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EXTENSION OF SOLUTIONS OF THE BOUNDARY VALUE PROBLEM FOR A
FIFTEEN VELOCITY MODEL IN THE HALF SPACE

Koundji Koffi Leroys sossou and Amah d’Almeida1

ABSTRACT. We extend in a half space the stationary solutions for the fifteen ve-
locity model proven in a rectangle. We show that at infinity, these solutions tend
towards a maxwellian state.

1. INTRODUCTION

In the kinetic theory of gases, the discretization of velocities, which consists of
considering that the velocities of the particles belong to a finite set of vectors, is an
already old idea. In 1960, Gross [9] underlined the interest of the discretization
of velocities which makes it possible to replace Boltzmann’s integro-differential
equation by a system of non-linear and coupled partial differential equation. Sim-
ple gas models with discrete velocity distribution are then described and used to
solve gas dynamics problems in which the Boltzmann equation must be used.The
mathematical aspect of the study of discrete velocity models concern the proof
of the global existence and uniqueness of the solutions of initial boundary value
problem associated to the kinetic equations. In [8], the author proved the ex-
istence of stationary solutions of a boundary value problem modeling the one-
dimensional flows of gas in half space. The situation is quite different when it
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comes to proving the existence of solutions to a boundary value problem model-
ing a two-dimensional flow of a gas in half space. The objective of this article is to
extend in half space the stationary solutions for the fifteen velocity model whose
existence is proven in rectangle in [1].

The paper is organized as follow. in section 2 we state the boundary value
problem for which the existence of solutions is proved in section 3.

2. STATEMENT OF THE PROBLEM

The steady flow of a gas in the half-space is a problem of gas dynamics, the
modelling of which can lead to boundary value problems considered in this ar-
ticle. Therefore, the fifteen-velocity discrete model has been chosen to solve
this problem. The velocity components of the fifteen-velocity discrete model that
we will use to solve the problem are expressed in the (O, e⃗1, e⃗2, e⃗3) frame: u⃗1 =

c(0, 0, 0), u⃗2 = c(1, 0, 0), u⃗3 = c(0, 1, 0), u⃗4 = c(0, 0, 1), u⃗i+3 = −u⃗i, i = 2, 3, 4, u⃗8 =

c(1, 0, 1), u⃗9 = c(1, 0,−1), u⃗12 = c(0, 1, 1), u⃗13 = c(0, 1,−1), u⃗j+2 = −u⃗j, i = 8, 9, 12, 13.
We denote by Ni(t, x, y, z) the number density of particles of velocity u⃗i in point
Mi(t, x, y, z) at time t. The Ni are continuous functions of t, x, y and z. The ki-
netic equations of the model are given in the Appendix. We assume that the flow
is bidirectional and depends only on the variables x and y. This assumption re-
tained together with the steadiness of the flow implies the vanishing of the partial
derivatives with respect to t and z. Furthermore we assume that the half-space is:

{(x, y) ∈ R2/x ≥ 0} = [0,+∞[× ]−∞,+∞[ .

The system of equations describing the evolution of the microscopic densities
Ni (x, y), i ∈ Λ, (x, y) ∈ [0,+∞[× ]−∞,+∞[ are given by equations

0 =
√
2cs[(N2 +N3 +N5 +N6)(N4 +N7)− (N8 +N9 +N10 +N11 +N12 +N13)N1]

−
√
2cs[(N14 +N15)N1]

c
∂N2

∂x′ =
√
3cs [(N3 +N6) (N8 +N9)−N2 (N12 +N13 +N14 +N15)]

+
√
5cs [N3 (N14 +N15) +N5 (N8 +N9) +N6 (N12 +N13)− 3N1 (N10 +N11)]

+
√
2cs [N1 (N8 +N9)−N2 (N4 +N7)] + 2cs (N3N6 +N4N7 − 2N2N5)

c
∂N3

∂y′ =
√
3cs [(N3 +N6) (N12 +N13)−N3 (N8 +N9 +N10 +N11)]

+
√
5cs [N2 (N10 +N11) +N5 (N8 +N9) +N6 (N12 +N13)− 3N3 (N14 +N15)]

(2.1)
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+
√
2cs [N1 (N12 +N13)−N3 (N4 +N7)] + 2cs (N2N5 +N4N7 −N3N6)

0 =
√
2cs[N1(N8 +N11 +N12 +N15)−N4(N2 +N3 +N5 +N6)] + 2cs(N2N5

+N3N6 − 2N4N7) +
√
5cs[N7(N8 +N11 +N12 +N15)−N4(N9 +N10 +N13 +N14)]

−c
∂N5

∂x′ =
√
3cs [(N3 +N6) (N10 +N11)−N5 (N12 +N13 +N14 +N15)]

+
√
5cs [N2 (N10 +N11) +N3 (N14 +N15) +N6 (N12 +N13)− 3N5 (N8 +N9)]

+
√
2cs [N1 (N10 +N11)−N5 (N4 +N7)] + 2cs (N3N6 +N4N7 − 2N2N5)

−c
∂N6

∂y′ =
√
3cs [(N2 +N5) (N14 +N15)−N6 (N8 +N9 +N10 +N11)]

+
√
5cs [N2 (N10 +N11) +N3 (N14 +N15) +N5 (N8 +N9)− 3N6 (N12 +N13)]

+
√
2cs [N1 (N14 +N15)−N6 (N4 +N7)] + 2cs (N2N5 +N4N7 − 2N3N6)

0 =
√
2cs[N1(N9 +N10 +N13 +N14)−N7(N2 +N3 +N5 +N6)] + 2cs(N2N5

+N3N6 − 2N4N7) +
√
5cs[N4(N9 +N10 +N13 +N14)−N7(N8 +N11 +N12 +N15)]

c
∂N8

∂x′ = 2cs(N12N15 −N8N11) +
√
5cs(N2N11 +N3N15 +N4N9 +N6N12

− 3N5N8 −N7N8) +
√
3cs[N2(N12 +N15)−N8(N3 +N6)] +

√
6cs[N9(N12 +N15)−N8N13]

−
√
6csN8N14

+ 2
√
2cs(N9N11 +N12N14 +N13N15 − 3N8N10) +

√
2cs(N2N4 −N1N8)

c
∂N9

∂x′ =
√
3cs [N2 (N13 +N14)−N8 (N3 +N6)] + 2cs (N13N14 −N9N10)

+
√
2cs (N2N4 −N1N8) +

√
5cs (N2N10 +N3N14 +N6N13 +N7N8 −N4N9 − 3N5N9)

+
√
6cs [N8 (N13 +N14)−N9 (N12 +N15)] + 2

√
2cs (N8N10 +N12N14 +N13N15 − 3N9N11)

−c
∂N10

∂x′ =
√
3cs [N5 (N13 +N14)−N10 (N3 +N6)] + 2cs (N13N14 −N9N10)

+
√
2cs (N5N7 −N1N10) +

√
5cs (N3N14 +N5N9 +N6N13 +N7N11 −N4N10 − 3N2N10)

+
√
6cs [N11 (N13 +N14)−N10 (N12 +N15)] + 2

√
2cs (N9N11 +N12N14 +N13N15 − 3N8N10)

−c
∂N11

∂x′ =
√
3cs [N5 (N12 +N15)−N11 (N3 +N6)] + 2cs (N12N15 −N8N11)

+
√
2cs (N4N5 −N1N11) +

√
5cs (N3N13 +N5N8 +N6N12 +N4N10 −N7N11 − 3N2N11)

+
√
6cs [N10 (N12 +N15)−N11 (N13 +N14)] + 2

√
2cs (N8N10 +N12N14 +N13N15 − 3N9N11)

c
∂N12

∂y′ =
√
3cs [N3 (N8 +N11)−N12 (N2 +N5)] + 2cs (N8N11 −N12N15)

+
√
2cs (N3N4 −N1N12) +

√
5cs (N2N11 +N3N15 +N4N13 +N5N8 −N7N12 − 3N6N12)

+
√
6cs [N13 (N8 +N11)−N12 (N9 +N10)] + 2

√
2cs (N8N10 +N9N11 +N13N15 − 3N12N14)

c
∂N13

∂y′ =
√
3cs [N3 (N9 +N10)−N31 (N2 +N5)] + 2cs (N9N10 −N13N14)

+
√
2cs (N3N7 −N1N13) +

√
5cs (N2N110 +N3N14 +N5N9 +N7N12 −N4N13 − 3N6N13)

+
√
6cs [N12 (N9 +N10)−N13 (N8 +N11)] + 2

√
2cs (N8N10 +N9N11 +N12N14 − 3N13N15)
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−c
∂N14

∂y′ =
√
3cs [N6 (N9 +N10)−N14 (N2 +N5)] + 2cs (N9N10 −N13N14)

+
√
2cs (N6N7 −N1N14) +

√
5cs (N2N10 +N5N9 +N6N13 +N7N15 −N4N14 − 3N3N14)

+
√
6cs [N15 (N9 +N10)−N14 (N8 +N11)] + 2

√
2cs (N8N10 +N9N11 +N13N15 − 3N12N14)

−c
∂N15

∂y′ =
√
3cs [N6 (N8 +N11)−N15 (N2 +N5)] + 2cs (N8N11 −N12N15)

+
√
2cs (N4N6 −N1N15) +

√
5cs (N2N11 +N5N8 +N6N12 +N4N14 −N7N15 − 3N3N15)

+
√
6cs [N14 (N8 +N11)−N15 (N9 +N10)] + 2

√
2cs (N8N10 +N9N11 +N12N14 − 3N13N15)

Here Λ denotes the set of the indices of the velocities of the discrete model.
The system (2.1) is completed by boundary conditions. On the interface x =

0, boundary conditions are given for the densities of molecules leaving the gas
toward the interface. At infinity (−∞ or +∞), boundary conditions are given for
all densities. In summary, the boundary conditions are of the form:

(2.2)



Nk (0, y) = ϕ0
k (y) , k ∈ Λ1

lim
x→+∞

Nk (x, y) = ϕ+∞
k (y) , k ∈ Λ

lim
y→−∞

Nk (x, y) = ψ−∞
k (x) , k ∈ Λ

lim
y→+∞

Nk (x, y) = ψ+∞
k (x) , k ∈ Λ

where Λ = {1, 2, 3 . . . , 15}, Λ1 = {2, 8, 9}. The boundary value problem (2.1)-
(2.2) comes from the use of the fifteen-velocity model to describe the steady, two-
dimensional flow of a gas in the half-space [0,+∞[× ]−∞,+∞[. The objective of
this article is to prove the existence of solutions to the boundary value problem
(2.1)-(2.2).

Theorem 2.1. If the boundary data at infinity ψ±∞
k and ϕ+∞

k are the densities of a
Maxwellian state then the boundary value problem (2.1)-(2.2) has a solution.

3. EXISTENCE OF SOLUTIONS OF (2.1)-(2.2)

To prove Theorem (2.1) we first show that the boundary value problem (2.1)-
(2.2) in the strip [0; a]×]−∞; +∞[, i.e the system (2.1) with the boundary condi-
tions
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(3.1)



Nk (0, y) = f 0
k (y) , k ∈ {2, 8, 9}

Nk (a, y) = fa
k (y) , k ∈ {5, 10, 11}

lim
y→−∞

Nk (x, y) = g−∞
k (x) , k ∈ Λ

lim
y→+∞

Nk (x, y) = g+∞
k (x) , k ∈ Λ

has continuous and bounded solutions independently of a. To do this, we rely
on the fact that it is shown in [1] that the boundary value problem (2.1)-(2.2) in
the rectangle [0, a] × [−b; b] has continuous and bounded solution independently
of a and b on [0, a] × [−b; b], and we show that the sequence of solutions of the
boundary value problem in the rectangle, obtained for an increasing sequence
(bl)l∈N of strictly positive real numbers converges to a solution of (2.1)-(3.1). We
then show that the sequence of solutions of (2.1)-(3.1) obtained for an increasing
sequence (al)l∈N of strictly positive real numbers converges towards a solution of
(2.1)-(2.2).

The boundary value problem (2.1)-(2.2) in a rectangle [0, a]× [−b, b] is given by
the system (2.1) with the boundary condition

(3.2)



N2(0, y) = ϕ02(y)

N8(0, y) = ϕ08(y)

N9(0, y) = ϕ09(y)

N5(a, y) = ϕa5(y)

N10(a, y) = ϕa10(y)

N11(a, y) = ϕa11(y)

N3(x,−b) = ψ−b
3 (x)

N12(x,−b) = ψ−b
12 (x)

N13(x,−b) = ψ−b
13 (x)

N6(x, b) = ψb
6(x)

N14(x, b) = ψb
14(x)

N15(x, b) = ψb
15(x)
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and it was shown in [1] that the boundary value problem (2.1)-(3.2) has uni-
formly continuous and independently bounded solutions of a and b on [0, a]×[−b, b]
and their set is also equicontinuous. Thus let (bl)l∈N be an increasing sequence
of positive real numbers tending toward +∞, the solutions N l of (2.1)-(3.2) on
[0, a] × [−bl, bl] are uniformly continuous and bounded independently of a and bl

and their set is also equicontinuous for all l ∈ N. We extendN l to [0, a]×]−∞,+∞[

by the function Ñ l defined by:

Ñ l (x, y) =


N l (x, y) , (x, y) ∈ [0; a]× [−bl; bl]

N l (x, bl) , (x, y) ∈ [0; a]× R, y > bl

N l (x,−bl) , (x, y) ∈ [0; a]× R, y < −bl

.

The sequence
(
Ñ l

)
l∈N

is clearly a sequence of uniformly continuous and bounded

functions satisfying (2.1)-(3.1).

Proposition 3.1. There exist a subsequence of
(
Ñ l

)
l∈N

which simply converges on

[0; a]×] − ∞; +∞[ and uniformly on any bounded interval from [0; a]×] − ∞; +∞[

towards a uniformly continuous and bounded function N

Proof. The function Ñ l are bounded on [0, a]×]−∞; +∞[ therefore ∀k ∈ Λ, ∀ (x, y) ∈
[0; a]×] − ∞; +∞[, the sequence

(
Ñ l

k(x, y)
)
l∈N

is a bounded sequence of positive

real numbers. We can therefore extract a convergent subsequence
(
Ñ lk

k (x, y)
)
lk∈N

.

Let Ñk (x, y) be the limit of this subsequence. ∀k ∈ Λ, we define on [0, a]×] −
∞,+∞[ the function N = (Nk)k∈Λ by Nk (x, y) = Ñk (x, y). The sequence of func-

tions
(
Ñ l

)
l∈N

simply converges to N on [0, a]×]−∞,+∞[.

Let (x, y), (x′, y′) ∈ [0, a]×] − ∞,+∞[. By adding the quantities Ñ l
k(x, y) and

Ñ l
k(x

′, y′) and subtracting them inside the absolute value |Nk (x, y)−Nk (x
′, y′)|

we obtain:

|Nk (x, y)−Nk (x
′, y′)|

=
∣∣∣Nk (x, y)−Nk (x

′, y′) + Ñ l
k(x, y)− Ñ l

k(x, y) + Ñ l
k(x

′, y′)− Ñ l
k(x

′, y′)
∣∣∣

=
∣∣∣(Nk(x, y)− Ñ l

k(x, y)
)
+
(
Ñ l

k(x
′, y′)−Nk(x

′, y′)
)
+
(
Ñ l

k(x, y)− Ñ l
k(x

′, y′)
)∣∣∣

≤
∣∣∣Ñ l

k(x, y)−Nk(x, y)
∣∣∣+ ∣∣∣Ñ l

k(x
′, y′)−Nk(x

′, y′)
∣∣∣+ ∣∣∣Ñ l

k(x
′, y′)− Ñ l

k(x, y)
∣∣∣
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As (Ñ l)l∈N simply converges to N on [0; a]×]−∞; +∞[ we have:

(3.3)
∀(x, y) ∈ [0, a]×]−∞,+∞[,∀ε > 0,∃l0 ∈ N, ∀l ∈ N, l > l0

=⇒
∣∣∣Ñ l

k(x, y)−Nk(x, y)
∣∣∣ < ε

3

Moreover Ñ l is uniformly continuous ∀l ∈ N and ∀k ∈ Λ therefore
(3.4)

∀ε > 0,∃α > 0,∀(x, y) ∈ [0, a]×]−∞,+∞[,∀(x′, y′) ∈ [0, a]×]−∞,+∞[,

|x− x′| < α, |y − y′| < α

=⇒
∣∣∣Ñ l

k(x, y)− Ñ l
k(x

′, y′)
∣∣∣ < ε

3

We deduce from (3.3) and (3.4) that:
(3.5)

∀ε > 0,∃α > 0,∃l0 ∈ N,∀(x, y), (x′, y′) ∈ [0, a]×]−∞,+∞[,∀l ∈ N,
l > l0, |x− x′| < α, |y − y′| < α

=⇒ |Nk (x, y)−Nk (x
′, y′)| < ε

3
+
ε

3
+
ε

3
= ε.

Hence, N is uniformly continuous.
It remains to show that

(
Ñ l

)
l∈N

converges uniformly on any bounded closed

interval from [0, a]×]−∞,+∞[ to N to finish the proof. As on any closed bounded
interval of [0, a]×] − ∞,+∞[, Ñ l = N l, this amounts to showing that (N l)l∈N

converges uniformly towards N .
Let (x, y), (x′, y′) ∈ [0, a]× [−bl, bl],∀l ∈ N,∣∣N l

k(x, y)−Nk(x, y)
∣∣

=
∣∣N l

k(x, y) +N l
k(x

′, y′)−N l
k(x

′, y′)−Nk(x, y) +Nk(x
′, y′)−Nk(x

′, y′)
∣∣

≤
∣∣N l

k(x, y)−N l
k(x

′, y′)
∣∣+ ∣∣N l

k(x
′, y′)−Nk(x

′, y′)
∣∣+ |Nk(x

′, y′)−Nk(x, y)| .

As N l is uniformly continuous then:

(3.6)
∀ε > 0, ∃α > 0, ∀(x, y) ∈ [0, a]× [−bl, bl],∀(x′, y′) ∈ [0, a]×]− bl, bl[,

|x− x′| < α, |y − y′| < α =⇒
∣∣N l

k(x, y)−N l
k(x

′, y′)
∣∣ < ε

3
.

As N l simply converges to N on [0, a]× [−bl, bl] then:

(3.7)
∀(x′, y′) ∈ [0, a]× [−bl, bl],∀ε > 0,∃l0 ∈ N, ∀l ∈ N, l > l0

=⇒
∣∣N l

k(x
′, y′)−Nk(x

′, y′)
∣∣ < ε

3
.
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As N is uniformly continuous then:

(3.8)
∀ε > 0,∃α > 0,∀(x, y), (x′, y′) ∈ [0, a]× [−bl, bl],
|x− x′| < α, |y − y′| < α =⇒ |Nk(x

′, y′)−Nk(x, y)| <
ε

3
.

From (3.6), (3.7) and (3.8) we deduce that:

(3.9)

∀ε > 0, ∃α > 0, ∃l0 ∈ N,∀(x, y), (x′, y′) ∈ [0, a]×]− bl, bl[,∀l ∈ N,
l > l0, |x− x′| < α, |y − y′| < α

=⇒
∣∣N l

k (x, y)−Nk (x, y)
∣∣ < ε

3
+
ε

3
+
ε

3
= ε.

So, (Ñ l)l∈N uniformly converges to N . □

Proposition 3.2. For any increasing sequence (yk)k∈N of positive real numbers tend-
ing towards +∞ the sequence (N (x, yk))k∈N tends to a Maxwellian state when k tends
to +∞ ∀x ∈ [0, a].

Proof. We set −→u k = uαk
−→e α, hα (x, y) =

15∑
k=1

Nk (x, y) lnNk (x, y)u
α
k and

−→
H =

2∑
α=1

hα
−→e α. hα is a continuous function on [0; a]×] − ∞,+∞[ for all α. We

have:
−→
∇·

−→
H =

∂h1
∂x

+
∂h2
∂y

= c (1 + lnN2)
∂N2

∂x
− c (1 + lnN5)

∂N5

∂x
+ c (1 + lnN8)

∂N8

∂x
+ c (1 + lnN9)

∂N9

∂x

− c (1 + lnN10)
∂N10

∂x
− c (1 + lnN11)

∂N11

∂x
+ c (1 + lnN3)

∂N3

∂y

− c (1 + lnN6)
∂N6

∂y
+ c (1 + lnN12)

∂N12

∂y
+ c (1 + lnN13)

∂N13

∂y

− c (1 + lnN14)
∂N14

∂y
− c (1 + lnN15)

∂N15

∂y
.

By multiplying the first equation of (2.1) par 1+ lnN1, the second by 1+ lnN2,. . . ,
the keme by 1 + lnNk and by making a member-by-member sum, we obtain:

(3.10)

−→
∇·

−→
H

=
√
2cs ln

(
N2N4

N1N8

)(
1− N2N4

N1N8

)
N1N8 +

√
2cs ln

(
N2N7

N1N9

)(
1− N2N7

N1N9

)
N1N9

+
√
2cs ln

(
N3N4

N1N12

)(
1− N3N4

N1N12

)
N1N12 +

√
2cs ln

(
N3N7

N1N13

)(
1− N3N7

N1N13

)
N1N13

+
√
2cs ln

(
N5N7

N1N10

)(
1− N5N7

N1N10

)
N1N10 +

√
2cs ln

(
N4N5

N1N11

)(
1− N4N5

N1N11

)
N1N11
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+
√
2cs ln

(
N4N6

N1N15

)(
1− N4N6

N1N15

)
N1N15 +

√
2cs ln

(
N6N7

N1N14

)(
1− N6N7

N1N14

)
N1N14

+ 2cs ln

(
N2N5

N3N6

)(
1− N2N5

N3N6

)
N3N6 + 2cs ln

(
N2N5

N4N7

)(
1− N2N5

N4N7

)
N4N7

+ 2cs ln

(
N3N6

N4N7

)(
1− N3N6

N4N7

)
N4N7 + 2cs ln

(
N8N11

N12N15

)(
1− N8N11

N12N15

)
N12N15

+ 2cs ln

(
N9N10

N13N14

)(
1− N9N10

N13N14

)
N13N14 +

√
3cs ln

(
N2N12

N3N8

)(
1− N2N12

N3N8

)
N3N8

+
√
3cs ln

(
N2N13

N3N9

)(
1− N2N13

N3N9

)
N3N9 +

√
3cs ln

(
N2N15

N6N8

)(
1− N2N15

N6N8

)
N6N8

+
√
3cs ln

(
N2N14

N6N9

)(
1− N2N14

N6N9

)
N6N9 +

√
3cs ln

(
N5N12

N3N11

)(
1− N5N12

N3N11

)
N3N11

+
√
3cs ln

(
N5N13

N3N10

)(
1− N5N13

N3N10

)
N3N10 +

√
3cs ln

(
N5N14

N6N10

)(
1− N5N14

N6N10

)
N6N10

+
√
3cs ln

(
N5N15

N6N11

)(
1− N5N15

N6N11

)
N6N11 +

√
5cs ln

(
N2N10

N3N14

)(
1− N2N10

N3N14

)
N3N14

+
√
5cs ln

(
N2N11

N3N15

)(
1− N2N11

N3N15

)
N3N15 +

√
5cs ln

(
N2N11

N5N8

)(
1− N2N11

N5N8

)
N5N8

+
√
5cs ln

(
N2N10

N5N9

)(
1− N2N10

N5N9

)
N5N9 +

√
5cs ln

(
N2N11

N6N12

)(
1− N2N11

N6N12

)
N6N12

+
√
5cs ln

(
N2N10

N6N13

)(
1− N2N10

N6N13

)
N6N13 +

√
5cs ln

(
N3N14

N6N13

)(
1− N3N14

N6N13

)
N6N13

+
√
5cs ln

(
N3N14

N5N9

)(
1− N3N14

N5N9

)
N5N9 +

√
5cs ln

(
N3N15

N5N8

)(
1− N3N15

N5N8

)
N5N8

+
√
5cs ln

(
N3N15

N6N12

)(
1− N3N15

N6N12

)
N6N12 +

√
5cs ln

(
N5N8

N6N12

)(
1− N5N8

N6N12

)
N6N12

+
√
5cs ln

(
N5N9
N6N13

)(
1− N5N9

N6N13

)
N6N13 +

√
5cs ln

(
N7N8

N4N9

)(
1− N7N8

N4N9

)
N4N9

+
√
5cs ln

(
N4N10

N7N11

)(
1− N4N10

N7N11

)
N7N11 +

√
5cs ln

(
N7N12

N4N13

)(
1− N7N12

N4N13

)
N4N13

+
√
5cs ln

(
N4N14

N7N15

)(
1− N4N14

N7N15

)
N7N15 +

√
6cs ln

(
N8N13

N9N12

)(
1− N8N13

N9N12

)
N9N12

+
√
6cs ln

(
N8N14

N9N15

)(
1− N8N14

N9N15

)
N9N15 +

√
6cs ln

(
N10N12

N11N13

)(
1− N10N12

N11N13

)
N11N13

+
√
6cs ln

(
N11N14

N15N10

)(
1− N11N14

N15N10

)
N15N10 + 2

√
2cs ln

(
N8N10

N9N11

)(
1− N8N10

N9N11

)
N9N11

+ 2
√
2cs ln

(
N8N10

N12N14

)(
1− N8N10

N12N14

)
N12N14 + 2

√
2cs ln

(
N8N10

N13N15

)(
1− N8N10

N13N15

)
N13N15

+ 2
√
2cs ln

(
N9N11

N12N14

)(
1− N9N11

N12N14

)
N12N14 + 2

√
2cs ln

(
N9N11

N13N15

)(
1− N9N11

N13N15

)
N13N15

+ 2
√
2cs ln

(
N12N14

N13N15

)(
1− N12N14

N13N15

)
N13N15.

The function z 7−→ (1− z) ln z is negative or zero for z > 0 (zero for z = 1). As√
2cs, 2cs,

√
3cs,

√
5cs,

√
6cs, 2

√
2cs are positive as well asNk, k ∈ {1, 2, 3, · · · , 15},

∀ (x, y) ∈ [0; a]×] −∞; +∞[,
−→
∇·

−→
H ≤ 0. We deduce that

∫ +∞

0

−→
∇·

−→
Hdy ≤ 0 ∀x ∈

[0; a]. N is bounded on [0; a]×] − ∞; +∞[ as the limit of a sequence of functions

bounded on [0; a]×]−∞; +∞[ so
∫ +∞

0

−→
∇·

−→
Hdy exists and is finite, negative or zero
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and is a function of x. Let Jk = [yk, yk+1[ and φ (Jk) = −
∫ yk+1

yk

−→
∇·

−→
Hdy = φk (x) a

function.
As

−→
∇ .

−→
H ≤ 0, φ (Jk) is a positive or zero function. Thus the sequence of func-

tion (φ (Jk))k∈N is a sequence of positive functions(of positive functions of x)
and the series of function of x,

∑
k

φ (Jk) is a series of positive functions. Let

Sk =
k∑

n=0

φ (Jn) (x) its partial sums. Let S be the function defined from [0; a] to R+

which to x 7−→ S(x) = lim
k→+∞

k∑
n=0

φ (Jn) (x) =
+∞∑
n=0

φ (Jn) (x).

As Jk ∩ Jl = ∅ ∀x ∈ [0; a] ∀k, l ∈ N,
+∞∑
n=0

φ (Jn) (x) ≤ −
∫ +∞

0

−→
∇·

−→
Hdy. or

−
∫ +∞

0

−→
∇·

−→
Hdy exist and is finite then S(x) exists and is finite. then the se-

quence of partial sums (Sk)k∈N admits a finite limit so it converges to S on [0; a].
Thus the series of functions defined on [0; a],

∑
k

φ (Jk) (x), simply converge to

S. ∀x ∈ [0; a] the series with general term φ (Jk),
∑
k

φ (Jk) (x), is a conver-

gent series with positive terms so its general term φ (Jk) tends to zero when k

tends to +∞.But there exists zk ∈ Jk such that φk (x) = −
∫ yk+1

yk

−→
∇·

−→
H (x, y) dy =

− (yk+1 − yk)
−→
∇·

−→
H (x, zk). The sequence (zk)k∈N is an increasing sequence of pos-

itive real numbers tending towards +∞. Let uk = yk+1 − yk. If the sequence
(uk)k∈N converges to zero when k tends to +∞ then ∀ε > 0, ∃k0 ∈ N, ∀k ∈ N,
k > k0 =⇒ |yk+1 − yk| < ε. Which means that the sequence (yk)k∈N is from
cauchy. Which is contradictory to the fact that it is divergent. Consequently,
∀x ∈ [−a, a] , φk (x) tends to zero when k tends to +∞ if and only if

−→
∇·

−→
H (x, zk)

tends to zero as k tends to +∞. But
−→
∇·

−→
H (x, zk)

=
√
2cs ln

(
N2 (x, zk)N4 (x, zk)

N1 (x, zk)N8 (x, zk)

)(
1− N2 (x, zk)N4 (x, zk)

N1 (x, zk)N8 (x, zk)

)
N1 (x, zk)N8 (x, zk)

+
√
2cs ln

(
N2 (x, zk)N7 (x, zk)

N1 (x, zk)N9 (x, zk)

)(
1− N2 (x, zk)N7 (x, zk)

N1 (x, zk)N9 (x, zk)

)
N1 (x, zk)N9 (x, zk)
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+
√
2cs ln

(
N3 (x, zk)N4 (x, zk)

N1 (x, zk)N12 (x, zk)

)(
1− N3 (x, zk)N4 (x, zk)

N1 (x, zk)N12 (x, zk)

)
N1 (x, zk)N12 (x, zk)

+
√
2cs ln

(
N3 (x, zk)N7 (x, zk)

N1 (x, zk)N13 (x, zk)

)(
1− N3 (x, zk)N7 (x, zk)

N1 (x, zk)N13 (x, zk)

)
N1 (x, zk)N13 (x, zk)

+
√
2cs ln

(
N5 (x, zk)N7 (x, zk)

N1 (x, zk)N10 (x, zk)

)(
1− N5 (x, zk)N7 (x, zk)

N1 (x, zk)N10 (x, zk)

)
N1 (x, zk)N10 (x, zk)

+
√
2cs ln

(
N4 (x, zk)N5 (x, zk)

N1 (x, zk)N11 (x, zk)

)(
1− N4 (x, zk)N5 (x, zk)

N1 (x, zk)N11 (x, zk)

)
N1 (x, zk)N11 (x, zk)

+
√
2cs ln

(
N4 (x, zk)N6 (x, zk)

N1 (x, zk)N15 (x, zk)

)(
1− N4 (x, zk)N6 (x, zk)

N1 (x, zk)N15 (x, zk)

)
N1 (x, zk)N15 (x, zk)

+
√
2cs ln

(
N6 (x, zk)N7 (x, zk)

N1 (x, zk)N14 (x, zk)

)(
1− N6 (x, zk)N7 (x, zk)

N1 (x, zk)N14 (x, zk)

)
N1 (x, zk)N14 (x, zk)

+ 2cs ln

(
N2 (x, zk)N5 (x, zk)

N3 (x, zk)N6 (x, zk)

)(
1− N2 (x, zk)N5 (x, zk)

N3 (x, zk)N6 (x, zk)

)
N3 (x, zk)N6 (x, zk)

+ 2cs ln

(
N2 (x, zk)N5 (x, zk)

N4 (x, zk)N7 (x, zk)

)(
1− N2 (x, zk)N5 (x, zk)

N4 (x, zk)N7 (x, zk)

)
N4 (x, zk)N7 (x, zk)

+ 2cs ln

(
N3 (x, zk)N6 (x, zk)

N4 (x, zk)N7 (x, zk)

)(
1− N3 (x, zk)N6 (x, zk)

N4 (x, zk)N7 (x, zk)

)
N4 (x, zk)N7 (x, zk)

+ 2cs ln

(
N8 (x, zk)N11 (x, zk)

N12 (x, zk)N15 (x, zk)

)(
1− N8 (x, zk)N11 (x, zk)

N12 (x, zk)N15 (x, zk)

)
N12 (x, zk)N15 (x, zk)

+ 2cs ln

(
N9 (x, zk)N10 (x, zk)

N13 (x, zk)N14 (x, zk)

)(
1− N9 (x, zk)N10 (x, zk)

N13 (x, zk)N14 (x, zk)

)
N13 (x, zk)N14 (x, zk)

+
√
3cs ln

(
N2 (x, zk)N12 (x, zk)

N3 (x, zk)N8 (x, zk)

)(
1− N2 (x, zk)N12 (x, zk)

N3 (x, zk)N8 (x, zk)

)
N3 (x, zk)N8 (x, zk)

+
√
3cs ln

(
N2 (x, zk)N13 (x, zk)

N3 (x, zk)N9 (x, zk)

)(
1− N2 (x, zk)N13 (x, zk)

N3 (x, zk)N9 (x, zk)

)
N3 (x, zk)N9 (x, zk)

+
√
3cs ln

(
N2 (x, zk)N15 (x, zk)

N6 (x, zk)N8 (x, zk)

)(
1− N2 (x, zk)N15 (x, zk)

N6 (x, zk)N8 (x, zk)

)
N6 (x, zk)N8 (x, zk)

+
√
3cs ln

(
N2 (x, zk)N14 (x, zk)

N6 (x, zk)N9 (x, zk)

)(
1− N2 (x, zk)N14 (x, zk)

N6 (x, zk)N9 (x, zk)

)
N6 (x, zk)N9 (x, zk)

+
√
3cs ln

(
N (x, zk)N12 (x, zk)

N3 (x, zk)N11 (x, zk)

)(
1− N5 (x, zk)N12 (x, zk)

N3 (x, zk)N11 (x, zk)

)
N3 (x, zk)N11 (x, zk)

+
√
3cs ln

(
N5 (x, zk)N13 (x, zk)

N3 (x, zk)N10 (x, zk)

)(
1− N5 (x, zk)N13 (x, zk)

N3 (x, zk)N10 (x, zk)

)
N3 (x, zk)N10 (x, zk)

+
√
3cs ln

(
N5 (x, zk)N14 (x, zk)

N6 (x, zk)N10 (x, zk)

)(
1− N5 (x, zk)N14 (x, zk)

N6 (x, zk)N10 (x, zk)

)
N6 (x, zk)N10 (x, zk)

+
√
3cs ln

(
N5 (x, zk)N15 (x, zk)

N6 (x, zk)N11 (x, zk)

)(
1− N5 (x, zk)N15 (x, zk)

N6 (x, zk)N11 (x, zk)

)
N6 (x, zk)N11 (x, zk)
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+
√
5cs ln

(
N2 (x, zk)N10 (x, zk)

N3 (x, zk)N14 (x, zk)

)(
1− N2 (x, zk)N10 (x, zk)

N3 (x, zk)N14 (x, zk)

)
N3 (x, zk)N14 (x, zk)

+
√
5cs ln

(
N2 (x, zk)N11 (x, zk)

N3 (x, zk)N15 (x, zk)

)(
1− N2 (x, zk)N11 (x, zk)

N3 (x, zk)N15 (x, zk)

)
N3 (x, zk)N15 (x, zk)

+
√
5cs ln

(
N2 (x, zk)N11 (x, zk)

N5 (x, zk)N8 (x, zk)

)(
1− N2 (x, zk)N11 (x, zk)

N5 (x, zk)N8 (x, zk)

)
N5 (x, zk)N8 (x, zk)

+
√
5cs ln

(
N2 (x, zk)N10 (x, zk)

N5 (x, zk)N9 (x, zk)

)(
1− N2 (x, zk)N10 (x, zk)

N5 (x, zk)N9 (x, zk)

)
N5 (x, zk)N9 (x, zk)

+
√
5cs ln

(
N2 (x, zk)N11 (x, zk)

N6 (x, zk)N12 (x, zk)

)(
1− N2 (x, zk)N11 (x, zk)

N6 (x, zk)N12 (x, zk)

)
N6 (x, zk)N12 (x, zk)

+
√
5cs ln

(
N2 (x, zk)N10 (x, zk)

N6 (x, zk)N13 (x, zk)

)(
1− N2 (x, zk)N10 (x, zk)

N6 (x, zk)N13 (x, zk)

)
N6 (x, zk)N13 (x, zk)

+
√
5cs ln

(
N3 (x, zk)N14 (x, zk)

N6 (x, zk)N13 (x, zk)

)(
1− N3 (x, zk)N14 (x, zk)

N6 (x, zk)N13 (x, zk)

)
N6 (x, zk)N13 (x, zk)

+
√
5cs ln

(
N3 (x, zk)N14 (x, zk)

N5 (x, zk)N9 (x, zk)

)(
1− N3 (x, zk)N14 (x, zk)

N5 (x, zk)N9 (x, zk)

)
N5 (x, zk)N9 (x, zk)

+
√
5cs ln

(
N3 (x, zk)N15 (x, zk)

N5 (x, zk)N8 (x, zk)

)(
1− N3 (x, zk)N15 (x, zk)

N5 (x, zk)N8 (x, zk)

)
N5 (x, zk)N8 (x, zk)

+
√
5cs ln

(
N3 (x, zk)N15 (x, zk)

N6 (x, zk)N12 (x, zk)

)(
1− N3 (x, zk)N15 (x, zk)

N6 (x, zk)N12 (x, zk)

)
N6 (x, zk)N12 (x, zk)

+
√
5cs ln

(
N5 (x, zk)N8 (x, zk)

N6 (x, zk)N12 (x, zk)

)(
1− N5 (x, zk)N8 (x, zk)

N6 (x, zk)N12 (x, zk)

)
N6 (x, zk)N12 (x, zk)

+
√
5cs ln

(
N5 (x, zk)N9 (x, zk)

N6 (x, zk)N13 (x, zk)

)(
1− N5 (x, zk)N9 (x, zk)

N6 (x, zk)N13 (x, zk)

)
N6 (x, zk)N13 (x, zk)

+
√
5cs ln

(
N7 (x, zk)N8 (x, zk)

N4 (x, zk)N9 (x, zk)

)(
1− N7 (x, zk)N8 (x, zk)

N4 (x, zk)N9 (x, zk)

)
N4 (x, zk)N9 (x, zk)

+
√
5cs ln

(
N4 (x, zk)N10 (x, zk)

N7 (x, zk)N11 (x, zk)

)(
1− N4 (x, zk)N10 (x, zk)

N7 (x, zk)N11 (x, zk)

)
N7 (x, zk)N11 (x, zk)

+
√
5cs ln

(
N7 (x, zk)N12 (x, zk)

N4 (x, zk)N13 (x, zk)

)(
1− N7 (x, zk)N12 (x, zk)

N4 (x, zk)N13 (x, zk)

)
N4 (x, zk)N13 (x, zk)

+
√
5cs ln

(
N4 (x, zk)N14 (x, zk)

N7 (x, zk)N15 (x, zk)

)(
1− N4 (x, zk)N14 (x, zk)

N7 (x, zk)N15 (x, zk)

)
N7 (x, zk)N15 (x, zk)

+
√
6cs ln

(
N8 (x, zk)N13 (x, zk)

N9 (x, zk)N12 (x, zk)

)(
1− N8 (x, zk)N13 (x, zk)

N9 (x, zk)N12 (x, zk)

)
N9 (x, zk)N12 (x, zk)

+
√
6cs ln

(
N8 (x, zk)N14 (x, zk)

N9 (x, zk)N15 (x, zk)

)(
1− N8 (x, zk)N14 (x, zk)

N9 (x, zk)N15 (x, zk)

)
N9 (x, zk)N15 (x, zk)

+
√
6cs ln

(
N10 (x, zk)N12 (x, zk)

N11 (x, zk)N13 (x, zk)

)(
1− N10 (x, zk)N12 (x, zk)

N11 (x, zk)N13 (x, zk)

)
N11 (x, zk)N13 (x, zk)

+
√
6cs ln

(
N11 (x, zk)N14 (x, zk)

N15 (x, zk)N10 (x, zk)

)(
1− N11 (x, zk)N14 (x, zk)

N15 (x, zk)N10 (x, zk)

)
N15 (x, zk)N10 (x, zk)
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+ 2
√
2cs ln

(
N8 (x, zk)N10 (x, zk)

N9 (x, zk)N11 (x, zk)

)(
1− N8 (x, zk)N10 (x, zk)

N9 (x, zk)N11 (x, zk)

)
N9 (x, zk)N11 (x, zk)

+ 2
√
2cs ln

(
N8 (x, zk)N10 (x, zk)

N12 (x, zk)N14 (x, zk)

)(
1− N8 (x, zk)N10 (x, zk)

N12 (x, z)N14 (x, zk)

)
N12 (x, zk)N14 (x, zk)

+ 2
√
2cs ln

(
N8 (x, zk)N10 (x, zk)

N13 (x, zk)N15 (x, zk)

)(
1− N8 (x, zk)N10 (x, zk)

N13 (x, zk)N15 (x, zk)

)
N13 (x, zk)N15 (x, zk)

+ 2
√
2cs ln

(
N9 (x, zk)N11 (x, zk)

N12 (x, zk)N14 (x, zk)

)(
1− N9 (x, zk)N11 (x, zk)

N12 (x, zk)N14 (x, zk)

)
N12 (x, zk)N14 (x, zk)

+ 2
√
2cs ln

(
N9 (x, zk)N11 (x, zk)

N13 (x, zk)N15 (x, zk)

)(
1− N9 (x, zk)N11 (x, zk)

N13 (x, zk)N15 (x, zk)

)
N13 (x, zk)N15 (x, zk)

+ 2
√
2cs ln

(
N12 (x, zk)N14 (x, zk)

N13 (x, zk)N15 (x, zk)

)(
1− N12 (x, zk)N14 (x, zk)

N13 (x, zk)N15 (x, zk)

)
N13 (x, zk)N15 (x, zk) .

So, ifNM
α (x) = lim

k−→+∞
Nα (x, zk) , α ∈ {1, 2, 3, . . . , 15} then by setting a =

√
2cs, b =

2cs, d =
√
3cs, e =

√
5cs, f =

√
6cs, g =

√
2cs :

+ a ln

(
NM

2 (x)NM
4 (x)

NM
1 (x)NM

8 (x)

)(
1− NM

2 (x)NM
4 (x)

NM
1 (x)NM

8 (x)

)
NM

1 (x)NM
8 (x)

+ a ln

(
NM

2 (x)NM
7 (x)

NM
1 (x)NM

9 (x)

)(
1− NM

2 (x)NM
7 (x)

NM
1 (x)NM

9 (x)

)
NM

1 (x)NM
9 (x)

+ a ln

(
NM

3 (x)NM
4 (x)

NM
1 (x)NM

12 (x)

)(
1− NM

3 (x)NM
4 (x)

NM
1 (x)NM

12 (x)

)
NM

1 (x)NM
12 (x)

+ a ln

(
NM

3 (x)NM
7 (x)

NM
1 (x)NM

13 (x)

)(
1− NM

3 (x)NM
7 (x)

NM
1 (x)NM

13 (x)

)
NM

1 (x)NM
13 (x)

+ a ln

(
NM

5 (x)NM
7 (x)

NM
1 (x)NM

10 (x)

)(
1− NM

5 (x)NM
7 (x)

NM
1 (x)NM

10 (x)

)
NM

1 (x)NM
10 (x)

+ a ln

(
NM

4 (x)NM
5 (x)

NM
1 (x)NM

11 (x)

)(
1− NM

4 (x)NM
5 (x)

NM
1 (x)NM

11 (x)

)
NM

1 (x)NM
11 (x)

+ a ln

(
NM

4 (x)NM
6 (x)

NM
1 (x)NM

15 (x)

)(
1− NM

4 (x)NM
6 (x)

NM
1 (x)NM

15 (x)

)
NM

1 (x)NM
15 (x)

+ a ln

(
NM

6 (x)NM
7 (x)

NM
1 (x)NM

14 (x)

)(
1− NM

6 (x)NM
7 (x)

NM
1 (x)NM

14 (x)

)
NM

1 (x)NM
14 (x)

+ b ln

(
NM

2 (x)NM
5 (x)

NM
3 (x)NM

6 (x)

)(
1− NM

2 (x)NM
5 (x)

NM
3 (x)NM

6 (x)

)
NM

3 (x)NM
6 (x)

+ b ln

(
NM

2 (x)NM
5 (x)

NM
4 (x)NM

7 (x)

)(
1− NM

2 (x)NM
5 (x)

NM
4 (x)NM

7 (x)

)
NM

4 (x)NM
7 (x)

+ b ln

(
NM

3 (x)NM
6 (x)

NM
4 (x)NM

7 (x)

)(
1− NM

3 (x)NM
6 (x)

NM
4 (x)NM

7 (x)

)
NM

4 (x)NM
7 (x)
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+ b ln

(
NM

8 (x)NM
11 (x)

NM
12 (x)NM

15 (x)

)(
1− NM

8 (x)NM
11 (x)

NM
12 (x)NM

15 (x)

)
NM

12 (x)NM
15 (x)

+ b ln

(
NM

9 (x)NM
10 (x)

NM
13 (x)NM

14 (x)

)(
1− NM

9 (x)NM
10 (x)

NM
13 (x)NM

14 (x)

)
NM

13 (x)NM
14 (x)

+ d ln

(
NM

2 (x)NM
12 (x)

NM
3 (x)NM

8 (x)

)(
1− NM

2 (x)NM
12 (x)

NM
3 (x)NM

8 (x)

)
NM

3 (x)NM
8 (x)

+ d ln

(
NM

2 (x)NM
13 (x)

NM
3 (x)NM

9 (x)

)(
1− NM

2 (x)NM
13 (x)

NM
3 (x)NM

9 (x)

)
NM

3 (x)NM
9 (x)

+ d ln

(
NM

2 (x)NM
15 (x)

NM
6 (x)NM

8 (x)

)(
1− NM

2 (x)NM
15 (x)

NM
6 (x)NM

8 (x)

)
NM

6 (x)NM
8 (x)

+ d ln

(
NM

2 (x)NM
14 (x)

NM
6 (x)NM

9 (x)

)(
1− NM

2 (x)NM
14 (x)

NM
6 (x)NM

9 (x)

)
NM

6 (x)NM
9 (x)

+ d ln

(
NM

5 (x)NM
12 (x)

NM
3 (x)NM

11 (x)

)(
1− NM

5 (x)NM
12 (x)

NM
3 (x)NM

11 (x)

)
NM

3 (x)NM
11 (x)

+ d ln

(
NM

5 (x)NM
13 (x)

NM
3 (x)NM

10 (x)

)(
1− NM

5 (x)NM
13 (x)

NM
3 (x)NM

10 (x)

)
NM

3 (x)NM
10 (x)

+ d ln

(
NM

5 (x)NM
14 (x)

NM
6 (x)NM

10 (x)

)(
1− NM

5 (x)NM
14 (x)

NM
6 (x)NM

10 (x)

)
NM

6 (x)NM
10 (x)

+ d ln

(
NM

5 (x)NM
15 (x)

NM
6 (x)NM

11 (x)

)(
1− NM

5 (x)NM
15 (x)

NM
6 (x)NM

11 (x)

)
NM

6 (x)NM
11 (x)

+ e ln

(
NM

2 (x)NM
10 (x)

NM
3 (x)NM

14 (x)

)(
1− NM

2 (x)NM
10 (x)

NM
3 (x)NM

14 (x)

)
NM

3 (x)NM
14 (x)

+ e ln

(
NM

2 (x)NM
11 (x)

NM
3 (x)NM

15 (x)

)(
1− NM

2 (x)NM
11 (x)

NM
3 (x)NM

15 (x)

)
NM

3 (x)NM
15 (x)

+ e ln

(
NM

2 (x)NM
11 (x)

NM
5 (x)NM

8 (x)

)(
1− NM

2 (x)NM
11 (x)

NM
5 (x)NM

8 (x)

)
NM

5 (x)NM
8 (x)

+ e ln

(
NM

2 (x)NM
10 (x)

NM
5 (x)NM

9 (x)

)(
1− NM

2 (x)NM
10 (x)

NM
5 (x)NM

9 (x)

)
NM

5 (x)NM
9 (x)

+ e ln

(
NM

2 (x)NM
11 (x)

NM
6 (x)NM

12 (x)

)(
1− NM

2 (x)NM
11 (x)

NM
6 (x)NM

12 (x)

)
NM

6 (x)NM
12 (x)

+ e ln

(
NM

2 (x)NM
10 (x)

NM
6 (x)NM

13 (x)

)(
1− NM

2 (x)NM
10 (x)

NM
6 (x)NM

13 (x)

)
NM

6 (x)NM
13 (x)

+ e ln

(
NM

3 (x)NM
14 (x)

NM
6 (x)NM

13 (x)

)(
1− NM

3 (x)NM
114 (x)

NM
6 (x)NM

13 (x)

)
NM

6 (x)NM
13 (x)

+ e ln

(
NM

3 (x)NM
14 (x)

NM
5 (x)NM

9 (x)

)(
1− NM

3 (x)NM
14 (x)

NM
5 (x)NM

9 (x)

)
NM

5 (x)NM
9 (x)
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+ e ln

(
NM

3 (x)NM
15 (x)

NM
5 (x)NM

8 (x)

)(
1− NM

3 (x)NM
15 (x)

NM
5 (x)NM

8 (x)

)
NM

5 (x)NM
8 (x)

+ e ln

(
NM

3 (x)NM
15 (x)

NM
6 (x)NM

12 (x)

)(
1− NM

3 (x)NM
15 (x)

NM
6 (x)NM

12 (x)

)
NM

6 (x)NM
12 (x)

+ e ln

(
NM

5 (x)NM
8 (x)

NM
6 (x)NM

12 (x)

)(
1− NM

5 (x)NM
8 (x)

NM
6 (x)NM

12 (x)

)
NM

6 (x)NM
12 (x)

+ e ln

(
NM

5 (x)NM
9 (x)

NM
6 (x)NM

13 (x)

)(
1− NM

5 (x)NM
9 (x)

NM
6 (x)NM

13 (x)

)
NM

6 (x)NM
13 (x)

+ e ln

(
NM

7 (x)NM
8 (x)

NM
4 (x)NM

9 (x)

)(
1− NM

7 (x)NM
8 (x)

NM
4 (x)NM

9 (x)

)
NM

4 (x)NM
9 (x)

+ e ln

(
NM

4 (x)NM
10 (x)

NM
7 (x)NM

11 (x)

)(
1− NM

4 (x)NM
10 (x)

NM
7 (x)NM

11 (x)

)
NM

7 (x)NM
11 (x)

+ e ln

(
NM

7 (x)NM
12 (x)

NM
4 (x)NM

13 (x)

)(
1− NM

7 (x)NM
12 (x)

NM
4 (x)NM

13 (x)

)
NM

4 (x)NM
13 (x)

+ e ln

(
NM

4 (x)NM
14 (x)

NM
7 (x)NM

15 (x)

)(
1− NM

4 (x)NM
14 (x)

NM
7 (x)NM

15 (x)

)
NM

7 (x)NM
15 (x)

+ f ln

(
NM

8 (x)NM
13 (x)

NM
9 (x)NM

12 (x)

)(
1− NM

8 (x)NM
13 (x)

NM
9 (x)NM

12 (x)

)
NM

9 (x)NM
12 (x)

+ f ln

(
NM

8 (x)NM
14 (x)

NM
9 (x)NM

15 (x)

)(
1− NM

8 (x)NM
14 (x)

NM
9 (x)NM

15 (x)

)
NM

9 (x)NM
15 (x)

+ f ln

(
NM

10 (x)NM
12 (x)

NM
11 (x)NM

13 (x)

)(
1− NM

10 (x)NM
12 (x)

NM
11 (x)NM

13 (x)

)
NM

11 (x)NM
13 (x)

+ f ln

(
NM

11 (x)NM
14 (x)

NM
15 (x)NM

10 (x)

)(
1− NM

11 (x)NM
14 (x)

NM
15 (x)NM

10 (x)

)
NM

15 (x)NM
10 (x)

+ g ln

(
NM

8 (x)NM
10 (x)

NM
9 (x)NM

11 (x)

)(
1− NM

8 (x)NM
10 (x)

NM
9 (x)NM

11 (x)

)
NM

9 (x)NM
11 (x)

+ g ln

(
NM

8 (x)NM
10 (x)

NM
12 (x)NM

14 (x)

)(
1− NM

8 (x)NM
10 (x)

NM
12 (x)NM

14 (x)

)
NM

12 (x)NM
14 (x)

+ g ln

(
NM

8 (x)NM
10 (x)

NM
13 (x)NM

15 (x)

)(
1− NM

8 (x)NM
10 (x)

NM
13 (x)NM

15 (x)

)
NM

13 (x)NM
15 (x)

+ g ln

(
NM

9 (x)NM
11 (x)

NM
12 (x)NM

14 (x)

)(
1− NM

9 (x)NM
11 (x)

NM
12 (x)NM

14 (x)

)
NM

12 (x)NM
14 (x)

+ g ln

(
NM

9 (x)NM
11 (x)

NM
13 (x)NM

15 (x)

)(
1− NM

9 (x)NM
11 (x)

NM
13 (x)NM

15 (x)

)
NM

13 (x)NM
15 (x)

+ g ln

(
NM

12 (x)NM
14 (x)

NM
13 (x)NM

15 (x)

)(
1− NM

12 (x)NM
14 (x)

NM
13 (x)NM

15 (x)

)
NM

13 (x)NM
15 (x) = 0

Which is only possible for positive NM
α (x) , α = 1, 2, 3, . . . , 15 if
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NM
3 (x)NM

4 (x) = NM
1 (x)NM

12 (x), NM
3 (x)NM

7 (x) = NM
1 (x)NM

13 (x) ,

NM
5 (x)NM

7 (x) = NM
1 (x)NM

10 (x), NM
4 (x)NM

5 (x) = NM
1 (x)NM

11 (x),
NM

4 (x)NM
6 (x) = NM

1 (x)NM
15 (x), NM

6 (x)NM
7 (x) = NM

1 (x)NM
14 (x),

NM
2 (x)NM

5 (x) = NM
3 (x)NM

6 (x), NM
2 (x)NM

5 (x) = NM
4 (x)NM

7 (x),
NM

3 (x)NM
6 (x) = NM

4 (x)NM
7 (x), NM

8 (x)NM
11 (x) = NM

12 (x)NM
15 (x),

NM
9 (x)NM

10 (x) = NM
13 (x)NM

14 (x), NM
2 (x)NM

4 (x) = NM
1 (x)NM

8 (x),
NM

2 (x)NM
7 (x) = NM

1 (x)NM
9 (x), NM

2 (x)NM
12 (x) = NM

3 (x)NM
8 (x),

NM
2 (x)NM

13 (x) = NM
3 (x)NM

9 (x), NM
2 (x)NM

15 (x) = NM
6 (x)NM

8 (x),
NM

2 (x)NM
14 (x) = NM

6 (x)NM
9 (x), NM

5 (x)NM
12 (x) = NM

3 (x)NM
11 (x),

NM
5 (x)NM

13 (x) = NM
3 (x)NM

10 (x), NM
5 (x)NM

14 (x) = NM
6 (x)NM

10 (x),
NM

5 (x)NM
15 (x) = NM

6 (x)NM
11 (x), NM

8 (x)NM
13 (x) = NM

9 (x)NM
12 (x),

NM
8 (x)NM

14 (x) = NM
9 (x)NM

15 (x), NM
10 (x)NM

12 (x) = NM
11 (x)NM

13 (x),
NM

11 (x)NM
14 (x) = NM

10 (x)NM
15 (x), NM

8 (x)NM
10 (x) = NM

9 (x)NM
11 (x),

NM
8 (x)NM

10 (x) = NM
12 (x)NM

14 (x), NM
8 (x)NM

10 (x) = NM
13 (x)NM

15 (x),
NM

9 (x)NM
11 (x) = NM

12 (x)NM
14 (x), NM

9 (x)NM
11 (x) = NM

13 (x)NM
15 (x),

NM
12 (x)NM

14 (x) = NM
13 (x)NM

15 (x), NM
2 (x)NM

10 (x) = NM
3 (x)NM

14 (x),
NM

2 (x)NM
11 (x) = NM

3 (x)NM
15 (x), NM

2 (x)NM
11 (x) = NM

5 (x)NM
8 (x),

NM
2 (x)NM

10 (x) = NM
5 (x)NM

9 (x), NM
2 (x)NM

11 (x) = NM
6 (x)NM

12 (x),
NM

2 (x)NM
10 (x) = NM

6 (x)NM
13 (x), NM

3 (x)NM
14 (x) = NM

6 (x)NM
13 (x),

NM
3 (x)NM

14 (x) = NM
5 (x)NM

9 (x), NM
3 (x)NM

15 (x) = NM
5 (x)NM

8 (x),
NM

3 (x)NM
15 (x) = NM

6 (x)NM
12 (x), NM

5 (x)NM
8 (x) = NM

6 (x)NM
12 (x),

NM
5 (x)NM

9 (x) = NM
6 (x)NM

13 (x), NM
7 (x)NM

8 (x) = NM
4 (x)NM

9 (x),
NM

4 (x)NM
10 (x) = NM

7 (x)NM
11 (x), NM

7 (x)NM
12 (x) = NM

4 (x)NM
13 (x),

NM
4 (x)NM

14 (x) = NM
7 (x)NM

15 (x),
i.e NM is a Maxwellian equilibrium state. □

Proposition 3.3. For any decreasing sequence (yk)k∈N of negative real numbers tend-
ing towards −∞ the sequence (N (x, yk))k∈N tends to a Maxwellian state when k tends
to +∞ ∀x ∈ [0, a].

Proof. This proof is done in the same way as that of proposition (3.2) □

We have shown that the boundary value problem (2.1)-(3.1) has uniformly con-
tinuous and bounded solutions independently of a on [0; a]×] −∞; +∞[ and that
these solutions tend towards a Maxwellian state at infinity. Thus let (al)l∈N be an
increasing sequence of positive real numbers tending towards +∞, the solutions
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N l of (2.1)-(3.1) on [0, al]×] − ∞; +∞[ are uniformly continuous and bounded
independently of al and their set is also equicontinuous for all l ∈ N. We extend
N l to [0,+∞[×]−∞,+∞[ by the function G̃l defined by:

G̃l (x, y) =

N l (x, y) , (x, y) ∈ [0, al]× ]−∞,+∞[

N l (al, y) , (x, y) ∈ [0,+∞[× R, x > al
.

Here,
(
G̃l

)
l∈N

is a sequence of uniformly continuous and bounded functions satis-

fying (2.1)-(2.2).

Proposition 3.4. There exist a subsequence of
(
G̃l

)
l∈N

which simply converges on

[0; +∞[×]−∞; +∞[ and uniformly on any strip from [0; +∞[×]−∞; +∞[ towards
a uniformly continuous and bounded function G

Proof. The function G̃l are bounded on [0,+∞[×] − ∞; +∞[ therefore ∀k ∈ Λ,
∀ (x, y) ∈ [0; +∞[×]−∞; +∞[, the sequence

(
G̃l

k (x, y)
)
l∈N

is a bounded sequence

of positive real numbers. We can therefore extract a convergent subsequence(
G̃lk

k

)
lk∈N

. Let G̃k (x, y) be the limit of this subsequence. ∀k ∈ Λ, we define

on [0; +∞[×] − ∞; +∞[ the function G = (Gk)k∈Λ by Gk(x, y) = G̃k (x, y). The

sequence of functions
(
G̃l

)
l∈N

simply converges to G on [0; +∞[×] − ∞; +∞[.

Moreover G is uniformly continuous because ∀ (x, y) , (x′, y′) ∈ [0; a]× ]−∞,+∞[ ,

|Gk (x, y)−Gk (x
′, y′)| ≤

∣∣∣G̃l
k (x, y)−Gk (x, y)

∣∣∣
+
∣∣∣G̃l

k (x, y)− G̃l
k (x

′, y′)
∣∣∣+ ∣∣∣Gk (x

′, y′)− G̃l
k (x

′, y′)
∣∣∣ .

But since
(
G̃l

)
l∈N

simply converges to G on [0; +∞[ × ]−∞,+∞[ and G̃l
k is uni-

formly continuous ∀l ∈ N and ∀k ∈ Λ we have: ∀ε > 0, ∃l0 ∈ N, ∃α > 0,
∀ (x, y) , (x′, y′) ∈ [0; +∞[ × ]−∞,+∞[, ∀l, l > l0 |x− x′| < α, |y − y′| < α =⇒∣∣∣G̃l

k (x, y)−Gk (x, y)
∣∣∣ < ε

3
,
∣∣∣G̃l

k(x, y)− G̃l
k(x

′, y′)
∣∣∣ < ε

3
,
∣∣∣Gk (x

′, y′)− G̃l
k (x

′, y′)
∣∣∣ <

ε

3
.

We finally show that
(
G̃l

k

)
l∈N

converges uniformly towards Gk on any strip of

[0; +∞[× R by noting that ∀(x, y) ∈ [0; +∞[×]−∞,+∞[, ∃ (x′, y′) ∈ [0; +∞[×]−
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∞,+∞[ such that∣∣∣G̃l
k (x, y)−Gk (x, y)

∣∣∣ ≤ ∣∣∣G̃l
k(x, y)− G̃l

k(x
′, y′)

∣∣∣
+
∣∣∣G̃l

k (x
′, y′)−Gk (x

′, y′)
∣∣∣+ |Gk(x

′, y′)−Gk(x, y)|

□

Proposition 3.5. For any increasing sequence (xk)k∈N of positive real numbers tend-
ing towards +∞ the sequence (N (xk, y))k∈N tends to a Maxwellian state when k
tends to +∞ ∀y ∈]−∞; +∞[.

Proof. We set −→u k = uαk
−→e α, hα (x, y) =

∑15
k=1Nk (x, y) lnNk (x, y)u

α
k and

−→
H =∑2

α=1 hα
−→e α, hα is a continuous function on [0; +∞[×]−∞; +∞[, ∀α. We have:

−→
∇·

−→
H =

∂h1
∂x

+
∂h2
∂y

= c (1 + lnN2)
∂N2

∂x
− c (1 + lnN5)

∂N5

∂x
+ c (1 + lnN8)

∂N8

∂x

+ c (1 + lnN9)
∂N9

∂x
− c (1 + lnN10)

∂N10

∂x
− c (1 + lnN11)

∂N11

∂x

+ c (1 + lnN3)
∂N3

∂y
− c (1 + lnN6)

∂N6

∂y
+ c (1 + lnN12)

∂N12

∂y

+ c (1 + lnN13)
∂N13

∂y
− c (1 + lnN14)

∂N14

∂y
− c (1 + lnN15)

∂N15

∂y
.

By multiplying the first equation of (2.1) par 1+ lnN1, the second by 1+ lnN2,. . . ,
the keme by 1+ lnNk and by making a member-by-member sum, we obtain (3.10).
The function z 7−→ (1− z) ln z is negative or zero for z > 0 (zero for z = 1). As√
2cs, 2cs,

√
3cs,

√
5cs,

√
6cs, 2

√
2cs are positive as well as Nk, k ∈ {1, 2, 3, · · · , 15},

∀ (x, y) ∈ [0; +∞[×] − ∞; +∞[,
−→
∇·

−→
H ≤ 0. We deduce that

∫ +∞

0

−→
∇·

−→
Hdx ≤ 0

∀y ∈]−∞; +∞[. N is bounded on [0; +∞[×]−∞; +∞[ as the limit of a sequence

of functions bounded on [0; +∞[×] − ∞; +∞[ so
∫ +∞

0

−→
∇·

−→
Hdx exists and is fi-

nite, negative or zero and is a function of y. Let Jk = [xk, xk+1[ and φ (Jk) =

−
∫ xk+1

xk

−→
∇·

−→
Hdx = φk (y) a function.

As
−→
∇ .

−→
H ≤ 0, φ (Jk) is a positive or zero function. Thus the sequence of func-

tion (φ (Jk))k∈N is a sequence of positive functions(of positive functions of y)
and the series of function of y,

∑
k

φ (Jk) is a series of positive functions. Let
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Sk =
k∑

n=0

φ (Jn) (y) its partial sums. Let S be the function defined from ]−∞; +∞[

to R+ which to y 7−→ S(y) = lim
k→+∞

k∑
n=0

φ (Jn) (y) =
+∞∑
n=0

φ (Jn) (y).

As Jk ∩ Jl = ∅ ∀y ∈] − ∞; +∞[ ∀k, l ∈ N,
+∞∑
n=0

φ (Jn) (y) ≤ −
∫ +∞

0

−→
∇·

−→
Hdx. or

−
∫ +∞

0

−→
∇·

−→
Hdx exist and is finite then S(y) exists and is finite. then the sequence

of partial sums (Sk)k∈N admits a finite limit so it converges to S on ] − ∞,+∞[.
Thus the series of functions defined on ]−∞; +∞[,

∑
k

φ (Jk) (y), simply converge

to S. ∀y ∈] −∞; +∞[ the series with general term φ (Jk),
∑
k

φ (Jk) (y), is a con-

vergent series with positive terms so its general term φ (Jk) tends to zero when k

tends to +∞. But there exists zk ∈ Jk such that φk (x) = −
∫ xk+1

xk

−→
∇·

−→
H (x, y) dx =

− (xk+1 − xk)
−→
∇·

−→
H (zk, y). The sequence (zk)k∈N is an increasing sequence of pos-

itive real numbers tending towards +∞. Let uk = xk+1 − xk. If the sequence
(uk)k∈N converges to zero when k tends to +∞ then ∀ε > 0, ∃k0 ∈ N, ∀k ∈ N,
k > k0 =⇒ |xk+1 − xk| < ε. Which means that the sequence (xk)k∈N is from
cauchy. Which is contradictory to the fact that it is divergent. Consequently,
∀y ∈]−∞; +∞[, φk (y) tends to zero when k tends to +∞ if and only if

−→
∇·

−→
H (zk, y)

tends to zero as k tends to +∞. But
−→
∇·

−→
H (zk, y)

=
√
2cs ln

(
N2 (zk, y)N4 (zk, y)

N1 (zk, y)N8 (zk, y)

)(
1− N2 (zk, y)N4 (zk, y)

N1 (zk, y)N8 (zk, y)

)
N1 (zk, y)N8 (zk, y)

+
√
2cs ln

(
N2 (zk, y)N7 (zk, y)

N1 (zk, y)N9 (zk, y)

)(
1− N2 (zk, y)N7 (zk, y)

N1 (zk, y)N9 (zk, y)

)
N1 (zk, y)N9 (zk, y)

+
√
2cs ln

(
N3 (zk, y)N4 (zk, y)

N1 (zk, y)N12 (zk, y)

)(
1− N3 (zk, y)N4 (zk, y)

N1 (zk, y)N12 (zk, y)

)
N1 (zk, y)N12 (zk, y)

+
√
2cs ln

(
N3 (zk, y)N7 (zk, y)

N1 (zk, y)N13 (zk, y)

)(
1− N3 (zk, y)N7 (zk, y)

N1 (zk, y)N13 (zk, y)

)
N1 (zk, y)N13 (zk, y)

+
√
2cs ln

(
N5 (zk, y)N7 (zk, y)

N1 (zk, y)N10 (zk, y)

)(
1− N5 (zk, y)N7 (zk, y)

N1 (zk, y)N10 (zk, y)

)
N1 (zk, y)N10 (zk, y)

+
√
2cs ln

(
N4 (zk, y)N5 (zk, y)

N1 (zk, y)N11 (zk, y)

)(
1− N4 (zk, y)N5 (zk, y)

N1 (zk, y)N11 (zk, y)

)
N1 (zk, y)N11 (zk, y)
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+
√
2cs ln

(
N4 (x, zk)N6 (zk, y)

N1 (zk, y)N15 (zk, y)

)(
1− N4 (zk, y)N6 (zk, y)

N1 (zk, y)N15 (zk, y)

)
N1 (zk, y)N15 (zk, y)

+
√
2cs ln

(
N6 (zk, y)N7 (zk, y)

N1 (zk, y)N14 (zk, y)

)(
1− N6 (zk, y)N7 (zk, y)

N1 (zk, y)N14 (zk, y)

)
N1 (zk, y)N14 (zk, y)

+ 2cs ln

(
N2 (zk, y)N5 (zk, y)

N3 (zk, y)N6 (x, zk)

)(
1− N2 (x, zk)N5 (zk, y)

N3 (zk, y)N6 (zk, y)

)
N3 (zk, y)N6 (zk, y)

+ 2cs ln

(
N2 (zk, y)N5 (zk, y)

N4 (zk, y)N7 (zk, y)

)(
1− N2 (zk, y)N5 (zk, y)

N4 (zk, y)N7 (zk, y)

)
N4 (zk, y)N7 (zk, y)

+ 2cs ln

(
N3 (zk, y)N6 (zk, y)

N4 (zk, y)N7 (zk, y)

)(
1− N3 (zk, y)N6 (zk, y)

N4 (zk, y)N7 (zk, y)

)
N4 (zk, y)N7 (zk, y)

+ 2cs ln

(
N8 (zk, y)N11 (zk, y)

N12 (zk, y)N15 (zk, y)

)(
1− N8 (zk, y)N11 (zk, y)

N12 (zk, y)N15 (zk, y)

)
N12 (zk, y)N15 (zk, y)

+ 2cs ln

(
N9 (zk, y)N10 (zk, y)

N13 (zk, y)N14 (zk, y)

)(
1− N9 (zk, y)N10 (x, zk)

N13 (x, zk)N14 (x, zk)

)
N13 (zk, y)N14 (zk, y)

+
√
3cs ln

(
N2 (zk, y)N12 (zk, y)

N3 (zk, y)N8 (zk, y)

)(
1− N2 (zk, y)N12 (zk, y)

N3 (zk, y)N8 (zk, y)

)
N3 (zk, y)N8 (zk, y)

+
√
3cs ln

(
N2 (zk, y)N13 (zk, y)

N3 (zk, y)N9 (zk, y)

)(
1− N2 (zk, y)N13 (zk, y)

N3 (zk, y)N9 (zk, y)

)
N3 (zk, y)N9 (zk, y)

+
√
3cs ln

(
N2 (zk, y)N15 (zk, y)

N6 (zk, y)N8 (zk, y)

)(
1− N2 (zk, y)N15 (zk, y)

N6 (zk, y)N8 (zk, y)

)
N6 (zk, y)N8 (x, zk)

+
√
3cs ln

(
N2 (zk, y)N14 (zk, y)

N6 (zk, y)N9 (zk, y)

)(
1− N2 (zk, y)N14 (zk, y)

N6 (zk, y)N9 (zk, y)

)
N6 (zk, y)N9 (zk, y)

+
√
3cs ln

(
N (zk, y)N12 (zk, y)

N3 (zk, y)N11 (zk, y)

)(
1− N5 (zk, y)N12 (zk, y)

N3 (zk, y)N11 (zk, y)

)
N3 (zk, y)N11 (zk, y)

+
√
3cs ln

(
N5 (zk, y)N13 (zk, y)

N3 (zk, y)N10 (zk, y)

)(
1− N5 (zk, y)N13 (zk, y)

N3 (zk, y)N10 (zk, y)

)
N3 (zk, y)N10 (zk, y)

+
√
3cs ln

(
N5 (zk, y)N14 (zk, y)

N6 (zk, y)N10 (zk, y)

)(
1− N5 (zk, y)N14 (zk, y)

N6 (zk, y)N10 (zk, y)

)
N6 (zk, y)N10 (zk, y)

+
√
3cs ln

(
N5 (zk, y)N15 (zk, y)

N6 (zk, y)N11 (zk, y)

)(
1− N5 (zk, y)N15 (zk, y)

N6 (zk, y)N11 (zk, y)

)
N6 (zk, y)N11 (zk, y)

+
√
5cs ln

(
N2 (zk, y)N10 (zk, y)

N3 (zk, y)N14 (zk, y)

)(
1− N2 (zk, y)N10 (zk, y)

N3 (zk, y)N14 (zk, y)

)
N3 (zk, y)N14 (zk, y)

+
√
5cs ln

(
N2 (zk, y)N11 (zk, y)

N3 (x, zk)N15 (zk, y)

)(
1− N2 (zk, y)N11 (zk, y)

N3 (zk, y)N15 (zk, y)

)
N3 (zk, y)N15 (zk, y)

+
√
5cs ln

(
N2 (zk, y)N11 (zk, y)

N5 (zk, y)N8 (zk, y)

)(
1− N2 (zk, y)N11 (zk, y)

N5 (zk, y)N8 (zk, y)

)
N5 (zk, y)N8 (zk, y)

+
√
5cs ln

(
N2 (zk, y)N10 (zk, y)

N5 (zk, y)N9 (zk, y)

)(
1− N2 (zk, y)N10 (zk, y)

N5 (zk, y)N9 (zk, y)

)
N5 (zk, y)N9 (zk, y)

+
√
5cs ln

(
N2 (zk, y)N11 (zk, y)

N6 (zk, y)N12 (zk, y)

)(
1− N2 (zk, y)N11 (zk, y)

N6 (zk, y)N12 (zk, y)

)
N6 (zk, y)N12 (zk, y)
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+
√
5cs ln

(
N2 (zk, y)N10 (zk, y)

N6 (zk, y)N13 (zk, y)

)(
1− N2 (zk, y)N10 (zk, y)

N6 (zk, y)N13 (zk, y)

)
N6 (zk, y)N13 (zk, y)

+
√
5cs ln

(
N3 (zk, y)N14 (zk, y)

N6 (zk, y)N13 (zk, y)

)(
1− N3 (zk, y)N14 (zk, y)

N6 (zk, y)N13 (zk, y)

)
N6 (zk, y)N13 (zk, y)

+
√
5cs ln

(
N3 (zk, y)N14 (zk, y)

N5 (zk, y)N9 (zk, y)

)(
1− N3 (zk, y)N14 (zk, y)

N5 (zk, y)N9 (zk, y)

)
N5 (zk, y)N9 (zk, y)

+
√
5cs ln

(
N3 (zk, y)N15 (zk, y)

N5 (zk, y)N8 (zk, y)

)(
1− N3 (zk, y)N15 (zk, y)

N5 (zk, y)N8 (zk, y)

)
N5 (zk, y)N8 (zk, y)

+
√
5cs ln

(
N3 (zk, y)N15 (zk, y)

N6 (zk, y)N12 (zk, y)

)(
1− N3 (zk, y)N15 (zk, y)

N6 (zk, y)N12 (zk, y)

)
N6 (zk, y)N12 (zk, y)

+
√
5cs ln

(
N5 (zk, y)N8 (zk, y)

N6 (zk, y)N12 (zk, y)

)(
1− N5 (zk, y)N8 (zk, y)

N6 (zk, y)N12 (zk, y)

)
N6 (zk, y)N12 (zk, y)

+
√
5cs ln

(
N5 (zk, y)N9 (zk, y)

N6 (zk, y)N13 (zk, y)

)(
1− N5 (zk, y)N9 (zk, y)

N6 (zk, y)N13 (zk, y)

)
N6 (zk, y)N13 (zk, y)

+
√
5cs ln

(
N7 (zk, y)N8 (zk, y)

N4 (zk, y)N9 (zk, y)

)(
1− N7 (zk, y)N8 (zk, y)

N4 (zk, y)N9 (zk, y)

)
N4 (zk, y)N9 (zk, y)

+
√
5cs ln

(
N4 (zk, y)N10 (zk, y)

N7 (zk, y)N11 (zk, y)

)(
1− N4 (zk, y)N10 (zk, y)

N7 (zk, y)N11 (zk, y)

)
N7 (zk, y)N11 (zk, y)

+
√
5cs ln

(
N7 (zk, y)N12 (zk, y)

N4 (zk, y)N13 (zk, y)

)(
1− N7 (zk, y)N12 (zk, y)

N4 (zk, y)N13 (zk, y)

)
N4 (zk, y)N13 (zk, y)

+
√
5cs ln

(
N4 (zk, y)N14 (zk, y)

N7 (zk, y)N15 (zk, y)

)(
1− N4 (zk, y)N14 (zk, y)

N7 (zk, y)N15 (zk, y)

)
N7 (zk, y)N15 (zk, y)

+
√
6cs ln

(
N8 (zk, y)N13 (zk, y)

N9 (zk, y)N12 (zk, y)

)(
1− N8 (zk, y)N13 (zk, y)

N9 (zk, y)N12 (zk, y)

)
N9 (zk, y)N12 (zk, y)

+
√
6cs ln

(
N8 (zk, y)N14 (zk, y)

N9 (zk, y)N15 (zk, y)

)(
1− N8 (zk, y)N14 (zk, y)

N9 (zk, y)N15 (zk, y)

)
N9 (zk, y)N15 (zk, y)

+
√
6cs ln

(
N10 (zk, y)N12 (zk, y)

N11 (zk, y)N13 (zk, y)

)(
1− N10 (zk, y)N12 (zk, y)

N11 (zk, y)N13 (zk, y)

)
N11 (zk, y)N13 (zk, y)

+
√
6cs ln

(
N11 (zk, y)N14 (zk, y)

N15 (zk, y)N10 (zk, y)

)(
1− N11 (zk, y)N14 (zk, y)

N15 (zk, y)N10 (zk, y)

)
N15 (zk, y)N10 (zk, y)

+ 2
√
2cs ln

(
N8 (zk, y)N10 (zk, y)

N9 (zk, y)N11 (zk, y)

)(
1− N8 (zk, y)N10 (zk, y)

N9 (zk, y)N11 (zk, y)

)
N9 (zk, y)N11 (zk, y)

+ 2
√
2cs ln

(
N8 (zk, y)N10 (zk, y)

N12 (zk, y)N14 (zk, y)

)(
1− N8 (zk, y)N10 (zk, y)

N12 (zk, y)N14 (zk, y)

)
N12 (x, zk)N14 (x, zk)

+ 2
√
2cs ln

(
N8 (zk, y)N10 (zk, y)

N13 (zk, y)N15 (zk, y)

)(
1− N8 (zk, y)N10 (zk, y)

N13 (zk, y)N15 (zk, y)

)
N13 (zk, y)N15 (zk, y)

+ 2
√
2cs ln

(
N9 (zk, y)N11 (zk, y)

N12 (zk, y)N14 (zk, y)

)(
1− N9 (zk, y)N11 (zk, y)

N12 (zk, y)N14 (zk, y)

)
N12 (zk, y)N14 (zk, y)

+ 2
√
2cs ln

(
N9 (zk, y)N11 (zk, y)

N13 (zk, y)N15 (zk, y)

)(
1− N9 (zk, y)N11 (zk, y)

N13 (zk, y)N15 (zk, y)

)
N13 (zk, y)N15 (zk, y)
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+ 2
√
2cs ln

(
N12 (zk, y)N14 (zk, y)

N13 (zk, y)N15 (zk, y)

)(
1− N12 (zk, y)N14 (zk, y)

N13 (zk, y)N15 (zk, y)

)
N13 (zk, y)N15 (zk, y) .

So, ifNM
α (y) = lim

k−→+∞
Nα ((zk, y)) , α ∈ {1, 2, 3, . . . , 15} then lim

k→+∞

−→
∇·

−→
H (zk, y) =

0 is only possible for positive NM
α (x) , α = 1, 2, 3, . . . , 15 if

NM
3 (y)NM

4 (y) = NM
1 (y)NM

12 (y), NM
3 (y)NM

7 (y) = NM
1 (y)NM

13 (y),
NM

5 (y)NM
7 (y) = NM

1 (y)NM
10 (y), NM

4 (x)NM
5 (y) = NM

1 (y)NM
11 (y),

NM
4 (y)NM

6 (y) = NM
1 (y)NM

15 (y), NM
6 (y)NM

7 (y) = NM
1 (y)NM

14 (y),
NM

2 (y)NM
5 (y) = NM

3 (y)NM
6 (y), NM

2 (y)NM
5 (y) = NM

4 (y)NM
7 (y),

NM
3 (y)NM

6 (y) = NM
4 (y)NM

7 (y), NM
8 (y)NM

11 (y) = NM
12 (y)NM

15 (y),
NM

9 (y)NM
10 (y) = NM

13 (y)NM
14 (y), NM

2 (y)NM
4 (y) = NM

1 (y)NM
8 (y),

NM
2 (y)NM

7 (y) = NM
1 (y)NM

9 (y), NM
2 (y)NM

12 (y) = NM
3 (y)NM

8 (y),
NM

2 (y)NM
13 (y) = NM

3 (y)NM
9 (y), NM

2 (y)NM
15 (y) = NM

6 (y)NM
8 (y),

NM
2 (y)NM

14 (y) = NM
6 (y)NM

9 (y), NM
5 (y)NM

12 (y) = NM
3 (y)NM

11 (y),
NM

5 (y)NM
13 (y) = NM

3 (y)NM
10 (y), NM

5 (y)NM
14 (y) = NM

6 (y)NM
10 (y),

NM
5 (y)NM

15 (y) = NM
6 (y)NM

11 (y), NM
8 (y)NM

13 (y) = NM
9 (y)NM

12 (y),
NM

8 (y)NM
14 (y) = NM

9 (y)NM
15 (y), NM

10 (y)NM
12 (y) = NM

11 (y)NM
13 (y),

NM
11 (y)NM

14 (y) = NM
10 (y)NM

15 (y), NM
8 (y)NM

10 (y) = NM
9 (y)NM

11 (y),
NM

8 (y)NM
10 (y) = NM

12 (y)NM
14 (y), NM

8 (y)NM
10 (y) = NM

13 (y)NM
15 (y),

NM
9 (y)NM

11 (y) = NM
12 (y)NM

14 (y), NM
9 (y)NM

11 (y) = NM
13 (y)NM

15 (y),
NM

12 (y)NM
14 (y) = NM

13 (y)NM
15 (y), NM

2 (y)NM
10 (y) = NM

3 (y)NM
14 (y),

NM
2 (y)NM

11 (y) = NM
3 (y)NM

15 (y), NM
2 (y)NM

11 (y) = NM
5 (y)NM

8 (y),
NM

2 (y)NM
10 (y) = NM

5 (y)NM
9 (y), NM

2 (y)NM
11 (y) = NM

6 (y)NM
12 (x),

NM
2 (y)NM

10 (y) = NM
6 (y)NM

13 (y), NM
3 (y)NM

14 (y) = NM
6 (y)NM

13 (y),
NM

3 (y)NM
14 (y) = NM

5 (y)NM
9 (y), NM

3 (y)NM
15 (y) = NM

5 (y)NM
8 (y),

NM
3 (y)NM

15 (y) = NM
6 (y)NM

12 (y), NM
5 (y)NM

8 (y) = NM
6 (y)NM

12 (y),
NM

5 (y)NM
9 (y) = NM

6 (y)NM
13 (y), NM

7 (y)NM
8 (y) = NM

4 (y)NM
9 (y),

NM
4 (y)NM

10 (y) = NM
7 (y)NM

11 (y), NM
7 (y)NM

12 (y) = NM
4 (y)NM

13 (y),
NM

4 (y)NM
14 (y) = NM

7 (y)NM
15 (y),

i.e NM is a Maxwellian equilibrium state. □
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4. CONCLUSION

we extend in a strip the solutions of the boundary value problem for the fifteen
velocity discrete model proven in a rectangle. Afterwards we extend in a half space
the solutions obtained in the strip.we also show that these solutions tend towards
a Maxwellian state at infinity.

APPENDIX

The kinetic equations of the model.

∂N1

∂t′
=

√
2cs[(N2 +N3 +N5 +N6)(N4 +N7)− (N8 +N9 +N10 +N11 +N12 +N13)N1]

−
√
2cs[(N14 +N15)N1]

∂N2

∂t′
+ c

∂N2

∂x′ =
√
3cs [(N3 +N6) (N8 +N9)−N2 (N12 +N13 +N14 +N15)]

+
√
5cs [N3 (N14 +N15) +N5 (N8 +N9) +N6 (N12 +N13)− 3N1 (N10 +N11)]√
2cs [N1 (N8 +N9)−N2 (N4 +N7)] + 2cs (N3N6 +N4N7 − 2N2N5)

∂N3

∂t′
+ c

∂N3

∂y′ =
√
3cs [(N3 +N6) (N12 +N13)−N3 (N8 +N9 +N10 +N11)]

+
√
5cs [N2 (N10 +N11) +N5 (N8 +N9) +N6 (N12 +N13)− 3N3 (N14 +N15)]

+
√
2cs [N1 (N12 +N13)−N3 (N4 +N7)] + 2cs (N2N5 +N4N7 −N3N6)

∂N4

∂t′
+ c

∂N4

∂z′
=

√
2cs[N1(N8 +N11 +N12 +N15)−N4(N2 +N3 +N5 +N6)] + 2cs(N2N5

+ N3N6 − 2N4N7) +
√
5cs[N7(N8 +N11 +N12 +N15)−N4(N9 +N10 +N13 +N14)]

∂N5

∂t′
− c

∂N5

∂x′ =
√
3cs [(N3 +N6) (N10 +N11)−N5 (N12 +N13 +N14 +N15)]

+
√
5cs [N2 (N10 +N11) +N3 (N14 +N15) +N6 (N12 +N13)− 3N5 (N8 +N9)]

+
√
2cs [N1 (N10 +N11)−N5 (N4 +N7)] + 2cs (N3N6 +N4N7 − 2N2N5)

∂N6

∂t′
− c

∂N6

∂y′

=
√
3cs [(N2 +N5) (N14 +N15)−N6 (N8 +N9 +N10 +N11)]

+
√
5cs [N2 (N10 +N11) +N3 (N14 +N15) +N5 (N8 +N9)− 3N6 (N12 +N13)]

+
√
2cs [N1 (N14 +N15)−N6 (N4 +N7)] + 2cs (N2N5 +N4N7 − 2N3N6)

∂N7

∂t′
− c

∂N7

∂z′

=
√
2cs[N1(N9 +N10 +N13 +N14)−N7(N2 +N3 +N5 +N6)] + 2cs(N2N5

+ N3N6 − 2N4N7) +
√
5cs[N4(N9 +N10 +N13 +N14)−N7(N8 +N11 +N12 +N15)]

∂N8

∂t′
+ c

∂N8

∂x′ + c
∂N8

∂z′

= 2cs(N12N15 −N8N11) +
√
5cs(N2N11 +N3N15 +N4N9 +N6N12

− 3N5N8 −N7N8) +
√
3cs[N2(N12 +N15)−N8(N3 +N6)] +

√
6cs[N9(N12 +N15)−N8N13]

−
√
6csN8N14 + 2

√
2cs(N9N11 +N12N14 +N13N15 − 3N8N10) +

√
2cs(N2N4 −N1N8)
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∂N9

∂t′
+ c

∂N9

∂x′ − c
∂N9

∂z′

=
√
3cs [N2 (N13 +N14)−N8 (N3 +N6)] + 2cs (N13N14 −N9N10)

+
√
2cs (N2N4 −N1N8) +

√
5cs (N2N10 +N3N14 +N6N13 +N7N8 −N4N9 − 3N5N9)

+
√
6cs [N8 (N13 +N14)−N9 (N12 +N15)] + 2

√
2cs (N8N10 +N12N14 +N13N15 − 3N9N11)

∂N10

∂t′
− c

∂N10

∂x′ − c
∂N10

∂z′

=
√
3cs [N5 (N13 +N14)−N10 (N3 +N6)] + 2cs (N13N14 −N9N10)

+
√
2cs (N5N7 −N1N10) +

√
5cs (N3N14 +N5N9 +N6N13 +N7N11 −N4N10 − 3N2N10)

+
√
6cs [N11 (N13 +N14)−N10 (N12 +N15)] + 2

√
2cs (N9N11 +N12N14 +N13N15 − 3N8N10)

∂N11

∂t′
− c

∂N11

∂x′ + c
∂N11

∂z′

=
√
3cs [N5 (N12 +N15)−N11 (N3 +N6)] + 2cs (N12N15 −N8N11)

+
√
2cs (N4N5 −N1N11) +

√
5cs (N3N13 +N5N8 +N6N12 +N4N10 −N7N11 − 3N2N11)

+
√
6cs [N10 (N12 +N15)−N11 (N13 +N14)] + 2

√
2cs (N8N10 +N12N14 +N13N15 − 3N9N11)

∂N12

∂t′
+ c

∂N12

∂y′ + c
∂N12

∂z′

=
√
3cs [N3 (N8 +N11)−N12 (N2 +N5)] + 2cs (N8N11 −N12N15)

+
√
2cs (N3N4 −N1N12) +

√
5cs (N2N11 +N3N15 +N4N13 +N5N8 −N7N12 − 3N6N12)

+
√
6cs [N13 (N8 +N11)−N12 (N9 +N10)] + 2

√
2cs (N8N10 +N9N11 +N13N15 − 3N12N14)

∂N13

∂t′
+ c

∂N13

∂y′ − c
∂N13

∂z′

=
√
3cs [N3 (N9 +N10)−N31 (N2 +N5)] + 2cs (N9N10 −N13N14)

+
√
2cs (N3N7 −N1N13) +

√
5cs (N2N110 +N3N14 +N5N9 +N7N12 −N4N13 − 3N6N13)

+
√
6cs [N12 (N9 +N10)−N13 (N8 +N11)] + 2

√
2cs (N8N10 +N9N11 +N12N14 − 3N13N15)

∂N14

∂t′
− c

∂N14

∂y′ − c
∂N14

∂z′

=
√
3cs [N6 (N9 +N10)−N14 (N2 +N5)] + 2cs (N9N10 −N13N14)

+
√
2cs (N6N7 −N1N14) +

√
5cs (N2N10 +N5N9 +N6N13 +N7N15 −N4N14 − 3N3N14)

+
√
6cs [N15 (N9 +N10)−N14 (N8 +N11)] + 2

√
2cs (N8N10 +N9N11 +N13N15 − 3N12N14)

∂N15

∂t′
− c

∂N15

∂y′ + c
∂N15

∂z′

=
√
3cs [N6 (N8 +N11)−N15 (N2 +N5)] + 2cs (N8N11 −N12N15)

+
√
2cs (N4N6 −N1N15) +

√
5cs (N2N11 +N5N8 +N6N12 +N4N14 −N7N15 − 3N3N15)

+
√
6cs [N14 (N8 +N11)−N15 (N9 +N10)] + 2

√
2cs (N8N10 +N9N11 +N12N14 − 3N13N15)
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