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EXTENSION OF SOLUTIONS OF THE BOUNDARY VALUE PROBLEM FOR A
FIFTEEN VELOCITY MODEL IN THE HALF SPACE

Koundji Koffi Leroys sossou and Amah d’Almeida’

ABSTRACT. We extend in a half space the stationary solutions for the fifteen ve-
locity model proven in a rectangle. We show that at infinity, these solutions tend
towards a maxwellian state.

1. INTRODUCTION

In the kinetic theory of gases, the discretization of velocities, which consists of
considering that the velocities of the particles belong to a finite set of vectors, is an
already old idea. In 1960, Gross [9] underlined the interest of the discretization
of velocities which makes it possible to replace Boltzmann’s integro-differential
equation by a system of non-linear and coupled partial differential equation. Sim-
ple gas models with discrete velocity distribution are then described and used to
solve gas dynamics problems in which the Boltzmann equation must be used.The
mathematical aspect of the study of discrete velocity models concern the proof
of the global existence and uniqueness of the solutions of initial boundary value
problem associated to the kinetic equations. In [8]], the author proved the ex-
istence of stationary solutions of a boundary value problem modeling the one-
dimensional flows of gas in half space. The situation is quite different when it
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comes to proving the existence of solutions to a boundary value problem model-
ing a two-dimensional flow of a gas in half space. The objective of this article is to
extend in half space the stationary solutions for the fifteen velocity model whose
existence is proven in rectangle in [/1]].

The paper is organized as follow. in section 2 we state the boundary value
problem for which the existence of solutions is proved in section 3.

2. STATEMENT OF THE PROBLEM

The steady flow of a gas in the half-space is a problem of gas dynamics, the
modelling of which can lead to boundary value problems considered in this ar-
ticle. Therefore, the fifteen-velocity discrete model has been chosen to solve
this problem. The velocity components of the fifteen-velocity discrete model that
we will use to solve the problem are expressed in the (O, ¢}, €5, é;5) frame: u; =
c(0,0,0), @ = ¢(1,0,0), a5 = c(0,1,0), @y = ¢(0,0,1), a3 = —if;,i = 2,3,4, s =
¢(1,0,1), g = c(1,0,=1), @15 = ¢(0,1,1), 13 = (0,1, =1), @40 = —i;,i = 8,9,12, 13.
We denote by N;(¢,z,y, z) the number density of particles of velocity «; in point
M;(t,z,y, z) at time ¢t. The N; are continuous functions of ¢, x, y and 2. The ki-
netic equations of the model are given in the Appendix. We assume that the flow
is bidirectional and depends only on the variables = and y. This assumption re-
tained together with the steadiness of the flow implies the vanishing of the partial
derivatives with respect to ¢ and z. Furthermore we assume that the half-space is:

{(x,y) € R?*/x > 0} = [0, +o00[ x ] —00, +00].

The system of equations describing the evolution of the microscopic densities
N; (z,y),1 € A, (z,y) € [0,+00] X ]|—00, +00] are given by equations
0= \/565[(]\72 + N3 + N5 + Ng)(Na + N7) — (Ng + No + Nio + Ni1 + Nia + Niz)Ni]
- \/568[(]\714 + Ni5) V1]

ON:
c 896’2 =/3cs [(N3 + Ng) (Ns + Ng) — N2 (N12 + N1z + Nia + Nis)]
2.1 +V/5¢s [N3 (N1 + Nis) + Ns (Ns + No) + No (N12 + Niz) — 3N1 (Nio + N11)]
+v/2¢s [N1 (Ng + Ng) — No (N4 + N7)] + 2¢s (N3 Ng + NyN7 — 2N2 N5)
ON:
c 6y’3 = V/3cs [(N3 + Ne) (N12 + Nis) — N3 (Ns + No + Nio + N11)]

+V/5¢s [Na (N1o + Ni1) + Ns (Ns + No) + No (N12 + Niz) — 3Nz (N14 + Nis)]
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+v2¢s [N1 (N12 + Ni3) — N3 (N4 + Nr)] + 2cs (N2N5 + NaN7 — N3 Ng)
0= \@CS[]\G(NS + Ni1 + Niz 4+ Nis) — Na(Na2 + N3 + N5 + Ng)| + 2¢s(N2Ns

+ N3Ng — 2N4N7) + V/5es[N7(Ns + Ni1 + Niz2 + Nis) — Na(No + Nio + Nis + Nua)]

7688];]’5 = V3cs [(N3 + Ng) (N1o + N11) — N5 (N2 + N1z + Nia + Nis)]
+V/5es [Na (Nio + Nix) + Na (Nua + Nis) + No (N12 + Niz) — 3N (Ns + No)]
+V2¢s [Ny (N1o + N11) — N5 (N4 + N7)] + 2¢s (NsNg + NaN7 — 2N2Ns)
—088]3\/]’6 = V/3es [(N2 + Ns) (N1a + Nis) — N (Ns + No + Nio + N11)]

+V5es [Na (N1o + Ni1) + N3 (N1a + Nis) + N5 (Ns + No) — 3N (N2 + Ni3))
+V2¢s [N1 (N1a + Nis) — Ng (N4 + N7)] + 2¢s (N2 N5 + NaN7 — 2N3 Ng)
0= \/§CS[N1 (No + Nig + Nis 4+ N1a) — N7(N2 + N3 + N5 + Ng)| + 2¢s(N2Ns

+ N3Ng — 2N4N7) 4+ V/5¢s[Na(No + Nio + N1z + Nis) — No(Ng + Nii + Nia + Nis))

ON;
c 8ac’8 = 2¢s(N12N1s — NgNi1) + VBes(Na N1y + N3Nis + NyNg + NoNio
—3Ns5Ng — N7Ng) + \/§CS[N2(N12 + Nis) — Nsg(N3s + Ng)| + \/ECS[Ng(Nu + Nis5) — NgNis]
— V/6csNs Ny
+ 2\/§CS(N9N11 + N12N14 + N13N1s — 3NgNio) + \/iCS(NzNz; — N1Ng)
ON.
c 836’9 =/3cs [N2 (N13 + N14) — N (N3 + NG)] + 2¢s (N13N14 — N9 N1o)
+V2¢s (N2Ny — N1Ng) + V5es (N2N1op + N3Nisa + NeNi3 + N7 Ng — NyNg — 3N5Ny)
+ V6es [Ns (N3 + Nia) — No (N12 + Ni5)] + 2v2¢s (NsNio + Ni2Nis + Ni3Nis — 3NgNip)
ON
61‘1/0 = \/gcs [N5 (N13 + N14) — NIO (N3 + N6)} + 2cs (N13N14 - N9N10)
+V2¢s (N5sN7 — N1N1o) + V5es (N3Nig + NsNo + Ne N1z + N7 N1 — NiNio — 3N2N1o)
+ V6es [N11 (N13 + N14) — Nio (N12 + Nis)] + 2v/2¢s (NoN11 + N12N14 + N13Nis — 3NgNio)
ON
8x1’1 =/3¢s[Ns (N12 + Nis) — N1 (N3 + Ng)] + 2¢s (N12N1s — NgNi1)
+ V2¢s (NsNs5 — N1N11) + V/5es (NsNis + NsNs + NeNiz + NyNio — N7Nii — 3NaNiy)
+ V6es [N1o (N12 + Nis) — Ni1 (N13 + Nu4)] + 2v/2¢s (NgN1o + N12N14 + N13Nis — 3NgNi1)
ON
¢y = V3¢5 Ns (Ns + Niz) = Niz (N2 + No)] + 2¢s (NsNi1 = NizNio)
+V2¢s (N3Ny — N1N12) + V5es (NaNii + N3Nis + NiNis + NsNs — N7 N1z — 3N N12)
+ V6es [N13 (Ns + N11) — N1z (Ng + N1o)] + 2V/2¢s (NsN1op + NgNi1 + Ni3Nis — 3N12N14)
ONi:
c aylls = v3cs [N3 (Ng + Nig) — N31 (N2 4+ Ns)] + 2¢s (NgN1g — N13N14)

+v2cs (N3sN7 — N1Ni3) + V5es (N2N110 + N3Nia + NsNg + N7 N12 — NaN1s — 3N Ni3)

+ V6¢s [N12 (No + N1o) — N3 (Ns + N11)] + 2v/2es (NsNio + NoNi1 + N12N1s — 3N13N1s5)
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_cacr])\;;l = V3cs [Ne (No + Nio) — Nia (N2 + Ns)] + 2¢s (NoN1o — N1sN1a)

+ V2¢s (NgN7 — N1 N1a) + v/5es (NaNio + NsNo + NeNig + N7 Nis — NaNig — 3N3N1a)

+ V6¢s [Nis (Ng + Nig) — Nia (Ns + Ni1)] + 2v/2¢s (NsNig + NoNi1 4+ NizNis — 3N12N14)
_06(;\?7;5 = V/3cs [Ng (Ns + Ni1) — Nis (N2 + Ns)] + 2¢s (NsN11 — N12Nis)

+ v2¢s (N4Ng — N1N15) + V5cs (N2 N11 + NsNs + NgNiz + NaNig — N7 Nis — 3N3Nis)

+V6es [N14 (Ns + N11) — Nis (No + Nio)] + 2v/2¢s (NgN1o + NgN11 + NiaNyg — 3N13N15)

Here A denotes the set of the indices of the velocities of the discrete model.
The system is completed by boundary conditions. On the interface x =
0, boundary conditions are given for the densities of molecules leaving the gas
toward the interface. At infinity (—oo or + o0), boundary conditions are given for
all densities. In summary, the boundary conditions are of the form:

p

N (0,y) = oL (y). kel

Jim Ni(z,y) = 67> (y), kel
(2.2) lim Ny (z,y) = ¢, (x), kel

y—>—00

Jm Ni(z,y) = ¢ (@), ke

\
where A = {1,2,3...,15}, A; = {2,8,9}. The boundary value problem (2.1)-
comes from the use of the fifteen-velocity model to describe the steady, two-
dimensional flow of a gas in the half-space [0, +oo[ x |—o00, +00[. The objective of
this article is to prove the existence of solutions to the boundary value problem

(2.1)-(2.2).

Theorem 2.1. If the boundary data at infinity ¢;"® and ¢;> are the densities of a
Maxwellian state then the boundary value problem (2.1)-(2.2]) has a solution.

3. EXISTENCE OF SOLUTIONS OF (2.1)-(2.2)

To prove Theorem (2.1) we first show that the boundary value problem (2.1))-
(2.2) in the strip [0; a] x| — oo; +00], i.e the system (2.1 with the boundary condi-
tions
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( Nk (0,9) = W), ke{289
Ni (a,y) = fi (), ke{5 10,11}
G.1) lim Ng(z,y) = ¢,>(x), ke
Yy—>—00
h? Ne(z,y) = ¢:>(x), ke
y——+00

has continuous and bounded solutions independently of a. To do this, we rely
on the fact that it is shown in [[1] that the boundary value problem (2.1)-(2.2) in
the rectangle [0, a] x [—b;b] has continuous and bounded solution independently
of a and b on [0, a] x [—b;b], and we show that the sequence of solutions of the
boundary value problem in the rectangle, obtained for an increasing sequence
(b)ien of strictly positive real numbers converges to a solution of (2.1)-(3.1). We
then show that the sequence of solutions of (2.1))-(3.1)) obtained for an increasing
sequence (a;)ey of strictly positive real numbers converges towards a solution of
2.1)-@2.2).

The boundary value problem (2.1))-(2.2) in a rectangle [0, a] x [—b, b] is given by
the system ([2.1]) with the boundary condition

Na2(0,y) = ()
Ns(0,y) = 4y
No(0.y) = &(y)
Ns(a,y) = ¢5(y)
Niola,y) = ¢5(y)
Nu(a,y) = ¢11(y)
o2 Ny ) = v5)
Nia(z,=b) = 45 (x)
Nig(z,—b) = g (x)
No(z,b) = ¢§(=)
Nu(z,b) = ¢i()
Nis(z,0) = i5(2)
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and it was shown in [[1] that the boundary value problem (2.1)-(3.2) has uni-
formly continuous and independently bounded solutions of a« and b on [0, a] x[—b, b]
and their set is also equicontinuous. Thus let (;),.y be an increasing sequence
of positive real numbers tending toward +oo, the solutions N' of (2.1)-(3.2) on
[0,a] x [—b;, ;] are uniformly continuous and bounded independently of « and b,
and their set is also equicontinuous for all / € N. We extend N' to [0, a] x]—o0, +o0
by the function N' defined by:

N'(z,y)  ,(z,y) € [0;a] x [~b;b]
N'(z,y) = N'(z,b) ,(z,y) € [0;a] x R,y > by

N'(z,—=b) ,(z,y) € [0;a] x R,y < =
The sequence (]V l) is clearly a sequence of uniformly continuous and bounded

leEN
functions satisfying (2.1)-(3.1).

Proposition 3.1. There exist a subsequence of (]V l) which simply converges on
[0; a] x] — oo; +00[ and uniformly on any bounded interval from [0; a]x] — 00; +00]
towards a uniformly continuous and bounded function N

Proof The function N' are bounded on [0, a] x]—o00; +00| therefore Vk € A,V (z,y) €
[0; a] x| — oo0; +00], the sequence (N,i(x, y))l . is a bounded sequence of positive
S

real numbers. We can therefore extract a convergent subsequence (N Ik (z, y)) .
lkeN

Let Ny (z,y) be the limit of this subsequence. Vk € A, we define on [0,a]x] —
00, 00| the function N = (Ny), .o by Ni (z,y) = Ny (z,y). The sequence of func-
tions (Nl)leN simply converges to N on [0, a] x| — oo, +00[.

Let (z,y),(z',y/) € [0,a]x] — oo, +oc[. By adding the quantities N!(z,y) and
NL(«',y') and subtracting them inside the absolute value |Nj (z,y) — Ni (¢, 1/)]
we obtain:

N (2, 5) = Ne (@) i i i

Ni (2,9) = Ni(@',) + Niw,9) = Ni(@,p) + Ny’ y') = ML, o)
= | (Nulw,y) = Nitw,9) + (N o) = Nl y)) + (Nia,y) - M@,
Ni(@,y) = Nelw,y)| + [N, ) = Nu(', )| + | NG’ y') = N,y

IN
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As (N');en simply converges to N on [0; a] x] — 0o; +oo[ we have:

V(z,y) € [0,a]x] — oo, +o0[,Ve > 0,3y € N,VI € N, > Iy

3.3 ~
( ) = N,i(x,y) - Nk(zay) < %

Moreover N' is uniformly continuous VI € N and Vk € A therefore
(3.4)
Ve > 0,3a > 0,V(z,y) € [0,a]x] — oo, +o0[,¥(2',y') € [0, a] x| — oo, +00],
lz— 2| <a,ly—vy| <«
— |Ni(e,y) - Nia',y)| <

We deduce from and that:

(3.5)
Ve > 0,3a > 0,3l € N,V(z,y), («/,y') € [0,a]x] — 0o, +o0[, VI € N,
[>1 |z -2 <a,|ly—v] <a

& € &

Hence, N is uniformly continuous.

It remains to show that <]V Z) converges uniformly on any bounded closed
interval from [0, a] x] — oo, +00] t(l)e% to finish the proof. As on any closed bounded
interval of [0,a]x] — oo, +00], N' = N, this amounts to showing that (N'),cy
converges uniformly towards N.

Let (z,y), (2/,y") € [0,a] x [=b;, ],V € N,

‘Nllc(xay) _Nk(xay)l
= |Ni(z,y) + Ni(2,y) = Ni(@',y') = Ni(z, ) + Ni(@',/) — Ni(2', )|
S ‘Nli(xay) - N]i(I/,y/)| + |Nllc('r/>y/) - Nk(x/7y,)| + ’Nk(‘r,?y/) - Nk($7y)’ :

As N'! is uniformly continuous then:

Ve > O,HO& > O,V(.Q?,y) € [07 CL] X [_blabl]7v(x/ay/) € [O,G,]X] - blabl[a
£

3.6
GO v caly—y] <a— |N(ey) - N y)| <

As N' simply converges to N on [0, a] x [—b;, b;] then:

V(2',y') € [0,a] x [~b, b, Ve > 0,3l € N,V € N, 1 > I

(37) ’oo roo

<€
3
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As N is uniformly continuous then:
Ve > 0,3a > 0,Y(z,y), (2/,y') € [0,a] x [—b;, b,

19
|$ - ZIZ'/| <, |y _y/| <a= |Nk($lay/) - Nk(ﬂ?,y” < g

From (3.6), (3.7) and (3.8) we deduce that:
Ve > 0,3a > 0,3l € N,Y(x,y), («',y) € [0,a]x] — b, b, VI € N,

(3.8)

(3.9 L> oo — o' <a,ly -y <o
S £ I
. ‘Nllc(xay)—Nk(x,y)‘ <44 =
3 3 3
So, (N'),e uniformly converges to N. -

Proposition 3.2. For any increasing sequence (y), .y of positive real numbers tend-
ing towards +oo the sequence (N (x,yi)),cy tends to a Maxwellian state when k tends
to +o00 Vz € [0, al.

15

Proof We set 0 = ul@a ho(z,y) = ZNk(:c,y)lnNk(x,y)ug and
k=1

2
H = Z ho@a. he is a continuous function on [0;a]x] — oo, +-00[ for all a. We
a=1

have:
G5 O oh
8I8Nay ON, ON,
= ¢(1+InN,) == —c(1+lnN5)a—5+c(1+lnNg)a—8+c(1+lnNg)%
%Nll xaNg

— C<1+1HN10> aw—c(l—l—lnNH) +C<1+lnNg)a—
X

i
— ¢(1+4InNg) aa_z\ny +c(141In Ny) 8?” +c(1 4 In Nyg) 8§§3
8N14 aleE)

—C<].+1HN15) ay .

By multiplying the first equation of (2.1)) par 1+ In /Ny, the second by 1 +1In Ns,. ..,
the k¢ by 1 4+ In NV, and by making a member-by-member sum, we obtain:

N2N4 N2N4 N2N7 N2N7
= 2¢s1 1-— N1 N; 2¢s1 1-— N1 N
Vaesin N1N8> ( N1N8> 1Ns + v/2cs n (N1N9) ( N1N9) 1
2¢s1 1-— N1 N- 2¢s] 1-— N1 N
T \/705 n N1N12 N1N12 12 o+ fcs . N1N13 N1N13 re
+ \/ics In N5 N7 1 N5 N7 N1Nio + \/ics In NaNs 1-— NaNs N1N11

NiNio ~ NiNio NiNy N1 N1
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N4 N NyN,
+ \/508111 ( 4776 ) (1 476 ) N1 N5 + \/icsln No N7 ) (1 — Ne N7 ) N1Nia

Ni1Nis ~ NiNis N1N1g N1N14
+ esin (RERE) (1 FERE) No + 2esn ( VR (1 - ) Nl
+ 2csln xz%i 1-— xz%i N4yN7 + 2¢sln ]]\282]]\(;115) (1 - I]\st]}]\flfs) Ni2Nis
+ 2csln ]]\293]]\\7/}104> <1 — ]]\29311\171104 NisNis +1V3csln (%3%;) (1 — ]]\\[]23]]\\[]182) N3 Ng
+ V3esln ]]\@3]]\393 1— ]]\&3]]\([193 N3Ny + v/3csIn ]]\?6%85 1-— JX?GJXTI; NsNg
+ \/gcs In ]]\1726]]\17194 1-— ]]\GGJX;: NegNo + \/gcs In ]]szi 1-— %zxi N3 N11
+ VBesln %Z%ﬁ - %ﬁz NsNio + V3esn %ini 1- ]]w NoNio
+ VBeshn %fo - %in NoNi1 + v/BesIn jjz%iz - jj;j&z NsNus
+ /5Besln %zxi 1-— ]]zz]]&; N3Nis + v5esln ]]\1725]]\17181 1-— ]X]QS]X;; N5Ng
+ +/b5esln ]]\65]]\(7190 1-— ]]\?5]]\390 NsNg ++/5csIn (]]iz]]&;) (1 - xixii) NgNi2
4 Voestn (N2 ) (1= RENO) Non 4 ves n jjjj) (1 - ]fjjj) NoNis
+ \/gcs In ]]\1735]]\17194 1-— ]]\65]]\17194 N5 Ng + ﬁcs In ]\[35]]\\7[185) (1 — ]]\1?5]]\17185 N5 Ng
+ Voestn () (1- 20 ) Nos + Vies n ( ]JVVGJJVV) (1 - fvijvv) NN
+ +5esln (]]\2511\193) (1 — f\fﬁl) NNz + v/5esn (%Z%Z) (1 — ]]:Z]]:;Z> N4Ny
4 VBesin %ﬁ? - J]jjf;i N7 Nt + VesIn %z - %ﬁz NiNus
+ VBesln %ﬁ: 1- j&;j&: NiNis + VBesn %ﬁz 1- xﬁz NoNi»
+ 6esln % 1-— % NoNis + V6esn %i?%i) <1 — xﬁxﬁ) N11Ni3
+ 6esln %) <1 — %) NisNig + 2v/2¢sIn (%) (1 — %) NoNi1
+ 2V/2esln ]]\282]]\\[71104 1= 1]\\7]182]]\3104 Ni2Nis + 2v2es1n ]]\283]]\\7/}105 1= ]]\28311\171105 i
+ 2V2csln ]]\292]]\:;114 1— ]]\\7]192%114 NiaNiy + 2v/2¢sln % 1— % NizNis
NioN- NioN-
+ 2v/2¢sln NzNE 1-— NzNﬁ N13Nis.

The function z — (1 — z) In z is negative or zero for z > 0 (zero for = = 1). As
V2¢s, 2cs, \/3cs, \/5es, V/6es, 2v/2cs are positive as well as Ny, k € {1,2,3,--- 15},

+oo
Y (z,y) € [0;a] xX] — oo;400], V. H < 0. We deduce that/ €ﬁdy <0Vz e
0
[0;a]. N is bounded on [0;a]x]| — oco; +0o] as the limit of a sequence of functions

+oo
bounded on [0; a] x| — oco; 400 sO / v. ﬁdy exists and is finite, negative or zero
0
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Y41
and is a function of x. Let J; = [yx, yp1[ and ¢ (Ji) = / ? ﬁdy = i (x

function.
As ?ﬁ < 0, ¢ (Jg) is a positive or zero function. Thus the sequence of func-
tion (¢ (Jk)),en is @ sequence of positive functions(of positive functions of )

and the series of function of «z, ng (J) is a series of positive functions. Let

k
k

Sk = Z ¢ (J,) (x) its partial sums. Let S be the function defined from [0; a] to R
n=0

which to z — S(z) = lim ng )zfgp(J)(:v)

k——+o0

+oo “+00
As N g, = O Ve € [0a] Yk € NS ¢ (J) (2) < —/ V. Hdy. or
0

n=0
+o00
— / ?-ﬁdy exist and is finite then S(z) exists and is finite. then the se-

0

quence of partial sums (S}), ., admits a finite limit so it converges to .S on [0; a].

Thus the series of functions defined on [0; a], ng (Jk) (x), simply converge to
k

S. Vz € [0;a] the series with general term ¢ (Jy), Zgo(Jk) (x), is a conver-

k
gent series with positive terms so its general term ¢ (J;) tends to zero when k&

Yk+1
tends to +oco.But there exists z;, € J; such that ¢ (z) = ? ﬁ (x,y)dy =
Yk

— (k1 — Yk) ? ﬁ (z, z,). The sequence (z),.y is an increasing sequence of pos-
itive real numbers tending towards +oo. Let uy = yri1 — yr. If the sequence
(uk) ey converges to zero when £ tends to oo then Ve > 0, 3k, € N, Vk € N,
k > ko = |yr41 — yx| < . Which means that the sequence (yx),.y is from
cauchy. Which is contradictory to the fact that it is divergent. Consequently,
Vo € [—a,al],¢r () tends to zero when k tends to +oo if and only if ? H (z, z1)
tends to zero as k tends to +o0o. But

Ny (x, z) Ny (, 2) Ny (x, z) Ny (x, 2)
2¢s1 1-— N N.
V2¢s1n %1 Ex’Z% %8 gx’Zk% %1 Em’zk§%8 Ex’ Z’f% 1 (x, z) Ng (x, 2
X, 21) Ny (X, 2k 2\, 2k) N7 (T, 2
2 1 2 ) ) 1 . ) ) ]V— pv
* \/_CS N Ny (35, Zk) Ny (36, Zk) Ny (1’, Zk) Ny (337 Zk) ! (x, Zk) ’ (a:, “*
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V2¢s1n
V2¢s1n
V2¢s1n
V2¢s1n
V2¢s1n
V2es1n

Ns (x, z1,) Ny (, 21)

Ny (xa Zk) Nia (% Zk)
N3 (l’,Zk) N7 (SU,Zk)

Ny (33, Zk) Nis (1’, Zk)
N5 (:Ea Zk‘) N7 (Z’,Zk)

Ny (z, z) Nio (z, )
Ny (UC,Zk) N5 (l’yzk)

Ny (% Zk) Nyy (1', Zk)
Ny (x, z) Ne (x, )

Ny (x, z) Nis (, 21)
Ng (x, zi) N7 (x, )

1—

Ns (x, z1,) Ny (, 21)

Ny («’137 Zk:) Nia (x, Zk)
N3 (l’,Zk) N7 (SUyzk)

a Ny (33, Zk) Nis (1'7 Zk)

N5 (x,Zk) N7 ('Z‘)Zk:)

N (z, z1) Nio (z, 2x)

Ny (33,2%) N5 ($7Zk)

- Ny (513, Zk) Ny (56'7 Zk)

Ny (z, 2) No (z, 21,

N (x, 2) Nis (2, 2x)

Ng (x, z1) N7 (x, )

a Ny (96, Zk) Ny (567 Zk)
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N1 (z, z1) Nia (x, z)
Ny (z, z1) N3 (x, z)
N1 (z, z1) Nio (, 2)
Ny (2, z1) Ny (, zg)
N1 (z, z1) Nis (x, 2)

Ny (33, Zk) Ny (75, Zk)

N,
o () (- R ) e
ot () (1 K o) 0
X,z T,z T,z T,z
- ]]\\T;Ex,zz;J]\gEx’zg N%\Ex,z:; Ni]\i@" z:) Ni (2, 2) N1 (@, 21)
Zesln | ((J;,szk)) o ((2,22)) =N ((j; Zk: Ni(‘i Z"Z Nia (, 22) Nis (z, 2)
2¢sIn Do 2, 2] M (3,2 o {7, 24 &, Zk Niz (2, 21) Nig (, 21)

Ni3 (33, Zk) Ny (flf, Zk)

esln Ny (x, z) Nig (x, 2x) 1 Ny (m,zk) ng x Zk (2, 5) N (z, 2
V3esn ]]\\[[23 ((f”;:)) ]]\\[[195 ((?’iz)) 1—- ]]\\[23 ((f ;:)) ]]\\[[195 ((9; ?k)) (x, zk N9 (z :)
Mo Ve P e o) Vel % e
V3esln ]]\\;6(533’2?3)]\][\1[2 E? iig 1— ]]\X?((g ;:))]]\\[/;92((; ?k)) (x, zx) No (x, z)
V3esn %3 ($” ” %11 (x: 0 1— %3 @ 22) %11 (x:zk) Nj (x, z) Ni1 (x, z1)
B (o o) (R e o) B0 e
o (BEAREN, EEIREN v
X,z T,z z,2 T,z
V3csln NZ Ex, z];:; Nﬁ Ex, ZZ; 1= NZ Ex, 2113 Nﬁ Ex, Zl]:; No (z, 2¢) Nu (&, 21)
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V5esIn
V/5esIn
V5es In
V5esIn
V5es In
V5esIn
V5es In
V/5esIn
VbesIn
V5esIn
V/5esIn
V5es In
V/5esIn
V5es In
V/5esIn
V5es In
V6esIn
V6esIn
V6esIn
V6esIn

K.K. Leroys sossou and A. d’Almeida

N5 (x,Zk;) N8 (l‘azk)

Ns (z, 2) No (z, 2)
N3 (33, Zk) Nis (1‘7 Zk)

N5 (33, Zk) Ng (33, Zk)
Ns (z, z1) Nis (z, )

N (z, z1,) Nio (z, )
N5 (QJ,Zk) Ng (SC,Zk)

Ne (33, Zk) Nio (95, Zk)
N5 (:Ea Zk‘) NQ (ZE, Zk)

Ng (z, Zk% (1

1—

1—

1—

1—

N5 (I‘,Z}C) NS (.I‘,Zk;)

B N5 (l‘, Zk) Ny (% Zk)

N3 (33,%) Nis (1'>Zk)

Ns (z, z1) Ng (x, zx)

N3 (z, z1) Nis (x, 2)
(z,

N6 (ZE, Zk) N12 )
N; (z, z1) Ng (z, zk)

Ng (33,%) Nio (33>Zk)
N5 (IE, Zk) N9 ("L‘a Zk:)

N (z, z1) N13 (x, zk)
N; (x,zk)Ng X, 2

—

=
—~

8

N

o
~——
—

w ot

z
—~
8
I
x>
——
—
N
—~
8
N
>
~—

zlzzlzz

z
B
N
N
&
B
N
kol

=
o
ﬁ
N
ol

=
=
|
K
N
ol
S | N e | N

N3 (z, z1) N4 (x, 2)
N3 (2, z1) Nis (x, 2)
Ns (z, z1) Ng (z, zx,)
Ns (z, z1) No (z, 1)
Ns (z, z1) N1a (x, z)
Ng (z, z1) N3 (x, z)
Ne (x, z) Nis (x, 2x)
N5 (x, z) Ny (z, )
N5 (x, z) Ng (z, z1)
Ns (z, z1) N2 (x, z)
Ne (z, z1) N2 (z, 2g)

Ne (z, z1) N3 (x, z)

)N4 x, z) No (x, 21,)

N7 (z,z1) N1 (, z)
Ny (2, z1) N3 (x, z)
N7 (z,z1) Nis (x, 2)
Ny (z, z1) N2 (x, z)

Ny (x, z) Nis (, 21)

Ny (UC,Zk) Nis ($72k>

Nis (z, z) Nio (2, 2x)
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Ng (2, z1) Nio (2, 2

+ 2v2csn ]]\\T?E(%Zk;)]]\\ffn E(x,zk;)) (1_
s (2, 21) Nio (, 2%

+ 2v2csln ]]\\[}2((% Zk))]jv\/u((g;,zk)) 1
s (x, zk) N1o (, zp

+ 2v2csln ]]\\,}35% zk))]]v\/'15((x7zk)) 1
o (2, 21) Ni1 (0, 2%

+ 2v2csln ]]\\[[12((% Zk))]j\fvl4((x7zk)) 1

+ 2V2esln N193 (Z,zkk) Nl115 (Q;Z) :

+ 2yBestn (Doelnm) Malr )y ()

Ni3 (1‘, Zk) Nis (ZC, Zk)
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Ns (x, z) Nio (z, 2x,)
N, N
Ny (x, Zk) Ny (SU, Zk:) ? <$’ Zk) H (x7 Zk)
. Ns (z, z1) Nio (@, 21)
Nio (55,2’) Ny (fIJ,Zk)
~ Ns(z,2) Nio (, 21)
Nis (z, z1,) N1 (2, 2x)
. Ny (z, z) Nut (, 21)
Nio ($7Zk)N14 (33, Zk)
Ny (z, 2k) Nui (=, 21)
Nis (z, z1,) Nis (2, 2x)
N (x, 2zk) Nia (z, 21)
Nis (SU,Zk)le (37; Zk)

) Nio (z, z1) Nig (2, 2x)

Nis (z, z1) N5 (z, )

Nio (557 Zk) Ny (-’E, Zk)

Nis (z, zi) Nis (z, 25)

Nis (1', Zk) Nis (90, Zk) .

So, if NM (z) = . lim N, (z,z,),a € {1,2,3,...,15} then by setting a = v/2cs,b =
—>+00
2cs,d = \/gcs,e = \/Scs, f= \/écs,g =/2cs :

oo (s ) (1 R i ) ) )
b e (V@M@ (N @ N @)Y s
bl (}% 0 }% o) (1 ﬁg & ﬁg )N )N 0
+ o (Vi) (1= S ) M @) N (o
A
o (GG (1 G ) et
NY () N S N v
- i) (g o
v o (M) (1 Mg ) 2 @ 0
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(15 if

Which is only possible for positive N (z) a0 =1,2,3,...
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~ o~ o~~~ o~ o~ o~~~ o~~~ o~~~ o~~~ o~ o~~~

~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ —~

o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~~~

M T T T T N N v v v v N T T N N N N N N N~

o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~

M e T v T N N N N N N T N N N N N N N N

S0 32 3% 3. 5, 3 3o 5. 3. 5o 3o Sz e Sm¥Eizie e, Sol. SnEsEnl
e

e e Y v v Y Y . v Y N N D D T ) N N N N N

T T T P I e T T I P T L L L B TP N T P

A T A =
e

~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~

P~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~

O

~—

N

~—

7 (2)
M js a Maxwellian equilibrium state.

2

—~

—~

ing towards —oo the sequence (N (x,yx)),.cy tends to a Maxwellian state when k tends

Proposition 3.3. For any decreasing sequence (y),y of negative real numbers tend-
to +oo YV € [0, al.

O

Proof. This proof is done in the same way as that of proposition (3.2)]

We have shown that the boundary value problem (2.1))-(3.1) has uniformly con-

tinuous and bounded solutions independently of a on [0; a]x] — oo; +00[ and that

these solutions tend towards a Maxwellian state at infinity. Thus let (a;),. be an

increasing sequence of positive real numbers tending towards +oo, the solutions
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Nt of 2.I)-(3-) on [0, a;] x] — oo; +oo| are uniformly continuous and bounded
independently of a; and their set is also equicontinuous for all /| € N. We extend
N' to [0, +00[ X] — 00, +00[ by the function G' defined by:

Nl (J:?y) ,(Z)’J,y) S [Oaal] X]_OO7+OO[

G r,y) =1 :
N (alvy) 7($7y) = [07 +OO[ XR x> a

Here, <él> is a sequence of uniformly continuous and bounded functions satis-

leN
fying (2.1)-(2.2).

Proposition 3.4. There exist a subsequence of <@> which simply converges on
leN
[0; +-00[ X]| — 00; +00[ and uniformly on any strip from [0; +o0o[x] — co; +o0o[ towards

a uniformly continuous and bounded function G

Proof The function G' are bounded on [0, +oo[x] — co; +-00[ therefore Vk € A,
V(z,y) € [0; +00[x] — 00; +00], the sequence (éﬁf (z, y))lEN is a bounded sequence
of positive real numbers. We can therefore extract a convergent subsequence
(éﬁf)lkeN. Let G (z,y) be the limit of this subsequence. Vk € A, we define

on [0; +00[x] — oo; +oo[ the function G = (Gy),cp by Gi(z,y) = Gy (z,y). The

sequence of functions (él>z simply converges to G on [0; +oo[x] — 0o; +0o0].
EN

Moreover G is uniformly continuous because V (z,y) , (z’, ') € [0;a] x |—00, +00][,

G (.y) = Gi (', 9)| < |G (2.) = G (2,)

+ ‘éi’ (Q], y) - éic (.CE/,y/)

|G @ y) = G y)

But since (CNJZ>IEN simply converges to G on [0; +00| x |—00, +0c| and GL is uni-
formly continuous VI € N and Vk € A we have: Ve > 0, dly € N, Ja > 0,
V(z,y), (2, y") € [0;+o00[ X |—00, 400, VI,l > Iy |z —2'| < a, ly— V| < a =
Gl (a.y) = Gue,y)| < 5 |Chlay) = Ghey)| < 5, |Ge@y) = G| <
5

g.
We finally show that (é%)l  converges uniformly towards G, on any strip of
€
[0; +00[ x R by noting that V(xz,y) € [0; +o00[Xx]| — 00, +00|, 3 (2/,y') € [0;+o0[x] —
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00, +o00[ such that

Gl (2,y) = Gi (2,9)| < |Ghlw,y) = GLia' )

+|GLE ) = G )| + Gk y) — Gia, )]
0

Proposition 3.5. For any increasing sequence (), .y of positive real numbers tend-
ing towards +oo the sequence (N (vy,y)),cy tends to a Maxwellian state when k
tends to +o00 Vy €] — 00; +00|.

Proof We set Uy = u{ € a,ha(,y) = Yooy Ni(2,9)In Ny (z,y) ul and H =
32 ha € as ha is a continuous function on [0; 4+-00[x] — 00; +-00[, Ya. We have:
g7 00
Gy

= (1+1nN2)%—]Z —c(1+1nN5)%ﬂ+c(1+1nN8) ONg

0
IN oN
+ (1+1HN9) (;V (1+IHN10) 8]\;0 - (1+1DN11) 1
+ c(1+lnN3)aa——c(1+lnN6)aa—y6+c(1+lnN12)aaylz
0 ON ON
+ ¢(1+1nNy) ay13—0(1+1nN14) y14—c(1+lnN15) a;

By multiplying the first equation of (2.1)) par 1+ In /Ny, the second by 1 +1In Nj,. ..,
the k"¢ by 1+ In N, and by making a member-by-member sum, we obtain ([3.10)).
The function z — (1 — z) In 2 is negative or zero for z > 0 (zero for z = 1). As
V2cs,2¢s,\/3cs, \/Bes, /6es, 24/ 2cs are positive as well as Ny, k € {1,2,3,--- 15},
+o0o
Y (2,y) € [0;+00]x] — 0o +oo, V- H < 0. We deduce that V. Hdr <0
0
Yy €] — 0co;400[. N is bounded on [0; +oo[x]| — oo; +00[ as the limit of a sequence
+o00
of functions bounded on [0; +oo[x] — 00; +00[ so V. Hdzr exists and is fi-

0
nite, negative or zero and is a function of y. Let J, = [xy,z11] and ¢ (Ji) =
Th41
? Hdr = ¢k (y) a function.

As ?ﬁ < 0, ¢ (Jy) is a positive or zero function. Thus the sequence of func-
tion (¢ (Jk)),cn is @ sequence of positive functions(of positive functions of y)

and the series of function of y, ng (Jy) is a series of positive functions. Let
k
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k

Sk = Z ¢ (Jn) (y) its partial sums. Let S be the function defined from | — oo; +00|

n=0

“+oo
to RT which to y — S(y) = lim Zgo )IZW(J)(ZJ)

k—+o00

—+00

+o0o
As Jy N Ji = 0¥y €] — oo; oo Ykl € NY (L) (y) < — [ V-Hda. or
0

n=0

V. Hdz exist and is finite then S (y) exists and is finite. then the sequence

0
of partial sums (S}),.y admits a finite limit so it converges to S on | — 0o, +-00].
Thus the series of functions defined on | — co; +o0|, Z ¢ (Jx) (y), simply converge

to S. Yy €]

— o0; +oo[ the series with general term ¢ (J;), Z ¢ (Ji) (y), is a con-

k
vergent series with positive terms so its general term ¢ (J,) tends to zero when &

Th41
tends to +oo. But there exists z;, € J; such that ¢y (x) 6 ﬁ (z,y)dx =

— (Tpy1 — xp) ? F[} (2&,y). The sequence (z;), .y is an 1ncreasmg sequence of pos-
itive real numbers tendmg towards +oo. Let uy = xp,1 — 2. If the sequence
(ur) ey converges to zero when £ tends to +oo then Ve > 0, 3k, € N, Vk € N,
k > ko = |tp41 — x| < e. Which means that the sequence (), is from
cauchy. Which is contradictory to the fact that it is divergent. Consequently,
Yy €] —o00; +00[, ¢ (y) tends to zero when £ tends to oo if and only if V. H (2K, y)
tends to zero as k tends to +oo. But

€‘ﬁ(2k,

= V2csln
+ V2csln
+ V2esln
+ v2csln
+ V2esln
+ V2esln

giiizziigziiz:ii R ) e e

v i) (R GareC)  e e

JX; (izz::;/)i]]\\f; Z(ZZZ) - J]\é}((zz:yy)zz]\é E(Z,Z)) N (2, y) Niz (2, 9)
3%k Y) N7 Rk, Y 3%k, Y) N7 Bk, Y

P L S A T L

Ny (zk,’y) Nyg <zk: YA (zk,,y) Nio (z;;, Y) Ny (25, y) Nio (25, )
Ny (25 y) N5 (zx,y) 1 N (26, y) Ns (2, ) Ny (2zr, y) Nt (21, v)

N1 (2k,y) Nu1 (2, 9) Ny (z,9) N (21, 9)
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V2¢s1n
V2¢s1n

2cs1n
2csIn
2cs1n
2csIn

2¢s1n

V3esIn
V3esIn
V3csIn
\/gcs In
V3csIn
\/gcs In
V3csIn
V3esIn
V5es In
V5esIn
V5esIn
V5es In
V5es In

K.K. Leroys sossou and A. d’Almeida

Ny (IE,Zk) Ne (Zk,y)

Ny (zk: y) Ns (Zlm y)

Ny (2, y) Nis (2, ¥) N1 (2k,y) Nis (21, y M (2 y) Mo (21,9)
Ne (21, y) N7 (2k,y) ~ Ne (21,y) N7 (2k7y)) N ( N
Ny (21, y) Na (2, y) Ny (z1,y) Nug (z1,9) ) #:y) Mia (2 9)
Ny (zk,9) N5 (2, 9) 1 _ NQ (z, z1) N5 (2, 9) N N
Ny o) Vo (2,26 ) N1 Ny (o) Vo (g ) 0 (1) Vo 0 9)
2 (2, y) N5 (2x, ) 1- 2 Na (21, y) Ns (21,9) | (20,9) N
Ny (2k,9) N7 (21, y) Ny (oo y) Ve (i g) ) Y 7 9)
N3 (zk,y) No (21, y) N3 (z,y) No (21,9) N ( N
Ny (2, y) N7 (21, 9) N (2, y) No (zryy) ) #:y) Ve (2. )

Nia (2, y) Nis (26, Y) Y) Nis (2, y)

Ny (2, y) Nio (2, ¥)

Niz (2x,y) Nia (21, y)

N3 (21, ) No (21, y)
Ny (21, y) Nis (2, y)

N6 (Zku y) N8 (Zka y)
Ny (2x,y) Nia (21, 9)

Ne (21, y) No (24, y%

N (zk,y) Ni2 (zx, ¥y

N5 (21, y) Ng (2k,y)
Ny (21, y) Nio (2, y)

N5 (2, y) No (21, y)
Ny (21, y) Nu1 (2, y)

Ne (Zk, Z/) Nio (Zk7 y)

1

1—

1—

1—

N3 (21, y) No (21, y)
Ny (zk,y) Nis (25, Y)

Ne (2, y) Ns (21, y)

N2 (zka y) N14 (Zk? y)

N6 (Zk7 y) NQ (Zk7 y)
N12 Zk7y)

Ns (2k,y) Ns (21, y)

N2 (2,y) Nio (2, y)

N5 (2, y) No (21, y)

N3 (2,y) Nu (2, )

Nis (2, ) Nia (26, y) N13 (@, 21) Nia (z, 2x)
Ny (21, y) N1z (2, y) 1_ Ny (21, y) Nio (21, y)
N3 (Zkay) NS (Zk,@/) N3 (Zk,y)Ng (Zkvy)
Ny (Zk,y) Nis (Zk,y) _ Ny (Zk,y) Nis (Zk,y)

Ne (Zkay> Ny (Zkyy)

N3 (21,y) Ns (21, y)
N3 (21, y) No (21, )
Ne (2k,y) Ns (x, 1)
N (21, y) No (21, y)
N (2, y) N (21, Y)
N3 (21,9) Nio (2, 9)
N (28, y) Nio (21, 9)
Ne (2,9) N1 (2, 9)
N3 (25, y) N1a (21, y)
N3 (21, y) Nis (21, y)
Ns (21, y) Ns (21, )
N5 (21, y) No (2k,Y)

Ns (Zka ?/) Nig (Zk, y)
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VBesln %Z e %2 ) (1 %2 o %ﬁ EEI) N (o 9) Nis )
V5esn %Z EZ:ZZ; %1;1 Ez:zi 1— %Z EZ:Z;; %E EZ:Z;% Ne (2, y) Nis (2k, y)
JBesTn ]]jg)((zz]:,?) ]]\f:((,::: 5)) - ]]\\;’5((22’,?) ]]594((;1@: 5)) Ns (21, y) No (21, y)
e fvvgs(ékk’,% fvvlsf’ézz:;)) . fffé:,?) ;yl;(;:f;)) N (o) N (2 v)
V5es1n ]]\\[;EZ::Z; ]]\\[; Ez::z; 1— ]]\égzz:zi j]\éz EZ:% N (21, y) Niz (21, )
V5¢s1n ]X; ((Zz::;/)) ]]\\[}82(3];?;)) 1— ]]\\7; ((5::5)) ]]\\[[182((?:;)) Ne (2, y) N1z (2x,y)
Voesl %65 ((Z,’;/;%fg ) (- Jévj <(§:,’yy>i§vfg () ) Mo )
e (S o) (- R ) M e
V5esIn %i EZ:Z;; %1[1) Ez::g 1-— %i zz:z; %1? EZ:Z;; N7 (21, y) Nu (21, 9)
ot () (1 R ) ) W
o (e ) (1 B G ) 1)
VBesn %Z e %E ) (o %z o %i EEL) N ) N ()
e (3 o ) (1 e N ) 20 ) i
s e ) (1 s ey ) ) i
V6esIn N];; EZ:Z;; ]]\\f; Ezzzzg 1 ]]\\f; (Z:‘z;]{yﬁ Ej::ii Nis (2k,y) Nio (21, 9)
e (i oy v ) (1 N;VEZ: ¢ v ) N () Vit (20)
2v/2¢s1n ]]\\[[182((2:,?) ]]\fi(ékk:i/)) 1— ]]\382(&272)) ]]\\;104 (szk:?) Nig (z, 2c) Nia (2, 21)
2/2esln J]vvfg s szvl - J]v;, . szvllog, (5 ) s ) Nis )
2v/2¢s1n N192((Z»:k7,i)) ]\]111((2:72)) 1— ngg((ikk’,yy)) ]\;114((22’?) Nig (2, y) Nig (28, y)
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4. CONCLUSION

we extend in a strip the solutions of the boundary value problem for the fifteen
velocity discrete model proven in a rectangle. Afterwards we extend in a half space
the solutions obtained in the strip.we also show that these solutions tend towards
a Maxwellian state at infinity.

APPENDIX

The kinetic equations of the model.

ON-
875/1 = ﬁcs[(NQ + N3 + N5 + Ng)(Na + N7) — (Ng + Ng + Nig + N11 + Niz + Ni3)Ni]
—  V2es[(N1s + N15) M)
ON> ON>

o +c o V3es [(N3 + Ng) (Ns + No) — N2 (N12 + Niz + Nia + Nis)|
4+ V/5cs [ N3 (N1a + Nis) + Ns (Ns + Ng) + Ng (N12 + Ni3) — 3N1 (N1o + N11)]
V2¢s [Ny (Ng + No) — No (N4 + N7)] + 2¢s (N3 Ng + NyN7 — 2N2N5)
ON + CaN3 V3es [(N3 + Ng) (N12 + Niz) — N3 (Ns + No + Nig + Ni1)]
[
[

17 7
’ ay V5es [Na (N1o + Ni1) + N5 (Ns + No) + No (N12 + Ni3) — 3N3 (N1a + Nis)]

V2¢s [N; (N12 4+ N13) — N3 (Na + N7)] + 2¢s (N2 Ns + Ny N7 — N3 Ng)

\/§CS[N1(N8 + Ni1 + Niz2 + Nis) — Na(N2 + N3 + N5 + Ng)] + 2¢s(N2Ns

N3Ng — 2N4N7) + V5es[N7(Ns + Ni1 + Niz + Nis) — Na(No + Nio + N1z + Nua)]
V3es [(N3 + Ne) (N1o + N11) — N5 (N12 + Nis + Nig + Nis)]

V5es [N2 (N1o + N11) + N3 (N14 + Nis) + Ng (N12 + Nis) — 3Ns (Ng + Ny)]
V2¢s [Ny (N1o + N11) — N5 (Na + N7)] + 2¢s (N3N + NaN7 — 2N2Ns)

+ +

ONy " C@N4
ot 0z’

_|_

ONs C(9N5
ot ox!

+ o+

ONg ONg
o~ “oy

= V3cs [(N2 + N5) (N1a + Nis) — Ng (Ns + Ng + N1g + N11)]

V5es [N2 (N1o + N11) + N3 (N14 4+ Nis) + N5 (Ns + Ng) — 3Ns (N12 + Ni3)]

V2¢s [N1 (N14 + Nis) — No (Ns + N7)] + 2¢s (N2Ns + NaN7 — 2N3Ng)

+
+

ON7z 68N7
ot 0z’
= \/§CS[N1(N9 + Nig + N1z + Ni1a) — N7(N2 + N3 + N5 + Ng)| + 2¢s(N2Ns

+  N3Ng — 2N4N7) + v/5¢s[Na(No + Nio + N1z + Nia) — N7(Ns + Ni1 + Ni2 + Nis))

ONs n CBNg n CBNS
ot’ ox’ oz’
= 2¢s(N12N1s — NgNi1) + \/gcs(NgNn + N3Nis + NaNg + NgNi2

3N5Ns — N7 Ng) + V3es[Na(Ni2 + Nis) — Ns(Ns + Ne)] + V6¢s[No(N12 + Nis) — NsNis]

—  V/6csNsNia + 2v2¢s(No N1t + Ni2Nig + N13Nis — 3NsNio) + v2¢s(N2 Ny — N1 Ns)
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ONy n C@Ng B CBNQ
ot ox’ 0z’
V3cs [N2 (N13 + Nia) — Ns (N3 4+ Ne)] + 2¢s (N13N14a — NoN1g)

V2¢s (N2Ny — N1Ns) + V/bes (N2 Nig + N3Nia + NeNisz + N7Ns — NsNo — 3N5Ny)
V6es [Ns (Ni3 4 Nia) — Ng (N12 + Nis)] + 2v2¢s (Ns Nio + N12N1s + Ni3Nis — 3NgNip)

8N10 - CaNlo o CaNm
ot’ ox’ oz’
V/3¢s [Ns (N13 + N1a) — Nio (N3 + Ne)] + 2¢s (N13N1a — NoNio)
V2¢es (NsN7 — N1Nio) + v/5es (NsNia + NsNo + NgNis + N7 N1y — NaNig — 3N2Nio)

V6es [N11 (N1s + Nia) — Nig (N12 + Nis)] + 2v2¢s (NgN11 + N12Nig + N13Nis — 3NsNio)

ON11 B c@Nn C@Nu
ot’ oz’ 0z'
V3es [N5 (N12 + Ni1s) — N11 (N3 + Ng)] + 2¢s (N12N1s — NgNi1)
V2¢s (NaN5 — N1N11) + v/5es (NsNis + N5 Ns + NoNi2 + NaN1ig — N7N11 — 3N2Niy)

V6es [N1g (N12 + N1s) — N1 (N1s + Nia)] + 2v/2¢s (NsN1o + N12N1a + N1sNis — 3NoNi1)

6N12 8]\712 8N12
o oy o

V/3es [N3 (Ns + N11) — N1z (N2 + Ns)] + 2¢s (NsN11 — N12Nis)

V2¢s (N3Ny — N1N12) + v/5es (N2N11 + N3Nis + NaNis + NsNs — Ny N1z — 3NgN12)

Ves [N13 (Ng + N11) — Nia (Ng + Nio)] + 2v/2¢s (NsNig + NoNi1 + Ni3Nis — 3N12N14)

ON13 ON13 ON13
o oy~ “or
V3cs [N3 (Ng + Nig) — N31 (N2 4+ Ns)] + 2¢s (NoN1ig — N13N14)
V2cs (NsN7 — N1N13) + V5es (N2N110 + N3N1sa + N5sNg + N7 N1i2 — NyN1s — 3NgN13)
V6¢s [N12 (Ng + Nio) — Niz (Ns + Ni1)] + 2v2¢s (Ns Nio + NoNi1 + Ni2Nis — 3N13N15)

ONig caNM B caN14
ot’ oy’ 9z'
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a oy 92/
V3cs [Ne (Ns + N11) — N1is (N2 + Ns)] + 2¢s (NgN11 — N12N1s)
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