Journal of Computer Science and Applied Mathematics
JCOMP SO Vol. 6, no.1, (2024), 1-11
APPLMATH  1ssN: 1857-9582 https://doi.org/10.37418/jcsam.6.1.1

COMPLETE CONVERGENCE FOR WEIGHTED SUMS OF SEQUENCES OF
NEGATIVELY DEPENDENT RANDOM VARIABLES

Yentchabré Kolani, Aminata Gning, and Saliou Diouf*

ABSTRACT. This paper is a theoretical contribution on the complete conver-
gence of partial sums. Let {X,,,n > 1} be a sequence of non negatively depen-
dent random, which is stochastically dominated by a random variable X and
{¥,;;1 <i<n,n>1} be aan array of random variables. Under mild con-
dition we establish the complete convergence for weighted sums 23:1 U, X,
This result obtained with random coefficients generalizes the work of those ob-
tained with real coefficients [[12-14}/16]]. Our results also generalize those on
complete convergence theorem previously obtained from the independent and
identically distributed case to negatively dependent.

1. INTRODUCTION

In many stochastic models, the assumption that random variables are inde-
pendent is not realistic, especially in the case of real data. It is therefore of
interest to extend the results from independent framework to dependent vari-
ables. This work is part of this vast project to extend the results obtained with
independent variables in the dependent case.
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Hence, extending the limit properties of independent or random variables
to the case of negatively dependent (ND) variables is highly desirable and of
considerable significance in the theory and application.

The concept of ND was introduced by Bozorgnia et al. [2], these concepts of
dependent random variables have been useful in reliability theory and applica-
tions. The notion of ND has been the subject of many research works in recent
years and very interesting results have been established (cf [2, 4-10]).

The main purpose of the paper is to prove the complete convergence for
weighted sums of sequences of negatively dependent with random coefficients,
this can be considered as a generalization of [[14]. We can not that, this work
is a continuation of the those we are carring out on the processes defined in
abstract for this see [27]].

Definition 1.1. Random variables X and Y Oare said to be negatively dependent

(ND) if
(1.1 PX<z,Y<y) <PX<x)P(Y <y),
for all z,y € R. A collection of random variables is said to be pairwise negatively

dependent (PND) if every pair of random variables in the collection satisfies (|L.1)).
It is important to note that (1.1 implies:

(1.2) P(X>z,Y>y <P(X>z)P(Y >y),

for all z,y € R. Moreover, it follows that (1.2)) implies (1.1), and hence, (|1.2)) and
(1.1) are equivalent. However, (1.1)) and (1.2)) are not equivalent for a collection

of 3 or more random variables.Consequently, the following definition is needed to
define sequences of negatively dependent random variables.

Definition 1.2. The random variables X1, ..., X,, are said to be negatively depen-
dent (ND) if for all real 1, ..., x,,

(13) IP) (ﬂ?lej S (L’j) S H]P](X] S (L’j) s
j=1
(1.4) P (X > ;) < [P > ay).
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An infinite sequence of random variables {X,,,n > 1} is said to be ND if every finite
subset X, ..., X, is ND.

The concept of stochastic domination is as follows.

Definition 1.3. A sequence {X,,,n > 1} of random variables is said to be stochas-
tically dominated by a random variable X if there exists a positive constant C' such
that P (| X,| > z) < CP(|X| > z) forallz > 0and n > 1.

Definition 1.4. A sequence {X,,n > 1} of random variables converges completely
to the constant 6 (write X,, — 6 completely) if for any ¢ > 0,

(1.5) D P(IX, — 0] >¢) < 0.
n=1

In view of the Borel-Cantelli lemma, this implies that X,, — # almost surely.
Therefore, the complete convergence is a very important tool in establishing
almost sure convergence. Hsu and Robbins [7] proved that the sequence of
arithmetic means of independent and identically distributed random variables
converges completely to the expected value if the variance of the summands is
finite. Erdos [8]] proved the converse. The result of Hsu-Robbins-Erdos is a fun-
damental theorem in probability theory and has been generalized and extended
in several directions by many authors. One of the most important generaliza-
tions is Baum and Katz [9] for the strong law of large numbers. Due to Baum
and Katz [9], one has:

Theorem 1.1. Suppose that p > 1 < L et 3 < a < 1 Let {X,X,,n > 1} be

a sequence of i.i.d. random variables satisfying EX = 0, which is stochastically
dominated by a random variable X with E|X;| = 0. Then the following statements
are equivalent:

(1) E|X, P < oo
(2) D207 nP* 2P (maxlgjgn 137 X > 6n0‘> <oo forall e>0.

In this paper, we study the complete convergence for negatively dependent
random variables, with the hypothesis {a,x,1 < k < n,n > 1} random, so we
can consider our results as a generalization of the previous Theorem.
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2. MAIN RESULT AND PROOF

To establish the main result for this work, we will need to assume the follow-
ing:
H; — We suppose (V;1, V;s,...) is independent of X; for any 7 > 1 and
2.1) > Rl <oo and > E[;)* < oo
j=>1 j=1

H,— We assume that the random V;(¢) has an upper endpoint ¢, defined by

(2.2) e, = sup{c: P(|Wp(t) <c) <1}, k=1,2,....

and there exists § > 0 such that S°7° ;70 < 1, 325, ¢ < o0.

Theorem 2.1. Let {X,,n > 1} be a sequence of ND random variables, which is
stochastically dominated by a random variable X with E|X|? < oo for some (3 > é
and % <a<1l Let{¥,;1 <i<n,n> 1} be a sequence of random variables
independent of {X,,,n > 1} and satisfying Hy and H,. Suppose that[1.3]holds for
{X,,n > 1}. Then

1<j<n

oo J
(2.3) Znﬁa_QP (max |Z U, X;| > 5n°‘> <oo foral &>0.
n=1 =1

To prove the main results of the paper, we need the following useful lemma.
For the proof and more datails, one can refer to Wu [|14, 23]].

Lemma 2.1. (See [2]]) Let X, ..., X,, be ND random variables and let { f,,,n > 1}
be a sequence of Borel functions all of which are monotone increasing (or all are
monotone decreasing), then { f,(X,),n > 1} is still a sequence of ND r.v.s.

Lemma 2.2. ( See [20]) Let {X,,,n > 1} be an ND sequence with EX,, = 0 and
E|X,|P < oo for p > 2, then

P

n n 2
(2.4) E[S,|” < ¢, Y E[Xi|P + (Z EXE) ,
=1 i=1
where ¢, > 0 depends only on p.

Lemma 2.3. Let {X,,,n > 1} be a sequence of random variables which is stochas-
tically dominated by a random variable X. Then for any o > 0 and b > 0,
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(2.5) E|X,|*T x, < < C1 [E|X | x)<p + 0°P (|X| > b)]
and
(2.6) E|X0 x50 < CoE[ X x50,

where C and C, are positive constants. Consequently, E|X,,|* < CE|X|*

Proof. of TheoremFor 1 <i<mnandn > 1, define X,, = X;l|x,j<no. Using
H, and H,, we have that:

maX|ZE (W, X0 = max|ZE i) E(XGT x,5me)|

1<5<n 1<5<n

< n”% max Z IE(T,, ) EXT x5 e

1<j<n £
i=

n=Y E(V0)[EI X[ x5 e

=1

IN

< Y E[UuEIXG[ x5 e

=1

< Y EUEIXG[ x5 ne
i=1

< 7Y EV[EIXG[L x5 e
=1

Cn' B X [Ix|ne Y E[Wyl

<

i=1
< -3 »
< Cn ﬂE|X|HX|>c_1nézlE|an|
< Cn'FEIX) Y BV

i=1
— 0, asn — o0

From that we have for all n large enough n~* max,<j<, | 7, E (a,; X%,) | <
It follows that:

£
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By second Markov inegality we have: R < ) >,
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D

i n 2P | | i Wi Xi| > €n°‘>

n=1 3

inﬁa_2IP’ | Z U, X; — ZE (T X! iE (U X)) | > 5na>
n=1

=1

inﬁa—%@ \Z\Ime ZE niX!) | > en® )
n=1

inﬁa—%@ \ZE U, X0, | > sna>

n=1

i nﬁo‘_2P ‘ Z (\IjnZXZ —E (anzX;m)) | > 6na>
n=1 =1

inﬁa—%@ \ZE Ui X )| > en )

n=1

R+T.

n6a72 B>, (‘I’mXi*]E(\IIMX;Li))P

£2p2a

Applying Lemma H,; and .3 we have:

R

<

IN

IN

Zs no3-2- {ZE\ (0X; ~E(UX,)
(Z E[(V,.X;, ~E <\PX;1->>]2>
S {ZE\ (0, — B (0X,,)

ZE] (VX; — E (¥, X,,)) \2}

Z e 2paB-2=29., Z E| (¥, X; —E (VX)) |?
= i=1
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f: 6_271&(5_2)_2202 Z
n=1

n

i=1

oo n
n=1 i=1

i 8—2na(6—2)—22c2 Z
n=1

n

=1

:E (7, X)*) — (B (‘Ime,’n))Z]

E (Vi X,)” = B0, (EX],)’]

B0, R (X,) — E|9,[* (BX,)?]

Y e 00200, Y B, []E|X,~|2 - (]EXiué,X”gna)z}

n=1

i=1

> e 0200, Y "R, P ) [EIXG)? - (EXG)?]
n=1 i=1 =1

i e~2pab-2)-19., i E|W,,;|* i Vo~ (X))
n=1 i=1 =1

o

Using the Markov inegality, H4 and 2.12 we have:
> nfep (y > E(T.X)| > 5na>
n=1 =1

CY P (| W, (X, —E(X},)] > 5na)
n=1 =1

T

IN

IN

IN

IN

IN

€S s (3 0l (0 —E (X)) | > )
n=1 i=1

n

CZn/Ba’Q]P’ Z | X, —E(X),)] > 5na)
n=1

i=1

n

2\ & '
clz a(ﬁfr)72E zX/—E X'
(2) 2n (Zc\ B m>r>

2\" &
clz a(f—r)—2
() 2

i=1

Z GEIX — EX|
i=1
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+ <ZC3E (X! —EX!. ))
2 r o n
clz a(f—r)—2 r /
(2) ey amix

n=1 i=1

2 r o0 n %
+ C <—) no(B=r-2 R (X))

) T R

C (g) Z; na(ﬂ—?”)-? Z C;“a Z E|Xi|r%|Xi|§n°‘
n= =1 =1
2\ " 0o 9] n
+ C (g) ;”a(ﬁ_r)_zgcfr (;E (Xz?“éxmna))

< O+ CT,

IN

IN

r
2

Suppose r > (. Applying Lemmd2.3lwe have:

7 < C

IN
Q

=1

IN
Q

IN
Q
TN TN TN TN TN TN /N

IN
Q

ANRS (e
o) e (ZE!X|’"“‘<H)G<|X|SMO‘(B ’°)+C>

i=1

IN
Q

)2

)

)

)fﬁ Zn‘”‘” " 1ZE|X|%Z e <|X<Za+c( )i
)

)

)
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Taking § > 2, r > max {aﬁ .8 } and applying Lemmd2.3] we obtain:

_ 1
a—3

r o0 oo n 2
T, < C <2> > BN er [N EIX W xj<ne + 0P (IX] > n®)]
S i=1 i=1
2 r o0 oo n %
< (P Ty (Z [ELX oo +E|X!2H<|x<na})
S i=1 i=1
2\« = .
< C (_) Z C?T Zna(ﬁ—r)—2+§
</ = n=1
2\« — \
- C (_) Z Clqér Zna67277’(a 3)
</ 3 n=1
< o0
This ends the proof. O
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