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ON TWO CUMULATIVE RIEMANN SUM INTEGRAL INEQUALITIES IN THE
CONTEXT OF CONVEX AND CONCAVE FUNCTIONS

Christophe Chesneau

ABSTRACT. Motivated by recent developments in cumulative Riemann sum in-
tegral inequalities, this article addresses the problem in the setting of convex
and concave functions. We establish two new theorems. The proofs are pre-
sented in detail to ensure both clarity and rigor. Furthermore, several examples
are provided to illustrate the obtained theorems.

1. INTRODUCTION

Convex and concave functions are classical classes of functions in mathemat-
ics, as recalled below. Let a ∈ R∪{−∞} and b ∈ R∪{∞} such that b > a. Then
f : [a, b] → R is a convex function if, for any x, y ∈ [a, b] and λ ∈ [0, 1], we have

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y).

Similarly, f : [a, b] → R is a concave function if, for any x, y ∈ [a, b] and λ ∈ [0, 1],
we have

λf(x) + (1− λ)f(y) ≤ f(λx+ (1− λ)y).

One of the most famous integral inequalities related to these classes of functions
is the Hermite-Hadamard integral inequality, as recalled below. Let a, b ∈ R such
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that b > a. Then, assuming that f : [a, b] → R is a convex function, we have

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
.(1.1)

Similarly, assuming that f : [a, b] → R is a concave function, we have

f(a) + f(b)

2
≤ 1

b− a

∫ b

a

f(x)dx ≤ f

(
a+ b

2

)
.(1.2)

The Hermite-Hadamard integral inequality has inspired numerous extensions
and generalizations. We refer to [1–15,17].

Inspired by [16], which addresses decreasing functions, this article aims to
establish two cumulative Riemann sum integral inequalities in the setting of
convex and concave functions. To achieve this, we show that the Hermite–
Hadamard integral inequality can be used in an efficient and natural way. Sev-
eral examples involving convex and concave functions are provided to illustrate
the results.

The remainder of the article is organized as follows: The next section presents
the main theorems. Section 3 concludes the article and discusses possible direc-
tions for future research.

2. MAIN THEOREMS

2.1. A theorem in [16]. The key theorem in [16] is recalled below.

Theorem 2.1. [16, Theorem 2.1] Let n ∈ N\{0}, θ1, . . . , θn > 0 with
n∑

i=1

θi = 1

and, for any i = 1, . . . , n,

Si =
i∑

j=1

θj.

We also set S0 = 0. Let g : [0, 1] → R be a decreasing integrable function. Then we
have

n∑
i=1

θig (Si) ≤
∫ 1

0

g(x)dx.
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The proof consists in expressing θi in terms of Si and Si−1, and then exploiting
the monotonicity of g, together with suitable summation arguments. Several
illustrative examples are provided in [16], including exponential, logarithmic,
reciprocal, and trigonometric decreasing functions.

In this article, we extend this result to the broader framework of convex and
concave functions. More precisely, we establish two new theorems, which are
presented in the subsection below.

2.2. New theorems. A cumulative Riemann sum integral inequality in the con-
text of convex functions is given in the theorem below.

Theorem 2.2. Let n ∈ N\{0}, θ1, . . . , θn > 0 with
n∑

i=1

θi = 1

and, for any i = 1, . . . , n,

Si =
i∑

j=1

θj.

We also set S0 = 0. Let g : [0, 1] → R be a convex integrable function. Then we
have

n∑
i=1

θig

(
Si −

θi
2

)
≤
∫ 1

0

g(x)dx.

Proof. For any i = 1, . . . , n, we have

θi = Si − Si−1

and

Si −
θi
2
= Si−1 +

θi
2
=

2Si−1 + θi
2

=
Si−1 + (Si−1 + θi)

2
=

Si−1 + Si

2
.

Therefore, we can write
n∑

i=1

θig

(
Si −

θi
2

)
=

n∑
i=1

(Si − Si−1) g

(
Si−1 + Si

2

)
.
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Applying the left-hand side of the Hermite-Hadamard integral inequality in
Equation (1.1) to the convex function g with a = Si−1 and b = Si, we get

(Si − Si−1) g

(
Si−1 + Si

2

)
≤
∫ Si

Si−1

g(x)dx.

Summing with respect to i with i = 1, . . . , n and using the Chasles integral
relation, S0 = 0 and Sn = 1, yields

n∑
i=1

(Si − Si−1) g

(
Si−1 + Si

2

)
≤

n∑
i=1

∫ Si

Si−1

g(x)dx =

∫ Sn

S0

g(x)dx =

∫ 1

0

g(x)dx.

Therefore, combining the obtained inequalities, we get
n∑

i=1

θig

(
Si −

θi
2

)
≤
∫ 1

0

g(x)dx.

This completes the proof of the theorem. □

Some examples of applications of Theorem 2.2 are given below.

- If we take g(x) = x2, which is convex, we have
n∑

i=1

θi

(
Si −

θi
2

)2

=
n∑

i=1

θig

(
Si −

θi
2

)
≤
∫ 1

0

g(x)dx =

∫ 1

0

x2dx =
1

3
.

- If we take g(x) = ex, which is convex, we have
n∑

i=1

θie
Si−

θi
2 =

n∑
i=1

θig

(
Si −

θi
2

)
≤
∫ 1

0

g(x)dx =

∫ 1

0

exdx = e− 1.

- If we take g(x) = log(1 + ex), which is convex, we have
n∑

i=1

θi log
(
1 + eSi−

θi
2

)
=

n∑
i=1

θig

(
Si −

θi
2

)
≤
∫ 1

0

g(x)dx

=

∫ 1

0

log(1 + ex)dx ≈ 0.983819.

The theorem below can be presented as the concave analogue to Theorem
2.2.

Theorem 2.3. Let n ∈ N\{0}, θ1, . . . , θn > 0 with
n∑

i=1

θi = 1
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and, for any i = 1, . . . , n,

Si =
i∑

j=1

θj.

We also set S0 = 0. Let g : [0, 1] → R be a concave integrable function. Then we
have

n∑
i=1

θig (Si) +
n∑

i=1

θig (Si−1) ≤ 2

∫ 1

0

g(x)dx.

Proof. For any i = 1, . . . , n, we have

θi = Si − Si−1.

Moreover, the inequality
n∑

i=1

θig (Si) +
n∑

i=1

θig (Si−1) ≤ 2

∫ 1

0

g(x)dx

is equivalent to
n∑

i=1

θi
g (Si) + g (Si−1)

2
≤
∫ 1

0

g(x)dx.

Therefore, we can write
n∑

i=1

θi
g (Si) + g (Si−1)

2
=

n∑
i=1

(Si − Si−1)
g (Si) + g (Si−1)

2
.

Applying the left-hand side of the Hermite-Hadamard integral inequality in
Equation (1.2) to the concave function g with a = Si−1 and b = Si, we get

(Si − Si−1)
g (Si) + g (Si−1)

2
≤
∫ Si

Si−1

g(x)dx.

Summing with respect to i with i = 1, . . . , n and using the Chasles integral
relation, S0 = 0 and Sn = 1, yields

n∑
i=1

(Si − Si−1)
g (Si) + g (Si−1)

2
≤

n∑
i=1

∫ Si

Si−1

g(x)dx =

∫ Sn

S0

g(x)dx =

∫ 1

0

g(x)dx.

Therefore, combining the obtained inequalities, we get
n∑

i=1

θig (Si) +
n∑

i=1

θig (Si−1) ≤ 2

∫ 1

0

g(x)dx.

This completes the proof of the theorem. □
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Some examples of applications of Theorem 2.3 are given below.

- If we take g(x) =
√
x, which is concave, we have

n∑
i=1

θi
√

Si +
n∑

i=1

θi
√

Si−1 =
n∑

i=1

θig (Si) +
n∑

i=1

θig (Si−1)

≤ 2

∫ 1

0

g(x)dx = 2

∫ 1

0

√
xdx =

4

3
.

- If we take g(x) = log(1 + x), which is concave, we have
n∑

i=1

θi log (1 + Si) +
n∑

i=1

θi log (1 + Si−1) =
n∑

i=1

θig (Si) +
n∑

i=1

θig (Si−1)

≤ 2

∫ 1

0

g(x)dx = 2

∫ 1

0

log(1 + x)dx = 2 (log(4)− 1) .

This implies that

log

(
n∏

i=1

(1 + Si)
θi (1 + Si−1)

θi

)
≤ 2 (log(4)− 1) ,

which is equivalent to
n∏

i=1

(1 + Si)
θi (1 + Si−1)

θi ≤ 16e−2.

- If we take g(x) = arctan(x), which is concave, we have
n∑

i=1

θi arctan (Si) +
n∑

i=1

θi arctan (Si−1) =
n∑

i=1

θig (Si) +
n∑

i=1

θig (Si−1)

≤ 2

∫ 1

0

g(x)dx = 2

∫ 1

0

arctan(x)dx =
1

2
(π − log(4)) .

Note that, in all our examples, we consider increasing functions g, which
departs from the setting of [16].

3. CONCLUSION

In this article, inspired by [16], we establish two integral inequalities involv-
ing cumulative Riemann sums in the setting of convex and concave functions.
The proofs are based on the Hermite-Hadamard integral inequality, which serves
as the central analytical tool. Detailed arguments are provided to ensure clarity
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and rigor. Several illustrative examples are also included to demonstrate the
applicability of the obtained results.

Some perspectives for future research include the extension of these inequali-
ties to broader classes of functions, such as quasi-convex or higher-order convex
functions, as well as their adaptation to multidimensional settings. Another
promising direction is the investigation of analogous inequalities within discrete
frameworks or under alternative notions of integration. Finally, potential appli-
cations in numerical analysis and optimization theory could be explored.
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