, Th),RI)

)4 be lower and
upper solutions of (2.1)–(2.5) respectively such that, (Uh(0), Vh(0),Wh(0), Yh(0)) ≤
(Uh(0), Vh(0),Wh(0), Yh(0)), then

(Uh(t), Vh(t),Wh(t), Yh(t)) ≤ (Uh(t), Vh(t),Wh(t), Yh(t)).

Proof. Let us define

(Fh(t), Gh(t), Lh(t), Hh(t)) = (Uh(t), Vh(t),Wh(t), Yh(t))−(Uh(t), Vh(t),Wh(t), Yh(t)).

By straightforward computations and applying the Mean Value Theorem, we ob-
tain for i = 1, . . . , I:

F ′
i (t)− δ2Fi(t)− p1ωiV

q2
i (t)(ξi(t))

p1−1Fi(t)(3.6)

−q2ωiU
p1
i (t)(ρi(t))

q2−1Gi(t) ≥ 0,
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G′
i(t)− δ2Gi(t)− p2ωiW

q3
i (t)(ρi(t))

p2−1Gi(t)(3.7)

−q3ωiV
p2
i (t)(ϱi(t))

q3−1Li(t) ≥ 0,

L′
i(t)− δ2Li(t)− p3ωiY

q4
i (t)(ϱi(t))

p3−1Li(t)(3.8)

−q4ωiW
p3
i (t)(λi(t))

q4−1Hi(t) ≥ 0,

H ′
i(t)− δ2Hi(t)− p4ωiU

q1
i (t)(λi(t))

p4−1Hi(t)(3.9)

−q1ωiY
p4
i (t)(ξi(t))

q1−1Fi(t) ≥ 0,

Fi(0) ≥ 0, Gi(0) ≥ 0, Li(0) ≥ 0, Hi(t) ≥ 0,(3.10)

where ξi(t), ρi(t), ϱi(t) and λi(t) lie, respectively, between Ui(t) and Ui(t), between
Vi(t) and Vi(t), between Wi(t) and Wi(t) and between Yi(t) and Yi(t), for i ∈
{1, . . . , I}.

We can rewrite (3.6)–(3.10) as

F ′
i (t)− δ2Fi(t)− ei(t)Fi(t)− ci(t)Gi(t) ≥ 0, i = 1, . . . , I, t ∈ (0, Th),

G′
i(t)− δ2Gi(t)− θi(t)Gi(t)− βi(t)Li(t) ≥ 0, i = 1, . . . , I, t ∈ (0, Th),

L′
i(t)− δ2Li(t)− ϑi(t)Li(t)− γi(t)Hi(t) ≥ 0, i = 1, . . . , I, t ∈ (0, Th),

H ′
i(t)− δ2Hi(t)− µi(t)Hi(t)− ηi(t)Fi(t) ≥ 0, i = 1, . . . , I, t ∈ (0, Th),

where

ei(t) = p1ωiV
q2
i (t)(ξi(t))

p1−1, ci(t) = q2ωiU
p1
i (t)(ρi(t))

q2−1,

θi(t) = p2ωiW
q3
i (t)(ρi(t))

p2−1,

βi(t) = q3ωiV
p2
i (t)(ϱi(t))

q3−1, ϑi(t) = p3ωiY
q4
i (t)(ϱi(t))

p3−1,

γi(t) = q4ωiW
p3
i (t)(λi(t))

q4−1, µi(t) = p4ωiU
q1
i (t)(λi(t))

p4−1,

ηi(t) = q1ωiY
p4
i (t)(ξi(t))

q1−1, for i = 1, . . . , I,∀t ∈ (0, Th).

According to Lemma 3.1, Fi(t) ≥ 0, Gi(t) ≥ 0, Li(t) ≥ 0, Hi(t) ≥ 0, for i = 1, . . . , I,
∀t ∈ (0, Th). This concludes the proof. The lemma below reveals the positivity of
the solution of the semidiscrete problem. □

Lemma 3.3. Let (Uh, Vh,Wh, Yh) ∈
(
C1([0, Th),RI)

)4 be the solution of (2.1)–(2.5)
with an initial data (φ1,h, φ2,h, φ3,h, φ4,h) lower solution such that 0 < φ1,i < φ1,i+1,
0 < φ2,i < φ2,i+1, 0 < φ3,i < φ3,i+1 and 0 < φ4,i < φ4,i+1, for i = 1, . . . , I − 1.
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Then, it follows that

(Ui(t), Vi(t),Wi(t), Yi(t)) ≥ (φ1,i, φ2,i, φ3,i, φ4,i), i = 1, . . . , I, t ∈ (0, Th).

Proof. As (φ1,h, φ2,h, φ3,h, φ4,h) is a lower solution of (2.1)–(2.5), it follows from
Lemma 3.2 that (Ui(t), Vi(t),Wi(t), Yi(t)) ≥ (φ1,i, φ2,i, φ3,i, φ4,i) > 0, i = 1, . . . , I,
t ∈ (0, Th). □

The lemma below shows that the solution of the semidiscrete problem is in-
creasing in space.

Lemma 3.4. Let (Uh, Vh,Wh, Yh) ∈
(
C1([0, Th),RI)

)4 be the solution of (2.1)–(2.5).
Then we have

(Ui+1(t), Vi+1(t),Wi+1(t), Yi+1(t)) > (Ui(t), Vi(t),Wi(t), Yi(t)),

i = 1, . . . , I − 1, t ∈ (0, Th).

Proof. We argue by contradiction. Assume that t0 is the first t > 0, such that
(Ri, Fi, Si, Ki)(t) = (Ui+1 − Ui, Vi+1 − Vi,Wi+1 −Wi, Yi+1 − Yi)(t) > 0, for 1 ≤ i ≤
I − 1, but Ri0(t0) = Ui0+1(t0) − Ui0(t0) = 0 or Fi0(t0) = Vi0+1(t0) − Vi0(t0) = 0 or
Si0(t0) = Wi0+1(t0) −Wi0(t0) = 0 or Ki0(t0) = Yi0+1(t0) − Yi0(t0) = 0, for a certain
i0 ∈ {1, . . . , I − 1}. Assume that Ri0(t0) = Ui0+1(t0) − Ui0(t0) = 0. Without lost of
generality, we can suppose that i0 is the smallest integer which satisfies the above
equality. We get

R′
1(t)−

R2(t)− 3R1(t)

h2
− 2

h
Up1
1 (t)V q2

1 (t) = 0,

R′
i(t)−

Ri+1(t)− 2Ri(t)−Ri−1(t)

h2
= 0, 2 ≤ i ≤ I − 2,

R′
I−1(t)−

RI−2(t)− 3RI−1(t)

h2
− 2

h
Up1
I (t)V q2

I (t) = 0.

(3.11)

According to the hypotheses on t0, we have the following inequalities:

R′
i0
(t0) = lim

ϵ→0

Ri0(t0)−Ri0(t0 − ϵ)

ϵ
≤ 0,

δ2Ri0(t0) =
Ri0+1(t0)− 2Ri0(t0) +Ri0−1(t0)

h2
> 0, if 2 ≤ i0 ≤ I − 2,

δ2Ri0(t0) =
Ri0+1(t0)− 3Ri0(t0)

h2
> 0, if i0 = 1,
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δ2Ri0(t0) =
−3Ri0(t0) +Ri0−1(t0)

h2
> 0, if i0 = I − 1,

which implies

R′
i0
(t0)− δ2Ri0(t0) < 0, if 2 ≤ i0 ≤ I − 2,

R′
i0
(t0)− δ2Ri0(t0)−

2

h

(
Up1
i0
(t)V q2

i0
(t)

)
< 0, if i0 = 1,

R′
i0
(t0)− δ2Ri0(t0)−

2

h

(
Up1
i0
(t)V q2

i0
(t)

)
< 0, if i0 = I − 1.

Thus, we have a contradiction with (3.11), which leads to the desired result. □

The lemma below shows that the solution of the semidiscrete problem is in-
creasing in time.

Lemma 3.5. Let (Uh, Vh,Wh, Yh) ∈
(
C1([0, Th),RI)

)4 be the solution of (2.1)–(2.5).
Then we have (U ′

i(t), V
′
i (t),W

′
i (t), Y

′
i (t)) > 0, i = 1, . . . , I, t ∈ (0, Th).

Proof. Let us define

(Fh(t), Gh(t), Lh(t), Hh(t)) = (Uh(t), Vh(t),Wh(t), Yh(t))

− (Uh(t+ ε), Vh(t+ ε),Wh(t+ ε), Yh(t+ ε)) .

Using straightforward computations and the Mean Value Theorem, we obtain the
following for i = 1, . . . , I

F ′
i (t)− δ2Fi(t)− p1ωiV

q2
i (t)(ξi(t))

p1−1Fi(t)− q2ωiU
p1
i (t+ ε)(ρi(t))

q2−1Gi(t) ≥ 0,

G′
i(t)− δ2Gi(t)− p2ωiW

q3
i (t)(ρi(t))

p2−1Gi(t)− q3ωiV
p2
i (t+ ε)(ϱi(t))

q3−1Li(t) ≥ 0,

L′
i(t)− δ2Li(t)− p3ωiY

q4
i (t)(ϱi(t))

p3−1Li(t)− q4ωiW
p3
i (t+ ε)(λi(t))

q4−1Hi(t) ≥ 0,

H ′
i(t)− δ2Hi(t)− p4ωiU

q1
i (t)(λi(t))

p4−1Hi(t)− q1ωiY
p4
i (t+ ε)(ξi(t))

q1−1Fi(t) ≥ 0,

Fi(0) ≥ 0, Gi(0) ≥ 0, Li(0) ≥ 0, Hi(t) ≥ 0,

where ξi(t), ρi(t), ϱi(t) and λi(t) lie, respectively, between Ui(t) and Ui(t + ε),
between Vi(t) and Vi(t + ε), between Wi(t) and Wi(t + ε) and between Yi(t) and
Yi(t+ ε), for i ∈ {1, . . . , I}.
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From Lemma 3.1 we get,

Fi(t) ≥ 0, Gi(t) ≥ 0, Li(t) ≥ 0, Hi(t) ≥ 0, i = 1, . . . , I, ∀t ∈ (0, Th).

This concludes the proof. □

4. SEMIDISCRETE BLOW-UP SOLUTION

In this section, under certain assumptions, we provide the conditions for the
global existence of the solution of the semidiscrete problem, and we also show that
this solution (Uh, Vh,Wh, Yh) of (2.1)–(2.5) blows up in finite time. We characterize
the blow-up or global existence of the solution (Uh, Vh,Wh, Yh) of (2.1)–(2.5) in
terms of the matrix B where

B =


p1 q2 0 0

0 p2 q3 0

0 0 p3 q4

q1 0 0 p4


For convenience, we define p4+a = pa and q4+a = qa, for all integers a. Let
(α1, α2, α3, α4) be the solution of

p1 − 1 q2 0 0

0 p2 − 1 q3 0

0 0 p3 − 1 q4

q1 0 0 p4 − 1



α1

α2

α3

α4

 =


−1

−1

−1

−1

(4.1)

where for j = 1, 2, 3, 4,

αj =

∏j+3
k=j+1 (pk − 1) + (pj+3 − 1)

∏j+2
k=j+1 qk − qj+1

∏j+3
k=j+2 (pk − 1)−

∏j+3
k=j+1 qk∏4

k=1 qk −
∏4

k=1 (1− pk)
.

If 0 ≤ pj ≤ 1 and qj ≥ 0, it is easy to check that the numerator of αj is negative for
j = 1, 2, 3, 4.

Definition 4.1. We say that the solution (Uh, Vh,Wh, Yh) of (2.1)–(2.5) blows up in
finite time if there exists a finite time Th > 0 such that, for t ∈ [0, Th),

max {∥Uh(t)∥∞, ∥Vh(t)∥∞, ∥Wh(t)∥∞, ∥Yh(t)∥∞} < ∞
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and
lim
t→Th

sup {∥Uh(t)∥∞ + ∥Vh(t)∥∞ + ∥Wh(t)∥∞ + ∥Yh(t)∥∞} = +∞.

The time Th is called the blow-up time of the solution (Uh, Vh,Wh, Yh).

Theorem 4.1. If p1, p2, p3, p4 > 1, then the solution (Uh, Vh,Wh, Yh) of (2.1)–(2.5)
blows up in finite time Th.

Proof. Assume that p1 > 1 and let us consider

U ′
I(t) =

2UI−1(t)− 2UI(t)

h2
+

2

h
Up1
I (t)V q2

I (t), t ∈ [0, Th),

As VI(t) ≥ min
1≤i≤I

φ2,i = a > 0, for t ∈ [0, Th), then

U ′
I(t) ≥

2UI−1(t)− 2UI(t)

h2
+

2aq2

h
Up1
I (t), t ∈ [0, Th),

as UI−1(t) < UI(t) (Lemma 3.4) and U ′
I(t) > 0 (Lemma 3.5) for all t ∈ (0, Th),

there exists a constant C > 0 such that

U ′
I(t) ≥

2aq2

hC
Up1
I (t), t ∈ [0, Th).

By setting β =
hC

2aqj+1
, we obtain

∀t ∈ [0, Th), U
′

I(t) ≥
1

β
Up1
I (t).(4.2)

Thus, Uh blows up in finite time Th and moreover, integrating (4.2) from 0 to Th

we can show that

Th ≤ β∥φ1,h∥1−p1
∞

p1 − 1
.

Similarly, we can show:

- if p2 > 1, Vh blows up in finite time Th with

Th ≤ β∥φ2,h∥1−p2
∞

p2 − 1
,

- if p3 > 1, Wh blows up in finite time Th with

Th ≤ β∥φ3,h∥1−p3
∞

p3 − 1
,
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- if p4 > 1, Yh blows up in finite time Th with

Th ≤ β∥φ4,h∥1−p4
∞

p4 − 1
.

Thus, if p1, p2, p3, p4 > 1, the solution (Uh, Vh,Wh, Yh) of (2.1)–(2.5) blows up in
finite time Th with

Th ≤ βmin

{
∥φ1,h∥1−p1

∞
p1 − 1

,
∥φ2,h∥1−p2

∞
p2 − 1

,
∥φ3,h∥1−p3

∞
p3 − 1

,
∥φ4,h∥1−p4

∞
p4 − 1

}
.

□

Theorem 4.2. Assume that 0 ≤ pj ≤ 1, for j = 1, 2, 3, 4. Let (α1, α2, α3, α4) be the
solution of (4.1), then

(b) if min1≤j≤4 αj > 0, the solution (Uh, Vh,Wh, Yh) of (2.1)–(2.5) is global.
(c) if min1≤j≤4 αj ≤ 0, the solution (Uh, Vh,Wh, Yh) of (2.1)–(2.5) blows up in a

finite time Th.

The following lemma describes the behavior of the positive solutions of
Z ′

j(s) = Z
pj
j (s)Z

qj+1

j+1 (s),

Zj(0) = φj,i > 0, i = 1, . . . , I, j = 1, 2, 3, 4,

Z5 = Z1, q5 = q1.

(4.3)

where 0 ≤ pj ≤ 1, qj ≥ 0.

Lemma 4.1. Let {Zj(s)} be a positive solution of (4.3) with B nonsingular and
(α1, α2, α3, α4) the solution of (4.1).

(i) If min1≤j≤4 αj > 0, then (4.3) has a global upper solution of the form Zj(s) =

Mj(s+ s0)
αj , where Mj > 0 is a constant.

(ii) If min1≤j≤4 αj ≤ 0, then all positive solution of (4.3) blow up.

Proof. See [9], Theorem 2.1. □

Proof. (Theorem 4.2.) Assume that 0 ≤ pj ≤ 1, for j = 1, 2, 3, 4. To prove The-
orem 4.2, we construct a lower or upper solution of (2.1)–(2.5). The solution
either blows up in finite time or exists globally. This is followed by applying the
comparison result (Lemma 3.2).

Let b : [0, Th) → R be a continuous, bounded, strictly increasing, and strictly
positive function. We denote s = b(t) for a given value of t and s0 = b(0) to
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represent the initial value of b at t = 0. This function plays a key role in the
following development where it is defined depending on the context.

Case (b): We now demonstrate the global existence of the solution of (2.1)–
(2.5) by successively constructing upper solution. Let (Uh, Vh,Wh, Yh) be an upper
solution of (2.1)–(2.5).

To construct an upper solution, we propose the following forms: Ui(t) = ϕ1 (b(t)),
Vi(t) = ϕ2 (b(t)), Wi(t) = ϕ3 (b(t)) and Yi(t) = ϕ4 (b(t)) , for i = 1, . . . , I, t ∈ (0, Th),

then

U ′
i(t) = b′(t)ϕ′

1 (b(t)) , V ′
i (t) = b′(t)ϕ′

2 (b(t)) W ′
i (t) = b′(t)ϕ′

3 (b(t)) ,

Y ′
i (t) = b′(t)ϕ′

4 (b(t)) .

Let ϕj(s) (j = 1, 2, 3, 4) a solution of the O.D.E. systemZ ′
j(s) = (Zj(s))

pj (Zj+1(s))
qj+1

Zj(0) = φj,i > 0, i = 1, . . . , I, j = 1, 2, 3, 4,
(4.4)

where Z5 = Z1 and q5 = q1.

Using the results established in Lemma 4.1, it follows that ϕj(s) = Mj (s+ s0)
αj (j =

1, 2, 3, 4) is a global upper solution of (4.4), because min1≤j≤4 αj > 0. Thus

ϕ′
1 (b(t)) ≥ (ϕ1 (b(t)))

p1 (ϕ2 (b(t)))
q2 , t ∈ (0, Th),

ϕ′
2 (b(t)) ≥ (ϕ2 (b(t)))

p2 (ϕ3 (b(t)))
q3 , t ∈ (0, Th),

ϕ′
3 (b(t)) ≥ (ϕ3 (b(t)))

p3 (ϕ4 (b(t)))
q4 , t ∈ (0, Th),

ϕ′
4 (b(t)) ≥ (ϕ4 (b(t)))

p4 (ϕ1 (b(t)))
q1 , t ∈ (0, Th),

ϕ1 (0) ≥ φ1,i, ϕ2 (0) ≥ φ2,i, ϕ3 (0) ≥ φ3,i, ϕ4 (0) ≥ φ4,i, i = 1, . . . , I.

Let b(t) be a function such that b′(t) ≥ ωi, for i = 1, . . . , I, then

b′(t)ϕ′
1 (b(t)) ≥ b′(t) (ϕ1 (b(t)))

p1 (ϕ2 (b(t)))
q2 , t ∈ (0, Th),(4.5)

b′(t)ϕ′
2 (b(t)) ≥ b′(t) (ϕ2 (b(t)))

p2 (ϕ3 (b(t)))
q3 , t ∈ (0, Th),(4.6)

b′(t)ϕ′
3 (b(t)) ≥ b′(t) (ϕ3 (b(t)))

p3 (ϕ4 (b(t)))
q4 , t ∈ (0, Th),(4.7)

b′(t)ϕ′
4 (b(t)) ≥ b′(t) (ϕ4 (b(t)))

p4 (ϕ1 (b(t)))
q1 , t ∈ (0, Th),(4.8)

ϕ1 (0) ≥ φ1,i, ϕ2 (0) ≥ φ2,i, ϕ3 (0) ≥ φ3,i, ϕ4 (0) ≥ φ4,i,(4.9)
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we can easily observe that

ϕj (b(0)) ≥ ϕj (0) , j = 1, 2, 3, 4,(4.10)

using (4.5)–(4.10), we deduce that, for i = 1, . . . , I,

U ′
i(t) ≥ b′(t)Ui

p1
(t)Vi

q2
(t) ≥ ωiUi

p1
(t)Vi

q2
(t), t ∈ (0, Th),

V ′
i (t) ≥ b′(t)Vi

p2
(t)Wi

q3
(t) ≥ ωiVi

p2
(t)Wi

q3
(t), t ∈ (0, Th),

W ′
i (t) ≥ b′(t)Wi

p3
(t)Yi

q4
(t) ≥ ωiWi

p3
(t)Yi

q4
(t), t ∈ (0, Th),

Y ′
i (t) ≥ b′(t)Yi

p4
(t)Ui

q1
(t) ≥ ωiYi

p4
(t)Ui

q1
(t), t ∈ (0, Th),

Ui(0) ≥ φ1,i, Vi(0) ≥ φ2,i, Wi(0) ≥ φ3,i, Yi(0) ≥ φ4,i.

So, for i = 1, . . . , I

U ′
i(t) ≥ δ2Ui(t) + ωiUi

p1
(t)Vi

q2
(t), t ∈ (0, Th),

V ′
i (t) ≥ δ2Vi(t) + ωiVi

p2
(t)Wi

q3
(t), t ∈ (0, Th),

W ′
i (t) ≥ δ2Wi(t) + ωiWi

p3
(t)Yi

q4
(t), t ∈ (0, Th),

Y ′
i (t) ≥ δ2Yi(t) + ωiYi

p4
(t)Ui

q1
(t), t ∈ (0, Th),

Ui(0) ≥ Ui(0), Vi(0) ≥ Vi(0), Wi(0) ≥ Wi(0), Yi(0) ≥ Yi(0).

From lemma 3.2, we conclude that (Uh, Vh,Wh, Yh) is an upper solution of (2.1)–
(2.5), hence the global existence of the solution of (2.1)–(2.5).

Case (c): Let (Uh, Vh,Wh, Yh) be a lower solution of (2.1)–(2.5). We propose
Ui(t) = ϕ1 (b(t)), Vi(t) = ϕ2 (b(t)) , Wi(t) = ϕ3 (b(t)) and Yi(t) = ϕ4 (b(t)) , for
i = 1, . . . , I, t ∈ (0, Th), then,

U ′
i(t) = b′(t)ϕ′

1 (b(t)) , V ′
i (t) = b′(t)ϕ′

2 (b(t)) , W ′
i (t) = b′(t)ϕ′

3 (b(t)) ,

Y ′
i (t) = b′(t)ϕ′

4 (b(t)) .

Denote s = b(t) = εt where 0 < ε ≤ 2

h
= ωi, for i = 1, . . . , I. Thus b′(t) = ε ≤ ωi,

for i = 1, . . . , I.

Let ϕj(s) (j = 1, 2, 3, 4) be a solution of the O.D.E. system (4.4), hence

ϕ′
1 (b(t)) = (ϕ1 (b(t)))

p1 (ϕ2 (b(t)))
q2 , t ∈ (0, Th),

ϕ′
2 (b(t)) = (ϕ2 (b(t)))

p2 (ϕ3 (b(t)))
q3 , t ∈ (0, Th),
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ϕ′
3 (b(t)) = (ϕ3 (b(t)))

p3 (ϕ4 (b(t)))
q4 , t ∈ (0, Th),

ϕ′
4 (b(t)) = (ϕ4 (b(t)))

p4 (ϕ1 (b(t)))
q1 , t ∈ (0, Th),

ϕ1 (0) = φ1,i, ϕ2 (0) = φ2,i, ϕ3 (0) = φ3,i, ϕ4 (0) = φ4,i, i = 1, . . . , I,

which implies that,

b′(t)ϕ′
1 (b(t)) = b′(t) (ϕ1 (b(t)))

p1 (ϕ2 (b(t)))
q2 , t ∈ (0, Th),

b′(t)ϕ′
2 (b(t)) = b′(t) (ϕ2 (b(t)))

p2 (ϕ3 (b(t)))
q3 , t ∈ (0, Th),

b′(t)ϕ′
3 (b(t)) = b′(t) (ϕ3 (b(t)))

p3 (ϕ4 (b(t)))
q4 , t ∈ (0, Th),

b′(t)ϕ′
4 (b(t)) = b′(t) (ϕ4 (b(t)))

p4 (ϕ1 (b(t)))
q1 , t ∈ (0, Th),

ϕ1 (0) = φ1,i, ϕ2 (0) = φ2,i, ϕ3 (0) = φ3,i, ϕ4 (0) = φ4,i, i = 1, . . . , I,

which implies that, for i = 1, . . . , I,

U ′
i(t) = b′(t)Ui

p1(t)Vi
q2(t) ≤ ωiUi

p1(t)Vi
q2(t), t ∈ (0, Th),

V ′
i (t) = b′(t)Vi

p2(t)Wi
q3(t) ≤ ωiVi

p2(t)Wi
q3(t), t ∈ (0, Th),

W ′
i (t) = b′(t)Wi

p3(t)Yi
q4(t) ≤ ωiWi

p3
(t)Yi

q4
(t), t ∈ (0, Th),

Y ′
i (t) = b′(t)Yi

p4(t)Ui
q1(t) ≤ ωiYi

p4
(t)Ui

q1
(t), t ∈ (0, Th),

Ui(0) = φ1,i, Vi(0) = φ2,i, Wi(0) = φ3,i, Yi(0) = φ4,i.

So, for i = 1, . . . , I,

U ′
i(t) ≤ δ2Ui(t) + ωiUi

p1(t)Vi
q2(t), t ∈ (0, Th),

V ′
i (t) ≤ δ2Vi(t) + ωiVi

p2(t)Wi
q3(t), t ∈ (0, Th),

W ′
i (t) ≤ δ2Wi(t) + ωiWi

p3(t)Yi
q4(t), t ∈ (0, Th),

Y ′
i (t) ≤ δ2Yi(t) + ωiYi

p4(t)Ui
q1(t), t ∈ (0, Th),

Ui(0) ≤ Ui(0), Vi(0) ≤ Vi(0), Wi(0) ≤ Wi(0), Yi(0) ≤ Yi(0).

From Lemma 3.2, we conclude that (Uh, Vh,Wh, Yh) is a lower solution of (2.1)–
(2.5). As min1≤j≤4 αj ≤ 0, by the Lemma 4.1, ϕj(s) (j = 1, 2, 3, 4) blows up in finite
time, thus (Uh, Vh,Wh, Yh) blows up and hence (Uh, Vh,Wh, Yh) cannot be global.
This ends the proof. □
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Remark 4.1. By multiplying the inequality (4.2) by the inverse of Up1
I (t) and by

integrating the result obtained on [t, Th], we obtain, ∀t ∈ (0, Th),

1

p1 − 1

1

Up1−1
I (t)

≥ γ (Th − t) ,

and there exists a constant Cp1 such that

UI(t) ≤ Cp1 (Th − t)
− 1

p1−1 , ∀t ∈ (0, Th),

for p1 > 1. In the same way we show, if p2 > 1, there exists a constant Cp2 such that

VI(t) ≤ Cp2 (Th − t)
− 1

p2−1 , ∀t ∈ (0, Th),

if p3 > 1, there exists a constant Cp3 such that

WI(t) ≤ Cp3 (Th − t)
− 1

p3−1 , ∀t ∈ (0, Th),

and if p4 > 1, there exists a constant Cp4 such that

YI(t) ≤ Cp4 (Th − t)
−

1

p4 − 1 , ∀t ∈ (0, Th).

Theorem 4.1 and Theorem 4.2 imply the following corollaries:

Corollary 4.1. The solutions of (2.1)–(2.5) blow up in finite time Th if

max

{
pj − 1 (j = 1, 2, 3, 4),

4∏
j=1

qj −
4∏

j=1

(1− pj)

}
> 0.

Corollary 4.2. If

max

{
pj − 1 (j = 1, 2, 3, 4),

4∏
j=1

qj −
4∏

j=1

(1− pj)

}
≤ 0,

then, the solutions of (2.1)–(2.5) exist globally.

5. SIMULTANEOUS BLOW-UP

In this section, we consider (Uh, Vh,Wh, Yh) as a positive solution of (2.1)–(2.5)
with h fixed, and we provide sufficient conditions for the existence of simultaneous
blow-up for all initial data.
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Definition 5.1. We say that the solution (Uh, Vh,Wh, Yh) of (2.1)–(2.5) blows up
simultaneously in a finite time if there exists a finite time Th > 0 such that for
t ∈ [0, Th), max {∥Uh(t)∥∞, ∥Vh(t)∥∞, ∥Wh(t)∥∞, ∥Yh(t)∥∞} < ∞ and

lim
t→Th

supmin {∥Uh(t)∥∞, ∥Vh(t)∥∞, ∥Wh(t)∥∞, ∥Yh(t)∥∞} = +∞.

The time Th is called the simultaneous blow-up time of the solution (Uh, Vh,Wh, Yh).

Theorem 5.1. Define β4 =
1

p4 − 1
. If βk =

1− qk+1βk+1

pk − 1
, pk ≤ 1 < p4 (k = 1, 2, 3)

and β1 ≥ 0, βk > 0, (k = 2, 3), then Uh, Vh,Wh, Yh blow up simultaneously in a
finite time Th.

Proof. This proof is divided into three steps.

Step 1. Yh blows up in a finite time Th and YI(t) ≥ cp4 (Th − t)−β4 . We claim
that Yh is the blow-up component. If not, the other components would remain
bounded for pk ≤ 1 (k = 1, 2, 3), which leads to a contradiction, since p4 > 1.
Consequently Yh blows up in Th. From (2.4), we have

Y ′
I (t) =

2YI−1(t)− 2YI(t)

h2
+

2

h
Y p4
I (t)U q1

I (t), t ∈ (0, Th).

Since YI−1(t) < YI(t), ∀t ∈ (0, Th) (Lemma 3.4), we have

Y ′
I (t) ≤

2

h
Y p4
I (t)U q1

I (t), ∀t ∈ (0, Th),

since p1 ≤ 1, there exists a constant C > 0 such that UI(t) ≤ C, ∀t ∈ (0, Th).
Therefore YI(t) satisfies

Y ′
I (t) ≤

2

h
Cq1Y p4

I (t), ∀t ∈ (0, Th),

which implies that

Y ′
I (t)

Y p4
I (t)

≤ 2

h
Cq1 , ∀t ∈ (0, Th),

integrating this inequality from t to Th, we obtain

YI(t) ≥ cp4 (Th − t)−β4 , ∀t ∈ [0, Th),(5.1)

where cp4 =
(
2
h
Cq1 (p4 − 1)

)− 1
p4−1 .
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Step 2. Wh blows up in a finite time Th and WI(t) ≥ cp3 (Th − t)−β3 . Assume
that Wh remains bounded up to time Th. From (2.3) and (5.1), we have

W ′
I(t) ≥

2WI−1(t)− 2WI(t)

h2
+

2

h
W p3

I (t)cq4p4 (Th − t)−β4q4 , t ∈ (0, Th).

As WI−1(t) < WI(t), ∀t ∈ (0, Th) (Lemma 3.4) and WI is bounded, then, there
exists a constant B > 0 and a constant C dependent of h such that

W ′
I(t) ≥ 2B

h
Cp3cq4p4 (Th − t)−β4q4 , ∀t ∈ (t0, Th),

thus

W ′
I(t) ≥ C1 (Th − t)−β4q4 , ∀t ∈ (t0, Th),

with C1 =
2B
h
Cp3cq4p4 . Integrating this inequality from t0 to Th, we have

WI(Th) ≥ WI(t0) + C1

∫ Th

t0

(Th − t)−β4q4 dt.

For Wh to remain bounded, we must have q4β4 < 1, which implies β3 < 0. This
contradicts the assumption β3 > 0.

From (2.3) and (5.1), we have

W ′
I(t) ≥

2WI−1(t)− 2WI(t)

h2
+

2

h
W p3

I (t)cq4p4 (Th − t)−β4q4 , t ∈ (0, Th).

As WI−1(t) < WI(t), ∀t ∈ (0, Th) (Lemma 3.3), then, there exists a constant
C > 0 such that

W ′
I(t) ≥ 2C

h
W p3

I (t)cq4p4 (Th − t)−β4q4 , ∀t ∈ (t0, Th).

Integrating the above inequality from z to t, we obtain

WI(t) ≥ 2C

h
cq4p4

∫ t

z

W p3
I (τ) (Th − τ)−β4q4 dτ, ∀t ∈ (z, Th).

Define H(t) =
∫ t

z
W p3

I (τ) (Th − τ)−β4q4 dτ, then W−p3
I (t)H ′(t) = (Th − t)−β4q4 .

Since

WI(t) ≥ 2C

h
cq4p4H(t), ∀t ∈ (z, Th),(5.2)

then

H−p4(t)H ′(t) ≥ Q (Th − t)−β4q4 , ∀t ∈ (z, Th),
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where Q =
(
2C
h
cq4p4

)p3 . Integrating the above inequality from z to t and taking
z = 2t− Th, we have

H1−p3(t) ≥ (1− p3)K (Th − t)1−q4β4 , ∀t ∈ (0, Th),(5.3)

where K = 21−q4β4Q
(1−q4β4)

− Q
(1−q4β4)

. From (5.2), we deduce that

W 1−p3
I (t) ≥

(
2C

h
cq4p4

)1−p3

H1−p3(t), ∀t ∈ (0, Th).(5.4)

Using (5.3) et (5.4), we obtain

W 1−p3
I (t) ≥ K

(
2C

h
cq4p4

)1−p3

(1− p3) (Th − t)1−q4β4 , ∀t ∈ (0, Th),

and hence

WI(t) ≥ cp3 (Th − t)−β3 , ∀t ∈ (0, Th),

where cp3 =
(
K

(
2C
h
cq4p4

)1−p3 (1− p3)
) 1

1−p3 .

Step 3. Similar to Step 2, we obtain that Vh blows up in a finite time Th and
VI(t) ≥ cp2 (Th − t)−β2 . For β1 ≥ 0, U1,h also blows up at time Th, similarly. That
means Uh, Vh, Wh, Yh blow up simultaneously in a finite time Th and the proof is
completed. □

Theorem 5.2. If p1, p2, p3, p4 ≤ 1 and
∏4

n=1 qn >
∏4

n=1 (1− pn), then Uh, Vh, Wh,
and Yh blow up simultaneously in a finite time Th.

Proof. Assume that Yh remains bounded up to the blow-up time Th. Then, Uh,
Vh, Wh would also remain bounded for p1, p2, p3 ≤ 1. However since

∏4
n=1 qn >∏4

n=1 (1− pn), this contradicts corollary 4.1. Therefore Uh, Vh, Wh, Yh must blow
up simultaneously, and the proof is completed. □

6. CONVERGENCE OF SEMIDISCRETE BLOW-UP TIME

In this section, we study the convergence of the semidiscrete blow-up time.
We now show that, for each time interval [0, T ∗] where (u, v, w, y) is defined, the
solution (Uh, Vh,Wh, Yh) of (2.1)–(2.5) converges to (u, v, w, y) as the mesh size h
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tends to zero. We denote

uh(t) = (u(x1, t), . . . , u(xI , t))
T , vh(t) = (v(x1, t), . . . , v(xI , t))

T ,

wh(t) = (w(x1, t), . . . , w(xI , t))
T , yh(t) = (y(x1, t), . . . , y(xI , t))

T .

Theorem 6.1. Assume that the problem (1.1) has solution (u, v, w, y) ∈ (C4,1([0, 1]×
[0, T ∗]))4 and the initial data (φ1,h, φ2,h, φ3,h, φ4,h) of (2.1)–(2.5) satisfies

∥φ1,h − uh(0)∥∞ = o(1), ∥φ2,h − vh(0)∥∞ = o(1),(6.1)

∥φ3,h − wh(0)∥∞ = o(1), ∥φ4,h − yh(0)∥∞ = o(1), h → 0.

Then, for h sufficiently small, the problem (2.1)–(2.5) has a unique solution (Uh, Vh,

Wh, Yh) ∈ (C1([0, T ∗],RI))4 such that,

max
t∈[0,T ∗]

∥Uh(t)− uh(t)∥∞ = O
(
∥φ1,h − uh(0)∥∞ + ∥φ2,h − vh(0)∥∞

+ ∥φ3,h − wh(0)∥∞ + ∥φ4,h − yh(0)∥∞ + h2
)
,

max
t∈[0,T ∗]

∥Vh(t)− vh(t)∥∞ = O
(
∥φ1,h − uh(0)∥∞ + ∥φ2,h − vh(0)∥∞

+ ∥φ3,h − wh(0)∥∞ + ∥φ4,h − yh(0)∥∞ + h2
)
,

max
t∈[0,T ∗]

∥Wh(t)− wh(t)∥∞ = O
(
∥φ1,h − uh(0)∥∞ + ∥φ2,h − vh(0)∥∞

+ ∥φ3,h − wh(0)∥∞ + ∥φ4,h − yh(0)∥∞ + h2
)
,

max
t∈[0,T ∗]

∥Yh(t)− yh(t)∥∞ = O
(
∥φ1,h − uh(0)∥∞ + ∥φ2,h − vh(0)∥∞

+ ∥φ3,h − wh(0)∥∞ + ∥φ4,h − yh(0)∥∞ + h2
)
.

Proof. Let ν > 0 be such that

(∥u∥∞, ∥v∥∞, ∥w∥∞, ∥y∥∞) < ν, t ∈ [0, T ∗].(6.2)

Let t(h) ≤ T ∗ be the greatest value of t > 0 such that for t ∈ (0, t(h))

max
{
∥Uh(t)− uh(t)∥∞, ∥Vh(t)− vh(t)∥∞,

∥Wh(t)− wh(t)∥∞, ∥Yh(t)− yh(t)∥∞
}
< 1.(6.3)
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The relation (6.1) implies t(h) > 0, for h small enough. Using the triangle inequal-
ity, we obtain

∥Uh(t)∥∞ ≤ 1 + ν, ∥Vh(t)∥∞ ≤ 1 + ν,(6.4)

∥Wh(t)∥∞ ≤ 1 + ν and ∥Yh(t)∥∞ ≤ 1 + ν, for t ∈ (0, t(h)).

Let (e1,i, e2,i, e3,i, e4,i)(t) = (Ui − ui, Vi − vi,Wi − wi, Yi − yi)(t), for i = 1, . . . , I,
∀t ∈ [0, T ∗] be the discretization error. These error functions verify

e′1,i(t) = δ2e1,i(t) + p1ωi(αi(t))
p1−1V q2

i (t)e1,i(t) + q2ωi(βi(t))
q2−1up1

i (t)e2,i(t) +O(h2),

e′2,i(t) = δ2e2,i(t) + p2ωi(βi(t))
p2−1W q3

i (t)e2,i(t) + q3ωi(λi(t))
q3−1vp2i (t)e3,i(t) +O(h2),

e′3,i(t) = δ2e3,i(t) + p3ωi(λi(t))
p3−1Y q4

i (t)e3,i(t) + q4ωi(θi(t))
q4−1wp3

i (t)e4,i(t) +O(h2),

e′4,i(t) = δ2e4,i(t) + p4ωi(θi(t))
p4−1U q1

i (t)e4,i(t) + q1ωi(αi(t))
q1−1yp4i (t)e1,i(t) +O(h2),

where αi(t), βi(t), λi(t) and θi(t) lie, respectively, between Ui(t) and ui(t), be-
tween Vi(t) and vi(t), between Wi(t) and wi(t) and between Yi(t) and yi(t), for
i = 1, . . . , I. Using (6.2) and (6.4), there exist J and K positive constants such
that

e′1,i(t) ≤ δ2e1,i(t) + ωiJ |e1,i(t)|+ ωiJ |e2,i(t)|+Kh2, i = 1, . . . , I, t ∈ [0, T ∗],

e′2,i(t) ≤ δ2e2,i(t) + ωiJ |e2,i(t)|+ ωiJ |e3,i(t)|+Kh2, i = 1, . . . , I, t ∈ [0, T ∗],

e′3,i(t) ≤ δ2e3,i(t) + ωiJ |e3,i(t)|+ ωiJ |e4,i(t)|+Kh2, i = 1, . . . , I, t ∈ [0, T ∗],

e′4,i(t) ≤ δ2e4,i(t) + ωiJ |e4,i(t)|+ ωiJ |e1,i(t)|+Kh2, i = 1, . . . , I, t ∈ [0, T ∗].

Let (M,N,Q,H) ∈ (C4,1([0, L], [0, T ∗]))
4 be such that

M(x, t) = (∥φ1,h − uh(0)∥∞ + ∥φ2,h − vh(0)∥∞ + ∥φ3,h − wh(0)∥∞
+ ∥φ4,h − yh(0)∥∞ +Kh2)e(F+3)t+Dx

and M = N = Q = H, ∀(x, t) ∈ [0, 1]× [0, T ∗], with K, F and D positive constants.
By the Lemma 3.2, we can prove that

(|e1,i(t)|, |e2,i(t)|, |e3,i(t)|, |e4,i(t)|) < (M(xi, t), N(xi, t), Q(xi, t), H(xi, t)) ,

with 1 ≤ i ≤ I, for t ∈ (0, t(h)). Thus we get
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∥Uh(t)− uh(t)∥∞ ≤
(
∥φ1,h − uh(0)∥∞ + ∥φ2,h − vh(0)∥∞

+ ∥φ3,h − wh(0)∥∞ + ∥φ4,h − yh(0)∥∞ +Kh2
)
e(F+3)t+D,

∥Vh(t)− vh(t)∥∞ ≤
(
∥φ1,h − uh(0)∥∞ + ∥φ2,h − vh(0)∥∞

+ ∥φ3,h − wh(0)∥∞ + ∥φ4,h − yh(0)∥∞ +Kh2
)
e(F+3)t+D,

∥Wh(t)− wh(t)∥∞ ≤
(
∥φ1,h − uh(0)∥∞ + ∥φ2,h − vh(0)∥∞

+ ∥φ3,h − wh(0)∥∞ + ∥φ4,h − yh(0)∥∞ +Kh2
)
e(F+3)t+D,

∥Yh(t)− yh(t)∥∞ ≤
(
∥φ1,h − uh(0)∥∞ + ∥φ2,h − vh(0)∥∞

+ ∥φ3,h − wh(0)∥∞ + ∥φ4,h − yh(0)∥∞ +Kh2
)
e(F+3)t+D.

where t ∈ (0, t(h)). Suppose that T ∗ > t(h). From (6.3), we obtain

1 = ∥Uh(h)− uh(t(h))∥∞ ≤
(
∥φ1,h − uh(0)∥∞ + ∥φ2,h − vh(0)∥∞

+ ∥φ3,h − wh(0)∥∞ + ∥φ4,h − yh(0)∥∞ +Kh2
)
e(F+3)T ∗+D.

Since the term on the right hand side of the above inequality goes to zero as h

tends to zero, we deduce that 1 ≤ 0, which is impossible. Consequently t(h) = T ∗

and we conclude the proof. □

Theorem 6.2. Suppose that the solution (u, v, w, y) of problem (1.1) blows up in
a finite time T such that (u, v, w, y) ∈ (C4,1([0, 1]× [0, T )))

4 and the initial data at
(2.1)–(2.5) satisfies

∥φ1,h − uh(0)∥∞ = o(1), ∥φ2,h − vh(0)∥∞ = o(1),

∥φ3,h − wh(0)∥∞ = o(1), ∥φ4,h − yh(0)∥∞ = o(1), h → 0.

Under the assumptions of corollary 4.1, the solution (Uh, Vh,Wh, Yh) of problem
(2.1)–(2.5) blows up in finite time Th and we have

lim
h→0

Th = T.

Proof. Set µ > 0, there exists a constant κ > 0 such that
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y1−p1

γ (p1 − 1)
≤ µ

2
, κ ≤ y.(6.5)

Since u blows up in a finite time T , there exists a time T0 ∈ (T − µ/2;T ) such that
∥u(., t)∥∞ ≥ 2κ, for t ∈ [T0, T ). Denote T1 =

T0+T
2

, we see easily that
supt∈[0,T1] ∥u(., t)∥∞ < ∞. It follows from Theorem 6.1 that for h sufficiently small

sup
t∈[0,T1]

∥Uh(t)− uh(t)∥∞ ≤ κ.

Applying the triangle inequality, we get

∥Uh(T1)∥∞ ≥ ∥uh(T1)∥∞ − ∥Uh(T1)− uh(T1)∥∞ ≥ κ.

From corollary 4.1, Uh blows up at the time Th. We deduce from Remark 4.1 and
(6.5) that

|Th − T | ≤ |Th − T1|+ |T1 − T | ≤ ∥Uh(T1)∥1−p1
∞

γ(p1 − 1)
+

µ

2
≤ µ.

The cases where Vh, Wh and Yh blow up are analogous. □

7. NUMERICAL EXPERIMENTS

In this section, we provide numerical approximations of the simultaneous blow-
up time of (1.1) using the initial data u0(x) = v0(x) = w0(x) = y0(x) = −1

2
x4+ 3

2
x2,

with varying values of pj and qj, where j = 1, 2, 3, 4. The explicit scheme is defined
as follows:

U
(n+1)
i − U

(n)
i

∆tn
= δ2U

(n)
i + ωi

(
U

(n)
i

)p1 (
V

(n)
i

)q2
, i = 1, . . . , I, n ≥ 0,

V
(n+1)
i − V

(n)
i

∆tn
= δ2V

(n)
i + ωi

(
V

(n)
i

)p2 (
W

(n)
i

)q3
, i = 1, . . . , I, n ≥ 0,

W
(n+1)
i −W

(n)
i

∆tn
= δ2W

(n)
i + ωi

(
W

(n)
i

)p3 (
Y

(n)
i

)q4
, i = 1, . . . , I, n ≥ 0,

Y
(n+1)
i − Y

(n)
i

∆tn
= δ2Y

(n)
i + ωi

(
Y

(n)
i

)p4 (
U

(n)
i

)q1
, i = 1, . . . , I, n ≥ 0,
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U
(0)
i = φ1,i, V

(0)
i = φ2,i, W

(0)
i = φ3,i, Y

(0)
i = φ4,i, i = 1, . . . , I,

where

δ2U
(n)
i =

U
(n)
i−1 − 2U

(n)
i + U

(n)
i+1

h2
, 2 ≤ i ≤ I − 1,

δ2U
(n)
1 =

2U
(n)
2 − 2U

(n)
1

h2
, δ2U

(n)
I =

2U
(n)
I−1 − 2U

(n)
I

h2
,

ω1 =
2

h
, ωI =

2

h
, ωi = 0, i = 2, . . . , I − 1,

and

∆tn =
τh

2
min

{h

τ
, ∥U (n)

h ∥1−p1
∞ ∥V (n)

h ∥1−q2
∞ , ∥V (n)

h ∥1−p2
∞ ∥W (n)

h ∥1−q3
∞ ,

∥W (n)
h ∥1−p3

∞ ∥Y (n)
h ∥1−q4

∞ , ∥Y (n)
h ∥1−p4

∞ ∥U (n)
h ∥1−q1

∞

}
,

where τ satisfies 0 < τ < 1. The implicit scheme is also defined as follows:

U
(n+1)
i − U

(n)
i

∆tn
= δ2U

(n+1)
i + ωi

(
U

(n)
i

)p1 (
V

(n)
i

)q2
, i = 1, . . . , I, n ≥ 0,

V
(n+1)
i − V

(n)
i

∆tn
= δ2V

(n+1)
i + ωi

(
V

(n)
i

)p2 (
W

(n)
i

)q3
, i = 1, . . . , I, n ≥ 0,

W
(n+1)
i −W

(n)
i

∆tn
= δ2W

(n+1)
i + ωi

(
W

(n)
i

)p3 (
Y

(n)
i

)q4
, i = 1, . . . , I, n ≥ 0,

Y
(n+1)
i − Y

(n)
i

∆tn
= δ2Y

(n+1)
i + ωi

(
Y

(n)
i

)p4 (
U

(n)
i

)q1
, i = 1, . . . , I, n ≥ 0,

U
(0)
i = φ1,i, V

(0)
i = φ2,i, W

(0)
i = φ3,i, Y

(0)
i = φ4,i, i = 1, . . . , I,

where

δ2U
(n+1)
i =

U
(n+1)
i−1 − 2U

(n+1)
i + U

(n+1)
i+1

h2
, 2 ≤ i ≤ I − 1,

δ2U
(n+1)
1 =

2U
(n+1)
2 − 2U

(n+1)
1

h2
, δ2U

(n+1)
I =

2U
(n+1)
I−1 − 2U

(n+1)
I

h2
,

ω1 =
2

h
, ωI =

2

h
, ωi = 0, i = 2, . . . , I − 1,



SIMULTANEOUS BLOW-UP IN A FOUR-COMPONENT HEAT SYSTEM 181

and

∆tn =
τh

2
min

{
∥U (n)

h ∥1−p1
∞ ∥V (n)

h ∥1−q2
∞ , ∥V (n)

h ∥1−p2
∞ ∥W (n)

h ∥1−q3
∞ ,

∥W (n)
h ∥1−p3

∞ ∥Y (n)
h ∥1−q4

∞ , ∥Y (n)
h ∥1−p4

∞ ∥U (n)
h ∥1−q1

∞

}
,

where τ satisfies 0 < τ < 1.

Tables and Graphics: The initial conditions are given as follows:

φ1,i = φ2,i = φ3,i = φ4,i = −1

2
(ih− h)4 +

3

2
(ih− h)2, i = 1, . . . , I.

The following tables present the simultaneous numerical blow-up times Th, the
number of iterations n, the CPU times, and the order s of the approximations for
meshes of I = 16, 32, 64, 128, 256, 512. The simultaneous numerical blow-up
time is defined as: Th =

∑∞
n=0 ∆tn < ∞. The order s of the method is computed

as:

s =
log ((T4h − T2h)/(T2h − Th))

log(2)
.

First case: Theorem 5.1 with p1 = 0.4, p2 = 0.5, p3 = 0.5, p4 = 2, q1 = 1, q2 =

2.1, q3 = 1.5, q4 = 2.

TABLE 1. Explicit Euler method: Results

I Th n CPUt s
16 0.61764384 383 0.20 -
32 0.61223563 1447 0.09 -
64 0.61058746 5658 0.78 1.71
128 0.61010181 22435 1.88 1.76
256 0.60996220 89436 3.95 1.80
512 0.60992279 357265 14.046875 1.82

TABLE 2. Implicit Euler method: Results

I Th n CPUt s
16 0.61397791 377 0.52 -
32 0.61144769 1419 0.63 -
64 0.61041245 5542 7.02 1.29

128 0.61006145 21960 54.25 1.56
256 0.60995262 87522 8.27e+02 1.69
512 0.60992047 349593 2.78e+04 1.76
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Second case: Theorem 5.2 with p1 = 0.11, p2 = 0.51, p3 = 0.1, p4 = 0.9, q1 =

1, q2 = 4, q3 = 2, q4 = 3.

TABLE 3. Explicit Euler method: Results

I Th n CPUt s
16 0.616442447 398 0.06 -
32 0.611211351 1522 0.14 -
64 0.609601879 5997 0.81 1.70
128 0.609125261 23867 1.78 1.76
256 0.608987812 95304 3.88 1.79
512 0.608948925 380991 17.28125 1.82

TABLE 4. Implicit Euler method: Results

I Th n CPUt s
16 0.612395007 398 0.19 -
32 0.610341231 1524 0.47 -
64 0.609412625 6001 6.33 1.15

128 0.609083065 23872 66.43 1.49
256 0.608978161 95310 1.02e+03 1.65
512 0.608946668 380998 3.47e+04 1.74

The following plots compare the explicit and implicit schemes, demonstrating
the simultaneous blow-up behavior of Uh, Vh, Wh and Yh in the case where I = 64.

First case: Theorem 5.1 with p1 = 0.4, p2 = 0.5; p3 = 0.5, p4 = 2; q1 = 1, q2 =

2.1, q3 = 1.5, q4 = 2.
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FIGURE 1. (Explicit scheme): Uh, Vh, Wh and Yh blow up simultaneously.

FIGURE 2. (Implicit scheme): Uh, Vh, Wh and Yh blow up simultaneously.
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Second case: Theorem 5.2 with p1 = 0.11, p2 = 0.51, p3 = 0.1, p4 = 0.9, q1 =

1, q2 = 4, q3 = 2, q4 = 3.

FIGURE 3. (Explicit scheme): Uh, Vh, Wh and Yh blow up simultaneously.
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FIGURE 4. (Implicit scheme): Uh, Vh, Wh and Yh blow up simultaneously.

Remark 7.1. By considering problem (2.1)–(2.5) with initial data given by

φ1,i = φ2,i = φ3,i = φ4,i = −1

2
(ih− h)4 +

3

2
(ih− h)2, i = 1, . . . , I,

- for p1 = 0.4, p2 = 0.5, p3 = 0.5, p4 = 2, q1 = 1, q2 = 2.1, q3 = 1.5, q4 = 2,

satisfying the conditions of Theorem 5.1, and

- for p1 = 0.11, p2 = 0.51, p3 = 0.1, p4 = 0.9, q1 = 1, q2 = 4, q3 = 2, q4 = 3,

satisfying the conditions of Theorem 5.2, we obtain in Tables 1, 2, 3, and 4 an approx-
imate value of the simultaneous blow-up time, which tends to 0.6, and a convergence
order s that approaches 2 as the mesh size tends to zero. Figures 1 to 4 illustrate the
simultaneous finite-time blow-up of the solution (Uh, Vh,Wh, Yh) of problem (2.1)–
(2.5), thus validating the theoretical results.
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